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ADVERTISEMENT 


. The Smithsonian Institution has maintained for many years a group of 
publications in the nature of handy books of information on geographical, 
meteorological, physical, and mathematical subjects. These include the 
Smithsonian Geographical Tables (third edition, reprint, 1918); the Smithsonian 
Meteorological Tables (fourth revised edition, 1918); the Smithsonian Physical 
Tables (seventh revised edition, 1921); and the Smithsonian Mathematical 
Tables: Hyperbolic Functions (second reprint, 1921). 

The present volume comprises the most important formulae of many branches 
of applied mathematics, an illustrated discussion of the methods of mechanical 
integration, and tables of elliptic functions. The volume has been compiled by 
Dr. E. P. Adams, of Princeton University. Prof. F. R. Moulton, of the Univer- 
sity of Chicago, contributed the section on numerical solution of differential 
equations. The tables of elliptic functions were prepared by Col. R. L. Hippisley, 
C. B., under the direction of Sir George Greenhill, Bart., who has contributed the 
introduction to these tables. 

The compiler, Dr. Adams, and the Smithsonian Institution are indebted to 
many physicists and mathematicians, especially to Dr. H. L. Curtis and col- 
leagues of the Bureau of Standards, for advice, criticism, and codperation in 


the preparation of this volume. 
CHARLES D. WALCOTT, 


Secretary of the Smithsonian Institution. 
May, 1922. 
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PREFACE 


The original object of this collection of mathematical formulae was to bring 
together, compactly, some of the more useful results of mathematical analysis 
for the benefit of those who regard mathematics as a tool, and not as an end in 
itself. There are many such results that are difficult to remember, for one who 
is not constantly using them, and to find them one is obliged to look through a 
number of books which may not immediately be accessible. 

A collection of formulae, to meet the object of the present one, must be 
largely a matter of individual selection; for this reason this volume is issued 
in an interleaved edition, so that additions, meeting individual needs, may be 
made, and be readily available for reference. 

It was not originally intended to include any tables of functions in this 
volume, but merely to give references to such tables. An exception was made, 
however, in favor of the tables of elliptic functions, calculated, on Sir George 
Greenhill’s new plan, by Colonel Hippisley, which were fortunately secured for 
this volume, inasmuch as these tables are not otherwise available. 

In order to keep the volume within reasonable bounds, no tables of indefinite 
and definite integrals have been included. For a brief collection, that of the 
late Professor B. O. Peirce can hardly be improved upon; and the elaborate 
collection of definite integrals by Bierens de Haan show how inadequate any 
brief tables of definite integrals would be. A short list of useful tables of this 
kind, as well as of other volumes, having an object similar to this one, is appended. 

Should the plan of this collection meet with favor, it is hoped that suggestions 
for improving it and making it more generally useful may be received. 

To Professor Moulton, for contributing the chapter on the Numerical 
Integration of Differential Equations, and to Sir George Greenhill, for his Intro- 
duction to the Tables of Elliptic Functions, I wish to express my gratitude, 
And I wish also to record my obligations to the Secretary of the Smithsonian In- 
stitution, and to Dr. C. G. Abbot, Assistant Secretary of the Institution, for the 
way in which they have met all my suggestions with regard to this volume. 

EK. P. ADAMS 


PRINCETON, NEW JERSEY 
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SYMBOLS | 


log logarithm. Whenever used the Naperian logarithm is understood. 
To find the common logarithm to base 10: 

logio @ = 0.43429... loga. 

log a@ = 2.30259 ..:. logio 4. 
Factorial. mu! where m is an integer denotes.1.2.3.4....... N. 
Equivalent notation |” | 
mi Does not equal. 
> Greater than. 
x Less than. 
2 
< 


—— 


Greater than, or equal to. 
Less than, or equal to. 


(3) Binomial coefficient. See 1.51- 


— . Approaches. 
| ai, | Determinant where aj, is the element in the ith row and kth column, 


oii ta +) Functional determinant. See 1.37. 
0(x1, XQ. 2 oe 2 ) 
|a| Absolute value of a. If a@ is a real quantity its numerical value, 


without regard to sign. If @ is a complex quantity, a =a + if, 
| a| = modulus of a = +Va0?+ B?. 


1 The imaginary = +V — 1. 
k=n 

> Sign of summation, i.e., >a = +dot+dgt+....+ dn 
R= : 


k=n 
Il Product, i.e., [[c¢ +- kx) = (1 + «)(1 + 2x) (1 + 3x)...» (1 +024). 
k= 


} ALGEBRA 


1.00 Algebraic Identities. 


t. a® — b* = (a — d)(e*'*' +0 DO +a"R+..... + ab" + §), 
2. a®+ b" = (a+ b)(a"! — ab +a" -— 1... F ab" + ob"), 
nm odd: upper sign. 
n even: lower sign. 
3.-(@tajeta)..... (% +n) = 2x" + Pyx™1 + Pox? +... 


un 


+ Prax + Pr. 
Pr eQatak. is... + Gn. 
P;, = sum of all the products of the a’s taken k& at a time. 
Pa 2 Oy0ndg ss ss On. 


. (@ +B) (a2 + B) = (aa F 6B)? + (a8 + ba). 


(a? — b?)(a? — B?) = (aa + 0B)? — (a6 + ba)’. 


.(@4+P4+e)(a? + B+ 7’) = (cat bB + cy)? + (bY — Bc)? + (ca — ya)? 


+ (a8 — ab)?. 


.@4+P4+24+@) (8+ P+y?4+ a (aa + bB + cy + dé) 


+ (aB — ba + cd — dy)? + (ay — 66 —ca+ dB)? + (a6 + by — cB — da)’. 


8. (ac — bd)? + (ad + bc)? = (ac + bd)? + (ad — bc)’. 
9. (a+ b)(b+c)(¢+a) = (a+6+0)(ab + be + ca)—abe. 


(a+ b)\(b+c)c+a)=@(b4+c)4+R(c+a)+C(a+ bd) + 2abc. 


. (a+ b)\(6+c(c +a) = be(b +c) + calc + a) + ab(a + bd) + 2ab¢. 
. 3(a+ b)(b+c(c+a) =(a+b4+co%- (846840). 
. (6-—a)(c —a)(c — b) = a(c —b6) + B(a—c) + (6 —- a). 


(6 —a)(c—a)(c— b) =a(P-— 2) + 0/2 —a@) +c — 8). 


. (b—a)(c — a)(c — b) = be(c — b) + ca(a — c) + ab(b — a). 
. (a-bP% + (6-—c?4+(c-— a= se Cr eal 


+ (c — a)(c — b)]. 


. A®P-7)+B(P-@) +(e — 8) = (a — b)(b — c)(a — c)(ab + bc + ca). 


(atb+c)\(@®+24+ 2) = bclb +c) +ca(c+a)+aba+b) +40 +0. 

(a+b+4+c)(be+ca+ab) = @(b+c) 4+ R(c+a)+C(a+ db) + 3abc. 

(b+c—a\cta—b)(at+b—c) =e@(b+c) + R(c+a)+C(a+d) 
—(@ + 6 + c8 + 2abc). 


2 MATHEMATICAL FORMULZ AND ELLIPTIC FUNCTIONS 
a1. “(4+d+ oH ést D es ch(ia—b+c)\(at+b—c) = 2(Re + ca® + ab?) 
G+ ¥ TA, T=: 
2e0 lat Bet b? Wiis hes d)?+(a+ce—b—dr+(at+d—b-—c)? - 
=4(+0?+ce+d?), 
If A=aa+by+cB 
B=aB+ba+cy 
C=ay+bB+ca 
23. (a@+b+c)(a+6+y)=A+B+4+C. 
24. La? + 6 + 0? — (ab + be + ca) |Lo? + B+ ¥° — (a8 + By + ya)] 
= A*+ BP+C?—- (AB+ BC+CA). 
25. (2 + 88+ — 3abc) (a? + B+ 7° — 3aBy) = A? + BB+ C3 — 3ABC. 
ALGEBRAIC EQUATIONS 
1.200 The expression 
fQ)= Gee Faget S ae ee 4. Gn at 4 the 
is an integral rational function, or a polynomial, of the mth degree in x. 


1.201 The equation f(«) =o has roots which may be real or complex, dis- 
tinct or repeated. 


1.202 If the roots of the equation f(~) =o are Gq, @, .. ., Cn, 

f(x) = dou = e:)(4 i G) ee (% — €n) 
1.203 Symmetric functions of the roots are expressions giving certain com- 
binations of the roots in terms of the coefficients. Among the more important 


seeds © ge 
a4 
C1 op (oD) + 2 OE OL BY BE. Gare oe -{- Cn ah ERR. 
ao 
ae 
Cilo + C03 +... + Col3 + Cog t+... ws. + Cnty, = ag 
0 
a3 
C10o03 + CyCoCa +. . » + CyC30g4 +. .... + Caste Al, = — pA 
0 
a 
COS iid a's Cn = (—1)"— 
ao 


1.204 Newton’s Theorem. If s; denotes the sum of the kth powers of all the 
roots of f(x) =0, 
kok k 

Se ty ee ek eae + Cn 

Id, + 53€29 = O 

2g + S101 + S294) = O 

33 + Side + SoM + S389 = O 

404 + S103 + Sede + 5301 + S429 = O 


aah ee Tee rete ee rh SER TOTS 1 FF ETEE SITY ee 
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or: 
Ss ai 
i tgs eee 
ao 
/ 2d, ay" 
7h otha ahcnapnes gece 
ao ag 
: 303 3010, «ay? 
ee re rare er ee 
ao ao Qo 
4d, | 4003 40°02  2a2 a! 
ee gat ge te tae 
ao ao ao ag ao 


eh oe, eee ees A! ° 


1.205 If S, denotes the sum of the reciprocals of the kth powers of all the 
roots of the equation f(x) =o: 


S. = Ras of 4. + Ps 
1 hihi pga val vera hg ane ae Eee ee 
cy" Co k 


Idn-1 + S1dn = O 
201-2 + Sidra + So@n =O 
3Gn—3 + S1dn2 + S2dna + S3dn = 0 


Qn-1 
Ny 
On 
2 
20n-2 , Un-1 
oo = “ 
An An 
3 
an-3 An-10n—2 a°n—-1 
ee : +3 = eae ; 
Qn an an 


1.220 If f(«) is divided by x —/A the result is 

f(x) = (@-HQ+R. 7 
QO is the quotient and R the remainder. This operation may be readily per- 
formed as follows: 

Write in line the values of ao, a, ... ., Gn. If any power of x is missing 
write o in the corresponding place. Multiply ao by / and place the product in 
the second line under a;; add to a and place the sum in the third line under a. 
Multiply this sum by / and place the product in the second line under a2; add 
to ad; and place the sum in the third line under as. Continue this series of 
operations until the third line is full. The last term in the third line is the 
remainder, R. The first term in the third line, which is do, is the coefficient of 
«"—1 in the quotient, 0; the second term is the coefficient of «”~*, and so on. 


4. MATHEMATICAL FORMULZ AND ELLIPTIC FUNCTIONS 


1.221 It follows from 1.220 that f(z) = R. This gives a convenient way of 
evaluating f(x) for x = hk. 


1.222 To express f(«) in the form: 
f(x) =Ao(u—h)*+ A(x —A)™I1 4+. mia ~+ Anailx — h) +A,. 
By 1.220 form f(z) = An. Repeat this process with each quotient, and the 


last term of each line of sums will be a succeeding value of pes serles of co- 
efficients Ag, Ania, ss 305) , Ao. 


Example: 
f(x) = 33° +204 — 827 + an — 4 h=2 
3 2 Fa: —8 2 —4 
6 16 32 48 TOO 
3 8 16 24 50 96 = As 
6 28 88 224 
14 44 112 274 = Ag 
6 40 168 
20 84 280 = A3 
6 52 
26 136 = Ag 
6 
2 32 ae Ay 
3 = Ao 
Thus: 
O = 3x* + 8x3 + 16x? + 24x” + 50 
R = f(2) = 96 


F(%) = 3(@ — 2)° + 32(@ — 2)* + 136(x — 2)® + 280(% — 2)? + 274 (x — 2) + 96 


TRANSFORMATION OF EQUATIONS 


1.230 To transform the equation f(«) = o into one whose roots all have their 
signs changed: Substitute —x for x. 

1.231 To transform the equation f(x) = o into one whose roots are all multi- 
plied by a constant, m: Substitute x/m for x. 

1.232 To transform the equation f(«) =o into one whose roots are the 
reciprocals of the roots of the given equation: Substitute 1/x for x and multiply 
byi.«*. 

1.233 To transform the equation f(x) = o into one whose roots are all increased 
or diminished by a constant, 4: Substitute « + / for x in the given equation, 


ALGEBRA 5 


the upper sign being used if the roots are to be diminished and the lower sign 
if they are to be increased. The resulting equation will be: 


f (4A) + xf’ (+h) +2 seh) +5 s"(eh) aging 2 


where f’(x) is the first derivative of f(x), f’’(x), the second derivative, etc. 
The resulting equation may also be written: 


A ox” + Ayr" + Asx"? maine ea ae 8 + Actk +An,=0 


where the coefficients may be found by the method of 1.222 if the roots are to 
be diminished. To increase the roots by / change the sign of h. 


MULTIPLE ROOTS 


1.240 If c is a multiple root of f(~) = 0, of order m, i.e.. repeated m times, 


then 
f(x) = (@ — "0; Rao 


c is also a multiple root of order m — 1 of the first derived equation, f’(x) = 0; 
of order m — 2 of the second derived equation, f’(«) = 0, and so on. 

1.241 The equation f(x) = o will have no multiple roots if f(x) and f’(«) have 
no common divisor. If F(x) is the greatest common divisor of f(«) and f’(x), 
f(x)/F (x) = fi(x), and fi(x) will have no multiple roots. ie 


1.250 An equation of odd degree, , has at least one real root whose sign is 
opposite to that of ap. 
1.251 An equation of even degree, m, has one positive and one negative real 
root if a, is negative. 
- 1.252 The equation f(«) = o has as many real roots between « = x; and x = % 
as there are changes of sign in f(«) between x, and 2. 
1.253 Descartes’ Rule of Signs: No equation can have more positive roots 
than it has changes of sign from + to — and from — to +, in the terms of f(x). 
No equation can have more negative roots than there are changes of signin f(—2). 
1.254 If f(x) =o is put in the form | 

Ania —h)*"+Ai(x—h)™I1+...... +A,=0 


Dy Lae, and Ao, Ay, «i. < , An are all positive, # is an upper limit of the 
positive roots. 

If f{(—x) = 0 is put in a similar form, and the coefficients are all positive, 
h is a lower limit of the negative roots. 


6 MATHEMATICAL FORMULA AND ELLIPTIC FUNCTIONS 


If f(1/x) = 0 is put in a similar form, and the coefficients are all positive, 
h is a lower limit of the positive roots. And with f(— 1/x) = 0, # is an upper 
limit of the negative roots. 


1.255 Sturm’s Theorem. Form the functions: 


f(x) = aox™ + aye?! + ax"? 4+ ta 

fila) = f(x) = nage™ + (nm — 1)" +... + On 
fo(x) = —Ri in f(*) = Qifi(~) + Ri 

f(x) = —Re in fil) = Qofe(x) + Re 


i, ae, Oe ee, we Se SR ae} 


The number of real roots of f(x) = o between x = x; and x = x» is equal to the 
number of changes of sign in the series f(x), fi(x), fo(x), . . . when a is sub- 
stituted for « minus the number of changes of sign in the same series when a2 
is substituted for x. In forming the functions fi, fo, . . . . numerical factors 
may be introduced or suppressed in order to remove fractional coefficients. 


Example: 

f(x) = x* — 2” — 3474+ 10" — 4 

file) = 2%? — 32? — 3x + 5 

fo(x) = ox? — 27" 411 

fa(x).= —8x — 3 

fae) = —1433 

f fi je fs Ss 

SE fees op - Ae of + — 3 changes 
x=0 — + + — - 2 changes 
Bebe 4) ees ee 


Therefore there is one positive and one negative real root. 

If it can be seen that all the roots of any one of Sturm’s functions are 
imaginary it is unnecessary to calculate any more of them after that one. 

If there are any multiple roots of ;the equation f(«) = 0 the series of Sturm’s 
functions will terminate with f,,7 <n. f,(x) is the highest common factor of 
fand f;. In this case the number of real roots of f(x) = o lying between x = a 
and x = %, each multiple root counting only once, will be the difference be- 
tween the number of changes of sign in the series f, fi, fo,. . . ., fr when « and 2% 
are successively substituted in them. 


1.256 Routh’s rule for finding the number of roots whose real parts are 
positive. (Rigid Dynamics, Part II, Art. 297.) 


Arrange the coefficients in two rows: 


pg ao ag 4 oie ee 
grt ay a3 a5 2-8 
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Form a third row by cross-multiplication : 


aa2 — Adz a4 — A005 Mag — Aoa7 
ay ay a1 


yr? ee @e 
Form a fourth row by operating on these last two rows by a similar cross- 
multiplication. Continue this operation until there are no terms left. The 
number of variations of sign in the first column gives the number of roots 
whose real parts are positive. 

If there are any equal roots some of the subsidiary functions will vanish. 
In place of one which vanishes write the differential coefficient of the last one 
which does not vanish and proceed in the same way. At the left of each row 
is written the power of « corresponding to the first subsidiary function in that 
row. This power diminishes by 2 for each succeeding coefficient in the row. 

Any row may be multiplied or divided by any positive quantity in order 
to remove fractions. 


DETERMINATION OF THE ROOTS OF AN EQUATION 


1.260 Newton’s Method. If a root of the equation f(x) =o is known to lie 
between 2, and a its value can be found to any desired degree of approximation 
by Newton’s method. This method can be applied to transcendental equations 
as well as to algebraic equations. 


If 6 is an approximate value of a root, 


ee ee pa ty 
b 7® > c is a second approximation, 
f(0) ae. > > ° . 
C— Hie d is a third approximation. 


This process may be repeated indefinitely. 


1.261 Horner’s Method for approximating to the real roots of f(«) = o. 

Let f; be the first approximation, such that p; + 1 > ¢ > fy, where c is the 
root sought. The equation can always be transformed into one in which this 
condition holds by multiplying or dividing the roots by some power of 10 
by 1.231. Diminish the roots by ; by 1.233. In the transformed equation 


Ag(u — po)" + Arte — pr)" +....+ Anne —- fp) +An=0 
put 
pe _ As 


¥O0 As 


and diminish the roots by f2/1o, yielding a second transformed equation 


we Eas Pr\,, Se a Pens at 
Boa Pi = + B(x Pi Be as aay ee Eo: Oy 


8 . MATHEMATICAL FORMULZ AND ELLIPTIC FUNCTIONS 


If B, and B,_; are of the same sign f: was taken too large and must be dimin- 


ished. ‘Then take 
Ps B n 
S00 (Be: 


and continue the operation. The required root will be: 


ps 


cant e+ By Sige ees 


1.262 Graeffe’s Method. This method determines approximate values of all 
the roots of a numerical equation, complex as well as real. Write the equation 
of the mth degree 
f(x) = dou” — aye” 4+ ann"? — 2. tn = 0. 
The product 
f(x) -f(—%) = A ox?” — Ayr?” 4 Ag?m4— 1... 4 An=o 

contains only even powers of x. It is an equation of the mth degree in x”. The 
coefficients are determined by | 

Ay = a0 

A; = a? — 2a0d2 

Ag = ay? — 24103 + 20004 

Ag = dg’ — 20204 + 20105 — 20006 

Ag = ag — 20305 + 20206 — 20107 + 200d 


The roots of the equation 
Aoy” — Ary"! + Aoy™?—-....4An=0 


are the squares of the roots of the given equation. Continuing this process we 


get an equation 
Rou” - Ryu"! + Ryu —.... tk, =0 


whose roots are the 2"th powers of the roots of the given equation. Put A = 2”. 


Let the roots of the given equation be q, @, ...., Cn. Suppose first that 
Oh te PO Pe se > Cn 
Then for large values of X, 
nis Ry Xx Ro Xx oe 
ee Re Sega Sars ke aay 


If the roots are real they may be determined by extracting the Ath roots of 
these quantities. Whether they are + is determined by taking the sign which 
approximately satisfies the equation f(x) =o. 

Suppose next that complex roots enter so that there are equalities among 
the absolute values of the roots. Suppose that 


lal elal2lal eins cp egls [cp] > | cou 5 
| Cou | 2 1 Cpa a we 


ae Vs 
ey 


Sree he's 
ier se ae 


“aise! 


Pi a Sa 


ane BS atte 
hots oh ne 
Fae a oe F pT 
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Then if \ is large enough so that cp’ is large compared to Cp41%, cr, cod, 2. 
cp’ approximately satisfy the equation: 


Row? — Ryu? + Rowe — et Ro = 0 
and Cpu, Foie ae Cn approximately satisfy the equation: 
Ru"? — Roy? + Royal" 2 peg a) apie ae Ba = 0, 

Therefore when AJ is large enough the given equation breaks down into a number 
of simpler equations. This stage is shown in the process of deriving the suc- 
cessive equations when certain of the coefficients are obtained from those of 
the preceding equation simply by squaring. 

REFERENCES: Encyklopadie der Math. Wiss. I, 1, 3a (Runge). 


Bairstow: Applied Aerodynamics, pp. 553-560; the solution of a numerical 
equation of the 8th degree is given by Graeffe’s Method. 


1.270 Quadratic Equations. 
x? + 20% +50=0. 


- The roots are: 


1 = -a+va—bd 
X= -—a-— V/ a —b 
X1+ X% = —2a 
X1X2 = O. 
Tf a? >b roots are real, 


a® <b roots are complex, 
a? = 6 roots are equal. 


wo 


1.271 Cubic equations. 
(1) 8+a24+b4+c¢=0. 


Substitute 
ae 
2) x=y-- 
(2) see 
(3) 9? — 3py — 2g =0 
where 
a 
=——) 
3p : 
pe kak 
ee : 


Roots of (3): 
If p>o,g>0, 97> p° 


cosh @ = ii 
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yy = 2p cosh © 
yg — 2 + ie/ 3p ah 
2 $ 
V3 = — . — iv/3p sinh ©. 


ii p> 0, ¢ <0; o> pi, 


cosh @ = 7 


w= —2V/p cosh © 
Vo = - 2 + isp sinh £ 
n= —2 iv spsinh ©. 


h p —— 
sin. nati «/ 


W=2V —p sinh © 


Vo = - 2 4iv— 3p cosh © 
V3 = - 2 -iv- 3p cosh 


Mo > 0; ¢ <2, 


Bo | 
cos @ Vp 
yy = 2v/p cos © 


y= ot V3p sin 
y3 = - 2 V3p sin. 


1.272 Biquadratic equations. 


Aox* + ayn? +. dox? + age + ds = O. 
Substitute 
a4 


aie en 


6 4 I 
4 ore 2 cues sptie = 
y + 73 Hy Tae bone O 
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H = aod, — a? 
G = 49°d3 — 30001d2 + 20° 


F = ao°a4 — 44970103 + 69a;a2 — 30,4 ; 
I = dod4 — 40103 + 302° 
F=a(el - 3H? : 


J = Godod4 + 2040203 — Ads” — ay’d4 — a,° 
A = [* — 27J* = the discriminant 
G? + 4H? = a?(HI — apJ). 


ature of the roots of the biquadratic: 


4 =0 Equal roots are present 
Two roots only equal: J and J are not both zero 
Three roots are equal: [=J=0 
Two distinct pairs of equal roots: G = 0; aol —12H*=0 
: Four roots equal: H=I[=J =o. 
A <o Two real and two complex roots 
A>o Roots are either all real or all complex: 
H <o and a°°l — 12H? <o Roots all real 
H>o and a°l —12H*? >o0 Roots all complex. 


' DETERMINANTS 


00 A determinant of the mth order, with n? elements, is written: 


A= M1 a2 Re rs owes see eee ee OK =| G31. (a 4 Pinte wD 
ag, Ay 93 e . 7 o . Se . ee . . aon 
Se ee AUER we ek ews te oe ORK 


Qni On On3 . . e . °. . . . . e . . Ann 


columns for rows. 


02 If two columns or two rows of a determinant are interchanged the re- 
ting determinant is unchanged in value but is of the opposite sign. 


1.303 A determinant vanishes if it has two equal columns or two equal rows. 


1.304 If each element of a row or a column is multiplied by the same factor 
the determinant itself is multiplied by that factor. 
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1.305 A determinant is not changed in value if to each element of a row or 
column is added the corresponding element of another row or column mul- 
tiplied by. a common factor. 


1.306 If each element of the /th row or column consists of the sum of two 
or more terms the determinant splits up into the sum of two or more de- 
terminants having for elements of the /th row or column the separate terms of 
the /th row or column of the given determinant. 


1.307 If corresponding elements of two rows or columns of a determinant 
have a constant ratio the determinant vanishes. 


1.308 If the ratio of the differences of corresponding elements in the pth and 
gth rows or columns to the differences of corresponding elements in the rth 
and sth rows or columns be constant the determinant vanishes. 


1.309 If » rows or columns of a determinant whose elements are rational 
integral functions of « become equal or proportional when « = /, the determinant 
is divisible by (« — h)?—. 


MULTIPLICATION OF DETERMINANTS 


1.320 Two determinants of equal order may be multiplied together by the 
scheme : 
| i3| x | bis | = | cae | 
where 
Cj= jb A+ Gi2b a eee a Gindine 


1.321 If the two determinants to be multiplied are of unequal order the one 
of lower order can be raised to one of equal order by bordering it; ie.: 


CAG 2 018 ee a et Dig ae Ae Oe OO ie ae gia ee a! ee eee a a Oo 
Ot) RS 6% re Sto aon A a NAS Aa ve LEG Wie 6 ie ee Ree eae (@) 
PO aa We ei foe a ee ere iter ee 2 Riedie © pari al REC eee ay eas: cep ment Vie one ier er ara st, 
Qnl AOn2Q- «2 eo « Dn ES FESS ee re NO ee eee ee 
of eee ie, * Qi A122 Ain 
Aas * pene, Qo, 22 a2n 
O76 e0 Ani Ong Onn 


1.322 The product of two determinants may be written: 


GeO eta "ear rea Be Wey a Hanh: x bi Ar Ae arise ok te wre: bin 


ee ee we Se OO BS Se OR Be Oey OS Ot Oy =. BO Dw > en Be ee eee eee eae 
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ani WO! « She eae tae ae ee dae Qn O Pieter a 66 . - oO 
Ani Ca Bete ee, @ Qnn Pee ie ae or cet bec eee 1@) 
eta ene 4s fo) ee we - Din 
ce) 2 ee ° ce) bni ee . . i Pe 


DIFFERENTIATION OF DETERMINANTS 


1.330 If the elements of a determinant, A, are functions of a variable, é: 


7 / / 
aA ee a Sie ra akg SS et 3s bon) Bl ee areca din 
Sag , / 
dt Go dee ‘ . don et Beatties 5 enh dan 
ESO 
( a nl Ong OTOL Saw it Ann Ani a DE oe a ee eee Ann 
/ 
Ge ew 6 es 6. eb ee wee Oe Ay 42 oe. vile oe oe © Qin 
j 
eh a ka a on 
: ! 
Anil Ong iS: Sea ie & a mn 


where the accents denote differentiation by ¢. 


EXPANSION OF DETERMINANTS 


1.340 The complete expansion of a determinant of the mth order contains n! 
terms. Each of these terms contains one element from each row and one ele- 
ment from each column. Any term may be obtained from the leading term: 


11022033 


by keeping the first suffixes unchanged and permuting the second suffixes among 
I, 2,3,-...,#. The sign of any term is determined by the number of inversions 
from the second suffixes of the leading term, being positive if there is an even 
number of inversions and negative if there is an odd number of inversions. 


1.341 The coefficient of a;; when the determinant A is fully expanded is: 
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A;; is the first minor of the determinant A corresponding to a;; and is a de- 
terminant of order m — 1. It may be obtained from A by crossing out the row — 
and column which intersect in a;;, and multiplying by (—1) ‘+7, 


1.342 


clu er a es 
Qi jl a2 42 @:-'e'. 385," Qin yn A if 1 ee j 
are oy Ss if ay 
a1; Ai; + do; As; + ae eh wens + ani An; = A ifi=j 


1.343 
A dAxi 0A;; 


0a; jOAkI O05 Oak 


is the coefficient of a;j;a,; in the complete expansion of the determinant A. It 
may be obtained from A, except for sign, by crossing out the rows and columns 
which intersect in aij and au. | 


1.344 
| Asz|-X | as; |.= A* 
[Ai | = Am. 


The determinant | A;;| is the reciprocal determinant to A. 


1.345 
_@A__ [Aq Aa] _@A aA aA 2A. 
04; ;00K. Ax; Ani — 0Q;; Oak 0a;1 Od; 
1.346 
; aA 21 has! Oa ae 
04; j0A;10E pq ais es 
es Ant Ang. 
1.347 
eA aA. 
04; ;00x1 044100; ; 


i2a6 It A —o, 
aN aA aA dA. 


SS ee 


04;; Odk1 Odi1 Oak; 


1.350 If a;;=a;; the determinant is symmetrical. In a symmetrical 
determinant 

A;; =A jis 
1.351 If a;; = —a; the determinant is a skew determinant. In a skew 
determinant 


Ai; = (—1)" "Ax. 
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1.352 If ai; = —aji, and a;=0, the determinant is a skew symmetrical 
determinant. 

A skew symmetrical determinant of even order is a perfect square. 

A skew symmetrical determinant of odd order vanishes. 


3860 <A system of linear equations: 
Qy% + At, +... ee + Ointn = hy 
GoyX1 + AonX2 +. 1 1 1 et denXn = he 


AniX1 + An2oXe a ae ee er + AnnXn = Rn 


has a solution: 
wi = ky Ai+kheAgt.... . + Rn Ani 


provided that 


A = | Qi; | = oO; 
1.361 If A =o, but all the first minors are not o, 
es: a ia 8 Rig mere [= ’ eae ies ae 
“Xj x 7 i Si sore (j I, 2, n) 


r=1 
where s may be any one of the integers 1, 2,...., . 


62 If ki =k=......=Rn=0, the linear equations are homogeneous, 


A; get, 2). 5 yes 
363 The condition that linear homogeneous equations in » variables shall 
e consistent is that the determinant, A, shall vanish. 
364 If there are ~ +1 linear equations in m variables: 
: Qui + Ak, + 2... ee t+ Uinta = 

OaiX1 + Onn, + . 2 +. ~~ + Oentn = hyo 


aE oaks cote fae, te, a . “h Gaata Be 
dy: Cote Fee a e EO = Raat 


he condition that this system shall be consistent is that the determinant: 
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1.370 Functional Determinants. | 
If Vis Vy oho oe Va Bre wn. Tunctions Of a; ays Was 


Ve FelXis Bey sos et 
the determinant: 


pu peor Sot Oyr | _ | 99: LONG Gay. 5 Wed 
C8, Og OXn OX ; O(x1, MA, 6 oa ay Tn) 
an Oa te an 
9Yn In OVn 
Ox, OX eee eet OF 
is the Jacobian. 
cc Tea 6 ane ace ae ee ee » Yn are the partial derivatives of a function 
YO ees 7 ae tare 
OF |; 
Yim a, G= 1, 2,. or . 2) 
the symmetrical determinant : . 
Ee ees 
- | OR Nee? Oe ae 
| Ox; Ox; OM, 42, ae: > Xn) 
is the Hessian. 
: Oy > SN § a a ee , Yn are given as implicit functions of 4, 42,. 2. 6 6 6 
Xn by the m equations: 
FA Vij Va, sins * A ie ae ae ene a ee Yn) OO 
Bilt; rd sk ee 5 Vy Mi, Uys 64.6 ws , Xn) = 
then 
O(1, Vo,2 0 eo ) Vn) on (—1)n DF Pa, “ee F,) a 0(F,, Fy, Se ea F,,) 
Ri, We, 6c ep OM, Wenig sy Reba OLY, Wag ue Ae 
1.373 If the m functions y, yo,..... , Vn are not independent of each other 


the Jacobian, J, vanishes; and if J = o the m functions 4, ye,.. . ., Yn are not 
independent of each other but are connected by a relation 


Fins Wa ieee iV) =O 


* ds ee al ‘ 
A at i A 
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1.374 Covariant property. If the variables 1, w.,...., 4%, are transformed 


by a linear substitution : 


wi = 0a Sit dade+...... + dinkn (6 Ae RO ee 
and the functions 1, y2,..... Ta Ps ke ik are nee aoa , x, become the functions 
M1, N2,- + - = » Nn of &, £3, WO rea ee ) £.: 
J' € d(m, Way 2 6 6 ces ) Nn) a 0(y1, 2) 2 + + + ? Vn) | di; | 
! 0(&, &, ol ettante le ) £,,) O(a, MQy*0 ew eo ) Xn) " 
or J'=J+ | as; | 


where | a;;| is the determinant or modulus of the transformation. 


For the Hessian, 
H! = H.- | aj; | 2. 


1.380 To change the variables in a multiple integral : 


YS ae eee MP5 a ae Ph 5) See dyn 
to new variables, x1, %2,... ., Xn When 1, yoa,..... , Yn are given functions 
mee %), 42, ss 6 e's wees 
Eee (8 i ae » Yn) F(x)dxidx,...... dXn 
OLR Ries ere Ar 


where F(x) is the result of substituting «1, 42,...., %n for 1, Yo, . . «) Vn 
in F(, NOs 0 v0 6: ) Yn)s 


PERMUTATIONS AND COMBINATIONS 


1.400 Given x different elements. Represent each by a number, 1, 2,3,.... 4, 


_ m. The number of permutations of the different elements is, 


nen = n! 
€.g., 2 = 3: ; 
(123), (132), (213), (231), (312), (321) = 6 = 3! 


1.401 Given » different elements. The number of permutations in groups of 


_ r (r<n), or the number of r-permutations, is, 


n! 


CER 
Qg.,%=4,7r=3: , 
(123) (132) (124) (142) (134) (143) (234) (243) (231) (213) (214) (241) (341) (314) 


(312) (321) (324) (342) (412) (421) (431) (413) (423) (432) = 24 
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1.402 Given different elements. The number of ways they can be 


_ divided into m specified groups, with a1, %,..... , Xm in each group respec- 
tively, (Mi tae+t..... + Xm) =n is : . 
n! 

Rial x acy Lm! 


€.g., n = 6, mM = 3, M1 = 2, % = 3, = 1? 


(12) (345) (6) (13) (245) (6) xX 6 = 60 

(23) (145) (6) (24) (135) (6) 

(34) (125) (6) (35) (124) (6) 

(45) (123) (6) | (25) (234) (6) 

(14) (235) (6) (15) (234) (6) 
1.403 Given elements of which x are of one kind, «2 of a second kind, 
aR ere » %m Of an mth kind. The number of permutations is 

! 
ay !x_! . ef ipa es 
Vy Xe es ee ee +X%m =n 


1.404 Given n different elements. The number of ways they can be permuted 
among m specified groups, when blank groups are allowed, is 


(m+n —1)! 
(m — 1)! 


€.g., 2 = 3, m= 2: 
(123,0) (132,0) (213,0) (231,0) (312,0) (321,0) (12,3) (21,3) (13,2) (31,2) (23,1) 
(32,1) (1,23) (1,32) (2,31) (2,13) (3,12) (3,21) (0,123) (0,213) (0,132) (0,231) 
(0,312) (0,321) = 24 

1.405 Given different elements. The number of ways they can be permuted 

among m specified groups, when blank groups are not allowed, so that each group 

contains at least one element, is 
n!(n — 1)! 
(n — m)!(m — 1)! 


Cg:,%= 3, m= 2: 
(12,3) (21,3) (13,2) (31,2) (23,1) (32,1) (1,23) (1,32) (2,31) (2,13) (3,12) (3,21) = 12 
1.406 Given x different elements. The number of ways they can be combined 

into m specified groups when blank groups are allowed is 
m” 
C.£., #= 3, m= 2:2 
(123,0) (12,3) (13,2) (23,1) (1,23) (2,31) (3,12) (0,123) = 8 
1.407 Given x similar elements. The number of ways they can be combined 
into m different groups when blank groups are allowed is 
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(n+m—1)! 
(m — 1)!n! 


e.g.. 2 = 0, m= 3: 

Meee 055444333392 2922220T1.IrTITITO00G 000 
Group2 01020130214031250413260514233}=28 
ues 0010210312645 320514230615243 
1.408 Given x similar elements. The number of ways they can be combined 


into m different groups when blank groups are not allowed, so that each group 
shall contain at least one element, is 


(n — 1)! 
(m —1)!(n — m)! 


BINOMIAL COEFFICIENTS 


a aE n= ( n | Gy = ER a 


Ww 
PE an 
os 
be 
H 
ha 
FE 
HS 
Bi a ke 
II 
S 
Me 
s s 
ba a a 
ll 
= 


nN 
EO. a3 isn 
I 


mrt(t)+(Q) +... .4("h = (%). 
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1.52 Table of Binomial Coefficients. 


a 
H Ss 
be ad 


I 
3 I 
6 4 ¢ 
10 Ke) 5 I 
15 20 15 6 I 


21 35 35 21 7 i 

28 56 70 56 28 8 I 

36 4 tee * “726 84 36 9 I 

45. i%20.5 230°: 952 “Soret eee 45 Ke) I 

ir | 55. 105 . 330 462. <.eO2e “eee Ge Sy) 325 I 

2° 06° .220 495. 29792.994 902. Os 020" OG Aaa 


1.521 Glaisher, Mess. of Math. 47, p. 97, 1918, has given a complete table 
of binomial coefficients, from n = 2 to m= 50, and k=o to k=un. 


0. 6 OC st ON OF & Gab | 


i 


1.61 Resolution into Partial Fractions. 
If F(x) and f(«) are two polynomials in x and f(x) is of higher degree than 


F(x), 
F(x) _ tat 4 alate I GATE a). 2 
[Qty SQ) sas OT ee 
where = F(a) 
x 
(a) = | 
f(«) 
ot) = = my a =¢ 


The first summation is to be extended for all the simple roots, a, of f(x) and the 
second summation for all the multiple roots, c, of order p, of f(x). 


FINITE DIFFERENCES AND SUMS. 
1.811 Definitions. 


t. Af(x) =f(« +h) — f(x). 
2. A’f(x) = Af(w + h) — Af(a). 
= fle + 2h) — afte +h) + f(2). 
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3. A®f(x) = A’f(x + h) — A?f(x). 
= f(x + 3h) — 3f(« + 2h) + 3f(e +h) — f(x). 


4. Anf(x) =f(% + nh) - “fe+n—% th) pt teen n — 2h) — 
> (2) 7%). 


1.812 
_ 1. Alcf(«)] = cAf(~) (¢ a constant). 
2. AC A(x) + f(x) +... -J=Af@) +Af(x)+.... 
3. AL A(x) -fo()] = filx)- ALG) + few + 2)- Afi(a) 
= filx)-Afe(w) + fom) -Afi(a) + Afi(x)-Afe(). 
Af) _ 2@) AAG = fi) Ab) | 


a f(x) J2(x) -fa(u + h) 
1.813 The mth difference of a polynomial of the mth degree’is constant. If 
FO) = eta’ + td. + AniX% + Gn 


A*f(x) = nlagh. 


1.82 
A” {(a — b)(x—b-—h)(x-—b—2h)..... (x-b—n—th)} 
. n(n—1)(n—2) Prey (n —m-+1)h™ 
=(x — b)(xn-—b—h)(w—b—2h)....(¢@—-b—n—m -— th). 


I 
(w+ d)(e+b+h)(wt+b+2h).... (x+b+n-— th) 
iain n(n +1) (m+2)...... (n + m — 1)h™ : 

(+b) (x+b+h) (w+b4+2h)....(%+b+n+m — th) 


a. A™a* = (a* — 1)"a* 


4. A log f(x) = log (: of a) 


5. A” sin (cx + d) = (: sin )"sin (cx +d+tm : 


ait). 
2 


6. A” cos (cx + d) = € sin =)"c0s (cx +d+m 
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1.83 Newton’s Interpolation Formula. 


fe) = fo) +224 ay@ + PO EID nya 4 


2! 
, @-— @&- = # G0 ye 
_&-2) eat Ee: s . (x — a — n — th) A*f(a) 
4, @=%) elias J (= O— mh) paincp 


where & has a value intermediate between the greatest and least of a, (a + nh), 
and 4. 


1.831 
flo + ni) = f(a) + % Apa) +22 aya) + Hom) ena Axa) 
eee + nAnf(a) + AYf(a). 
1.832 Symbolically 
aa igs 
2. f(a+mnh) = (1 + A)*f(a) 


1.833 If uw =f(a@), m=f(@t+h), m=flat 2h), ...., te=f(a+ sh), 


) 
= (1 + A) 2m = eas Uo. 


1.840 The operator inverse to the difference, A, is the sum, 2. 


% I 
Sakis 


te I 


1.841 If AF(x) = f(a), 
Df(a) = F(x) +C, 


where C is an arbitrary constant. 


1.842 

1. Lef(x) = c2f(x). 

2. DE f(x) + f(a) +...J= 2A(e) + Zh(w%) +... 

3. LL filx)-Afe(x)] = filx)-fa(x) — ZL few + h)-Afi(x)]. 
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1.843 Indefinite Sums. 
1. D[(« —b)(«@—b—h)(x-—b-— 2h)... (@—-b-—n-rh)] 


= Gan 2) @-b-*) eee’ (c —b—nh)+C. 


I 
a  arseear gis .... («x +b+4+n- th) 
IT I 
WDA Gide +O LD... (@+b+m— ah)” 


3. >a = —. Fs +C. 


sin (cx _ fs + d) 
4. >) 0s (cx +d) = = +C, 
2 sin — 


cos (cx -F +4) 
: 2 
if >) sin (cx + d) = — a +C. 


2 sin — 
2 


1.844 If f(x) is a polynomial of degree n, 
Det@) = @ - po A@ + (Ge )aye -.... 


a*—y1 On = y gay 


a*— I 


ces a n 
4 ( Anf(x) +C. 
1.845 If f(x) is a polynomial of degree n, 


f(x) = aox® + ayx™ t+... + anit + an, 
and 
F(x) = cox*t! + cyx™® + coeP™ 14+... ob ent + Cnr, 
_ where 


(n + 1)hco = ao 


Sus h?co + nhc, = y 


(n+ alias — 1) ice t n(n : 1) 
3! 2! 


Wc, + (n — 1)hcz = ae 


The coefficient cn41 may be taken arbitrarily. 
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1.850 Definite Sums. From the indefinite sum, 
2f(x) = F(x) +C, 


a definite sum is obtained by subtraction, 
a+nh 
>) fe) = F(a+nh) — F(a+mh). 
a+mh 


1.851 
a-+-nh 


Dio =f) +fi@t+ht+fat+2h)+....+fla+n-— th) 
Seno ae eae 


By means of this formula many finite sums may be evaluated. 


1.852 i 
Dye = (wb - Ww —b - ah)... . (wb ~ R=) 
_(a—b+nh)(a—b+n-— th) -..-. (@—6b+n-— kh) 
(kR+1)h 
(a—b)\(a—b—h).... (a+b —kh) 
s (k+1)h 
1.853 
a+nh 
Dye - a (@- a h) ith ake ee a ae aa 
"  _n(w=1(n-2).... @-Dy 
iy (k + 1) 


1.854 If f(x) is a polynomial of degree m it can be expressed: 
f(a) = Ao + Ai(w — a) + Ao(w —a)(xw-a—h)+.... 


+ Am(x—a)(w-—a—h).. (x—a—m-— th), 
a+nkh 


Df@) = Ain gil Boe 9 Oe ne 2) ip 
Cah ae 
+ Am (m + 1) h™. 


1.855 If f(x) is a polynomial of degree (m — 1) or lower, it can be expressed: 


f(x) = Ao + Ai(x + mh) + Ao(x + mh) (x +m — th) 
, + reso oe -+ Am-1(% + mh) | ee, en (x a 2h) 
and, | 


at+nh 
I 


f(x) i Ao 


a a(x -+h)(~+ 2h)... («+mh) a eee ... (atm -— th) 


a ee 


dite tes tals Sei esate 


- cs 
tbe 
Sere 
aaNet 
ae os 


at RS 


ESET ST 


rine 


Sis ta a 


ans 


Fae 


i 


“hs 


mS 


4 


ee pes 
Eien 
Me Shee oe 
ES Tere 
dies 


ie | 
Le ana: 
pitas san 


24 


ay 


G “si 


Pie i 


3 sang 
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I 
~ (a + nh) ey Sib GieeeE | 
+ Ay I ca I ! 
(m—1)h |a(a+h)...(a+m—2h) (a+nh)...(a+n+m — 2h) 
era 4: aati : \. 
h a a+nh 


1.856 If f(x) is a polynomial of degree m it can be expressed: 
f(x) = Ao + Ai(u + mh) + Ao(x + mh) (w+ m—1th)+.... 


+ An(x-+mh)... (+h). 
and, ; 
a-+-n 
Dy f(x) AD I | 
m@ix(x-+h)... (%+mh) ~ mh \a(a +h) . .. (a+ m -— th) 
I | 
oe ee ae et 
A a a+nh 
I I I 
Pet? Ms Ca. reese + An Di 
where, 


ll 


yi=1+——+—— + +——= 
ce a@ @+h a+ 2k eee atn—th 


1.86 Euler’s Summation Formula. 


Dio -4 J fds + As [f0) - fo) } + Ak {f°O-@}, 
a + Amahn § Fi edn (b) — fr? (a) e 


ad"fix +h — 
es si SEED 


x=a 
hgm h2gm-2 
= leg m—1 
Pm(2) — | A, (m ~ (m —1)! + 0) (m ye 2)! + ° + Am—th ze 
m'\On(z), with h = 1, is the Bernoullian polynomial. 
| A; = —4, Aon 41= 0; the coefficients As, are connected with Bernoulli’s 
numbers (6.902), B;, by the relation, 
By, 
ot ie 
As = (— 1) (2k)! 
ee ae Ae See PS es 
2 12 720° 30240 
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1.861 


Die = 5 ae Sleds -3 /(6) — fa) ye (ra) ee 


: ee se) sa) } At he 


720 | 30240 


{ #O)-@) Pee 
1.862 


I du, 1 Pus Po ee 


SPECIAL FINITE SERIES 


1.871 Arithmetical progressions. If s is the sum, a the first term, 6 the common 
difference, / the last term, and m the number of terms, 


Pale 1 OV eae oa ab es 
b=a+(n—1)6 


“[2a + (n — 1)6] 


5 


on 
II 


= “(a +1). 


1.872 Geometrical progressions. 


s=a+tapt+ap+.....+ap™! 
Ry aie 
sateen 
a 
Prats MS ee 


1.873 Harmonical progressions. a,6,c,d,.. . . form an harmonical progression 
if the reciprocals, 1/a, 1/b, 1/c, 1/d, . . . . form an arithmetical progression. 


1.874. ! 
x= n em a ; q 

Ss bee . a(n + 1) 3. >= aaa 
2 2 : 

*=1 x*=1 4 
So neta) (ont) > | 

9 __ W(n+1) (2M+1 yee fe Re E 

“ 2F 6 o 5 SH Go aca ge q 
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1.875 In general, 


x=n 


k+1 k 
Det = et S$ 3F) Bt — 208) Bans + (Ba ns, 


x=1 


. B;, Bo, Bs, ... are Bernoulli’s numbers (6.902), (7) are the binomial 


coefficients (1.51); the series ends with the term in x if k is even, and with the 
term in n? if & is odd. 


1.876 


a2 


a+ip=4-4 +2 =7+log n+ —-—-— 
aan Ppa secs ce 5 an n(n+1) 


3 


a3 


~ n(n + 1) (n+ 2) 


7 = Euler’s constant = 0.5772156649... 
a 
12 


a = 


i or= 5 f x2) (2-2). 6 R12) 


80 
ja 
20 
1.877 
a eS Ee aN bo 
pe et Ota. GS m+1 (n+1) (n+2) 
(a +1) (w+2) (m+3) ~"° 
_ (k-1)! 
b= 
1.878 


C2 
~ (w +1) (n+ 2) 


roe I 3 
tata tun te oe 


C3 
~G@+1) +2) 43) 


C= a = 1.2020569032 
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1.879 Stirling’s Formula. 
log (n!) = log Wam + (» +3) logn—n 


Ag (2k — 4)! 
tte se et Ae a 
(2k — 2)! 


o<@<1. The coefficients A; are given in 1.86. 


1.88 
I. rt+1!+2-2!4+3-3!4+....+n-n! = (n+1)! 
2. 1°2°342°3°44+3°4°5+....+n(n+1) (n +2) =2n(n +1) (n + 2) (n+3). 
Bee 223 oe E234 Ft eT NE Ce ae + n(n +1) (n+ 2) 
oe ee (M#+7r—1) 
_ n(n +1) (98 +B) ie: 5 ee 


r+ 
4. rptapt+1)+3(pt2) +... eee. +n(p+n-—1) 
= 5 n(n + 1)(3p + 20 — 2). 
5 £:9+ @—1) @—1) 4+ O42) Ge 2 oe. (p—n) (q-n) 


= cnl6pq — (n — 1) (3p +39 - 2 + 1)]. 


b b(b+1) b(b+1)....(b+n-—1) 
ee a Gat Pees PENI Wr phan Fae 
b(6+1)..:3.(6+n) a—I 


eb +i = aaa +4). Sve EES a Lee Re 


RS =o - ——aa 


II. GEOMETRY 


2.00 Transformation of codrdinates in a plane. 


2.001 Change of origin. Let x, y be a system of rectangular or oblique coér- 


_ dinates with origin at O. Referred to x, y the codrdinates of the new origin O’ 


are a, b. Then referred to a parallel system of codrdinates with origin at O’ 
the codrdinates are x’, y’. 

x=x +a 

y=y +b. 


2.002 Origin unchanged. Directions of axes changed. Oblique codrdinates. 


‘Let w be the angle between the « — y axes measured counter-clockwise from 


the x- to the y-axis. Let the x’-axis make an angle @ with the «x-axis and the 
y-axis an angle 6 with the x-axis. All angles are measured counter-clockwise 
from the «x-axis. Then 3 


x sin w = x’ sin (w— a) + y’ sin (w — B) 
ysinw = 2’ sina+~y’ sin B 
w= B-a. 
2.003 Rectangular axes. Let both new and old axes be rectangular, the new 
axes being turned through an angle @ with respect to the old axes. Then 


T T 
eg HOP = +8. 


x = x’ cos 0 — y’ sin 0 
y =x’ sin 0+ y’ cos 0. 


2.010 Polar codrdinates. Let the y-axis make an angle w with the x-axis and 
let the x-axis be the initial line for a system of polar codrdinates 7, @. All angles 


are measured in a counter-clockwise direction from the «x-axis. 


ei tm (w — 8) 
ae sin @ 


ae , sin 0 


2.011 If the x, y axes are rectangular, w = =, 


x =rcos @ 
y=rsin 0. 
29 
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2.020 Transformation of codrdinates in three dimensions. 


2.021 Change of origin. Let x, y, 2 be a system of rectangular or oblique coor- 
dinates with origin at O. Referred to x, y, z the codrdinates of the new origin 
O’ are a, b, c. Then referred to a parallel system of codrdinates with origin at 
O’ the codrdinates are x’, y’, 2’. 


x=x'+a 
s Pose ee 
z2=2)+¢ 


2.022 Transformation from one to another rectangular system. Origin un- 
changed. The two systems are x, y, z and x’ y’ 2’. 


Referred to x, y, z the direction cosines of «’ are i, mm, m 
Referred to x, y, z the direction cosines of y’ are l2, me, Ne 
Referred to «, y, z the direction cosines of 3’ are /3, m3, 13 


The two systems are connected by the scheme: 


x! yy’ gz! 
x l, le ls 
y mM Me M3 
Zz ny N2 Ng 
= hx’ + ly’ + 132’ xv’ = he + my + me 
= mx’ + may’ + mz’ y’ = Ine + moy + Moe 
z= mx’ + my’ + 132" 2’ = lsu + my + 13% 
L?+m?2+n?=1 ?+ 17+ 1? =1 . 
1? + me + ne = 1 my + m2 + m3" = I 
13? + m2 + ns? = 1 ny + Ne + ne =1 


Ll, + mm + mM. = 0 
Isls + momz + N2oN3 
Is), + m3ym, + N31 


Lym, + Lome + lym 
MN, + MoNe + M3Nz3 
Ml, + Moly + Nols 


I 
II 


2.023 If the transformation from one to another rectangular system is a rotation 
through an angle 8 about an axis which makes angles a, 6, y with x, y, 2 re- 


spectively, 
2cos0=1,+ m+3—I1 


eyes ee em — Pe re Taree eee ne oer 


eee ee 


PR 3 neta a a 


en 
yy ee ee 


ee re er 


ee etag lish 3 sett oak: he 


Rc ee od eee eS 


cos? a 
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cos? 8 cos? Y 


ani a mae ee tL + m1 


2.024 Transformation from a rectangular to an oblique system. 
tangular system: x’, y’, 2’ oblique system. 


cos x’ = cos xy’ = ly cos x2’ 
ey —y lee 
cos yx’ = m cos yy’ = me cos yz 
—™. a MO 
Cos 24’ = my cos zy’ = Mm COs 22’ 
= hx’ + hy’ + 132’ 
= mx’ + moy! + mss! 
Z= mx’ + ney’ + 132’ 
ete 
cos yz’ = Jels + mem3 + nes 
cos 2/x’ = Isl, + mgm, + ng 
ait z 
cos x’y’ = Ile + myme + mn 
l?+me+n?=1 
by? + ma? + me? = 1 
132 + ms? + ns? = 1 
2.025 Transformation from one to another oblique system. 
a —. —. 
cos 207. = |; cos xy’ = cos 2 = i 
es? se a 
cos yx’ = m cos yy’ = me cos yz’ = ms 
~~ ~— PY tn 
cos 24’ = m Cos 2y’ = M% COS 22’ = Nz 
A= |hh 1 
MMeMs3 
1 Nz 13 
x= hx’ + ley’ -f Ig’ 
y = mx! + my’ + ms3z' 
Z= mx’ + my’ + 132’ 
A: x’ = (meng — mgnz)x + (nals — nsle)y + (lems — lyme)z, 
A-y’ = (mgm — mnz)x + (3h — mls)y + (13m, — lms)z, 
A-s’ = (mine — mon) x + (mile — neh)y + (lm, — lm)z. 
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X%, V, & TeC- 


ll 
oo 


I 
S 


= 13 


1? + m2 + ny? + 2mn, cos ye + 2ml, cos ae + 2lym, cos ay = = f, 

Ie? +- me? + no? + 2men2 COS ‘2 4 2Mels cos 2% + 2lym COS xy =I, 
, 

13? +. ms? + nz? + 2m3n3 COS ye + 2mnsl3 cos 2% + 213m3 COS xy = = I, 


a - i 
x+ycosxy+ zscosxz=hx’ +hy’ + hz’, 
im, os 
y + cos xy + 2 cos sy = mx! + moy! + mss’, 
2+%x cos xz+ycos sy = mx! + my! + n32'. 
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2.026 Transformation from one to another oblique system. 
If nz, my, mz are the normals to the planes yz, zx, xy and nz’, ny’, nz’ the | 
normals to the planes y’z’, 2’x’, «’y’, 


Pi , ae , “ , oo 
XCOSXN, =X COSXNz+Y COS YNz+2 COS 2'Nz. 

ghey , OD, ! he / a, 
y COS YNy =X COSXNy+y COSYNy+%2 COSZNy 

olay ’ <7 ay 9 r ot Be 
Z2COS 2m, =X COSXNz+Y COSYNz+2 COSZNz. 


Bin, e 
x! COS x'%e' = % COS wna! + y cos ye + 3 cos ate. 


eo 
y’ cos y’'Ny’ = Xx COS ny + y cos yy! + % COs ny! : 
—™ 


x COS xn ,! + ¥ COS yn! + 2 Cos ZN a! . 


/ one 
2 COS 2'N,z 


2.030 Transformation from rectangular to spherical polar coérdinates. 
r, the radius vector to a point makes an angle 6 with the z-axis, the projection 
of r on the x-y plane makes an angle @ with the x-axis. 


x=rsin 6cos@ Paet Pte 
3 z 
y=rsin @sind deren ntee Benoa 


2.031 Transformation from rectangular to cylindrical codrdinates. 


p, the perpendicular from the z-axis to a point makes an angle 8 with the — 
x-g plane. | 


x = pcos 8 p=vVe+y¥ 
y = psin 0 . 6 = tan2 
Z=28 ; 


2.032 Curvilinear coédrdinates in general. | 
See 4.0 : | 


2.040 Eulerian Angles. 


Oxyz and Ox’y’z’ are two systems of rectangular axes with the same origin 0. 
OK is perpendicular to the plane z0z’ drawn so that if Oz is vertical, and the 
projection of Oz’ perpendicular to Oz is directed to the south, then OK is directed | 

to the east. : 


a 


Angles 2O0z = 8, 


yOK oe dQ, q 
y'OK = yp. i 


as iy ‘ 

ET care . 
3h ote. ene e 

et es Fe ye Saito 
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The direction cosines of the two systems of axes are given by the following 
scheme : 


x’ | cos dcos 0 cos y — sin ¢ sin p sin @ cos cos Y+cos¢dsinW |-=sinO cosy 
‘| ~cos cos Osin Y —- sind cos P| —sin@cos Asin YP +cosg@cos | sin@sin Y 
cos @ sin 0 sin @ sin 0 cos 8 


Ne 


~ 


2.050 ‘Trilinear Codrdinates. 


A point in a plane is defined if its distances 
from two intersecting lines are given. Let CA, 
CB (Fig. 1) be these lines: 


Pees, PS a, -PT +. 


Taking CA and CB as the «-, y-axes, including 
an angle C, 


PES | 

ia PY 
rg Gt 
y= Sin C 


Any curve f(x,y) = 0 becomes: 


(3 Sed ) <0, 


sinC sinC 
If s is the area of the triangle CAB (triangle of réference), 
| as = ap+bg+cr, 


a= BC, 
b = CA, 
c = AB, 
and the equation of a curve may be written in the homogeneous form: 
f ( asp 25q a 
; (ap + bg+cr)sinC (ap+bg+cr)sinC] ~~ 


2.060 Quadriplanar Coédrdinates. 


These are the analogue in 3 dimensions of trilinear codrdinates in a plane 
(2.050). 
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%1, X2, %3, %4 denote the distances of a point P from the four sides of a tet- 7 
rahedron (the tetrahedron of reference); 1, m1, 113 12, me, N23 3, ms, 13; and — 
l;, ms, 4 the direction cosines of the normals to the planes x1 = 0, x2 = 0, %3 = 0, | 
x4 = © with respect to a rectangular system of coédrdinates x, y, 2; and dj, ds, ds, 4 
d, the distances of these 4 planes from the origin of coérdinates : 


w= he + my + ms —- dh 
x2 = Ix + moy + 12% — de 
(z) re | 
x3 = Ix + msy + 32 — dz 
X= Lyx + ma4y + 143 — dy. 


Si, Se, S3, and sq are the areas of the 4 faces of the tetrahedron of reference r 
and V its volume: 7 
3V = 181 + aoSo + 2353 + W454. 


By means of the first 3 equations of (1) x, y, z are determined: 


x = Ayn, + Byxg + Cyx3 + Di, 
y = Aor, + Boxy + Cox3 + Da, 
2 = Asx + Bgxo + C3v3 + Ds. 


The equation of any surface, 
F (x,y,2) = 0, 


may be written in the homogeneous form: 


- D * 
F Aix, + Byxy + Cag + WV (sya, + Soke + S3%3 + S44) |, 


D : q 
Aor, + Boxy + Cox3 + WV (S11 + Sod. + S323 + S4Xa) |, q 


oS D i 4 
Bioes + Bgx2 + C3x3 + 3V (Sud + Seq + 533 + S4x4) | = 0. a 


PLANE GEOMETRY 


2.100 The equation of a line: 
Ax + By+C=o. 


2.101 If p is the perpendicular from the origin upon the line, and a and B the 
angles p makes with the x- and y-axes: 
p=xcosa+ycos B. 
2.102 If a’ and (’ are the angles the line makes with the «- and y-axes: 
p =y cos a’ — x cos B’. 
2.103 The equation of a line may be written 4q 
y=axt+b. | 7 


a = tangent of angle the line makes with the x-axis, 
b = intercept of the y-axis by the line. 
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2.104 The two lines: 
y= ax + by, 
y = dex + be, 
intersect at the point: 
Oem Bi, — ab, — aad; 
ah a a — a : 


2.105 
2.106 


2.107 


2.108 


2.109 


2.110 
2.111 


2.112 


If ¢ is the angle between the two lines 2.104: 


Equations of two parallel lines: 
[Ax + By+C,=0 oe fy =ax+ hi, 
| Ax + By + Cy, =0 

Equations of two perpendicular lines : 


Ax+ By+Ci=0 i y=ax+h, 
| Bx — Ay +C, =0 


Equation of line through x, y; and parallel to the line: 
Ax+By+C=o0 or y=ax+, 
A(w—m1)+Biyy-m)=0 or y-m=a(e—%). 
Equation of line through x, y; and perpendicular to the line 
Ax+ By+C=o or y=ax+, 
ce a, 


Been) — AY = yi) =o. ore  y- n= ; 


Equation of line through 1, y; making an angle ¢ with the line y = ax + 6: 


a+tan@ 
I1—atangd 


B aaa 3 eg, (~% — 2). 


Equation of line through the two points, 11, ¥1, and a, ye! 


Poh = (ae = by 


Perpendicular distance from the point «, y; to the line 
Ax+By+Cz=o or y=ax+), 
_Am+ Bu +C ne ae ee eee 
VAs + Be Vi+@ 


Polar equation of the line y = ax + b: 


p 


a bcos @ 
~ sin (0+ ay’ 


tan a = a. 
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2.114 If p, the perpendicular to the line from the origin, makes an angle Bo 
with the axis: 


p =rcos (6 — B). 
2.130 Area of polygon whose vertices are at %1, 13 42, Yo} «see e ee Fs 
Se; Va Mi: 
2A = y1(%n — Xe) + yor — %3) + Y3(t2 — M4) +... ee. + Yn(%n—1 — %1). 


PLANE CURVES 


2.200 The equation of a plane curve in rectangular codrdinates may be given : 
in the forms: 3 


(a) y = f(z). 
(b) x = fi(t), y = fo(t). The parametric form. 
() _ F(a) =. 
2.201 If 7 is the angle between the tangent to the curve and the x-axis: 
a ae z 
(a) Bd tn 4 
V 

dfo(t 

it ee 
(b) tan T = di) c ‘ 

dt 6 

OF (x, 9) 

(c) tantT=-— Bers So T N 
oy R 
In the following formulas, 
xf 
dy 
— a . . 
y! = a tan 7 (2.201) 
Fic. 2 
2.202 OM =x, MP=¥y, angleXTP=r. | 
mp 4 72 
LP =. c80 7 = ae = tangent, 
TM =ycotT = 7 = subtangent, 


PN = ysecT = yV1 + y® = normal, 
MN = y tan T = yy’ = subnormal. 


2.203 OT =x- 7 = intercept of tangent on x-axis, 


OT’ =y— xy’ = intercept of tangent on y-axis, 
ON =x+ yy’ = intercept of normal on “-axis, 


ON’ = y+ = intercept of normal on y-axis. 
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nee ’ 
2.204 OO = ee = distance of tangent from origin = PS = projection of 
Mit y radius vector on normal. 


mE ey yy) ay 
Coodrdinates of Q: ty rey 


2 
2.205 OS = ace = distance of normal from origin = PQ = projection of 
vity radius vector on tangent. 


ot yy Got yy 
I + “es I a aye 


Coordinates of Se: 


vf ty Oy) 


2.206 OR tes = polar subtangent, 
2 2 ee ape 
e PR= g no “ =A polar tangent, 
Codrdinates of R: ~ Gg. Sy) ar 2°). 
Be yy eA eh ee 
po SIRF ! 
2.207 OV = sa a yy") = polar subnormal, 
J Re 
2 2 AF By: | 
PV = Came, ae aa A polar normal, 
Mure > J 
Coérdinates of V: > ray) he + Vy): 


‘Pelee 


y — xy y — xy’ 


2.210 The equations of the tangent at «1, y, to the curve in the three forms 
of 2.200 are: 


(a) y— y= f'(@) (« — m). 
(b) Gy — wh") = @ — aft). 
(c) (x a %1) (ean mn (y ar 41) = oe Sve 


2.211 The equations of the normal at 2%, y, to the curve in the three forms 
of 2.200 are: 


| (a) f' (a1) (vy — 1) + (&@— m4) = 0. 
| (b) (y — yi)fo’ (t) + (~ — mi) fi'(h) = 0. 
OR rear 
Sata. 


38 MATHEMATICAL FORMULZ AND ELLIPTIC FUNCTIONS 


2.212 The perpendicular from the origin upon the tangent to the curve | 


Ax, J)= oO at the point 4, 41s: 


oF | aF 
Ox > “ay 


VG) +) 

Ox ms oy 

2.213 Concavity and Convexity. If in the neighborhood of a point P a curve 
lies entirely on one side of the tangent, it is concave or convex upwards according _ 
ee 
~ dx Pe: 
in figure 2. 


p= 


as y"’ is positive or negative. The positive direction of the axes are shown 


® 


2.220 Convention as to signs. The positive direction of the normal is related 
to the positive direction of the tangent as the positive y-axis is related to the — 
positive «-axis. The angle 7 is measured positively in the counter-clockwise 
direction from the positive x-axis to the positive tangent. 


2.221 Radius of curvature = p; curvature = 1/p. 
dT 


tl 
pas 
where s is the arc drawn from a fixed point of the curve in the direction of the 


positive tangent. 


2.222. Formulas for the radius of curvature of curves given in the three forms | 


of 2.200. ee | 
ay, | 
haat a | 
dx? | 
(a) + (a) | (i) 
: Sie a dt ; 
ie Vey gee (ey lee (ert 
di d@ dt dé dt? dt? dt 4 
If s is taken as the parameter /: : 
/ r_dx Py dy x i (2) (= 3 
() pds ds? ds ds? \\ds? Tas 
(32) + (5) | 
( ) pee Ox Oy 
: ae ory — 2 PF OF OF | &F @ | 
Ox" \dy * axdy Ax dy dy? Ox : 


; , d 
tinuous and at which one at least of — and 
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2.223 The center of curvature is a point C (fig. 2) on the normal at P such 
that PC = p. If p is positive C lies on the positive normal (2.213); if negative, 
on the negative normal. 


2.224 The circle of curvature is a circle with C as center and radius = p. 


2.225 The chord .of curvature is the chord of the circle of curvature passing 
through the origin and the point P. 


2.226 The codrdinates of the center of curvature at the point x, y are &, 7: 
E=x-—psinT 
dy 
tan T = on 
n=y+p cosT 
If 7’, m' are the direction cosines of the positive normal, 
E=x+l'p 
n=y+m’p. 


2.227 If /, m are the direction cosines of the positive tangent and /’, m’ those 
of the positive normal, 


dt _ dm _ mi! 
Be <p agp 
l’ =m, m’ =.-l, 
df 1 dm! om 
ds a as. ee 


2.228 If the tangent and normal at P are taken as the x- and y- axes, then 


p= limii x 
x0 2y 


2.229 Points of Inflexion. For a curve given in the form (a) of 2.200 a point 
2. 2 

of inflexion is a point at which one at least of a and = exists and is con- 
2 2 $ 

os i vanishes and changes sign. 

If the curve is given in the form (b) a point of inflexion, 4, is a point at which 

the determinant: 
fA") = fr") 


ee. fi 4) fe’ @) 
vanishes and changes sign. 
2.230 Eliminating x and y between the codrdinates of the center of curvature 


(2.226) and the corresponding equations of the curve (2.200) gives the equation 
of the evolute of the curve — the locus of the center of curvature. A curve 
which has a given curve for evolute is called an involute of the given curve. 
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2.231 The envelope to a family of curves, 
I. F(x, y, @) = 0, 


where @ is a parameter, is obtained by eliminating a between (1) and 


2. a. 
2.232 If the curve is given in the form, 

<; @ = filt, a) 
2. y = felt, a), 


the envelope is obtained by eliminating ¢ and a between (1), (2) and the func- 
tional determinant, 


a Gee =o (see 1.370) 


2.233 Pedal Curves. The locus of the foot of the perpendicular from a fixed 
point upon the tangent to a given curve is the pedal of the given curve with — 
reference to the fixed point. 


2.240 Asymptotes. The line 


y=ax+b 
is an asymptote to the curve y = f(x) if 
limit 
= xX—0o f si x) 


B= ney LS (x) — af’ (a)] 
x = f,(d), i = fr(d), 


and if for a value of #, 4, fi or f2 becomes infinite, there will be an asymptote if 
for that value of ¢ the direction of the tangent to the curve approaches a limit | 
and the distance of the tangent from a fixed point approaches a limit. 


2.241 If the curve is 


2.242 An asymptote may sometimes be determined by expanding the equation 
of the curve in a series, 
y= Soars 


limit b 
i ae 


PR ae 


“peri 


the equation of the asymptote -is 


nN 
y= yy at! 
k=0 


fees 


peat 


sales 


ee 


ee ae 
Satay 


as apo 


pry 


be 


- 
ats Peet 
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If of the first degree in «, this represents a rectilinear asymptote; if of a higher 
degree, a curvilinear asymptote. 


2.250 Singular Points. If the equation of the curve is F («, y) = 0, singular 
points are those for which 
oF _ oF 
‘Ox OY 


Put, 


OF OF oF *\2 
ee Oo: = = 
If A<o the singular point is a double point with two distinct tangents. 
A>o the singular point is an isolated point with no real branch of the curve 
through it. | 
A = o the singular point is an osculating point, oracusp. The curve has two 
branches, with a common tangent, which meet at the singular point. 
dx Oy Ox dy dx dy 
point is one of higher order. 


If 


simultaneously vanish at a point the singular 


PLANE CURVES, POLAR COORDINATES 


2.270 The equation of the curve is given in the form, 


r = f(0). 
In figure 2, OP = r, angle XOP = 0, angle XTP =7T, angle pPt = ©. 


2.271 @ is measured in the counter-clockwise direction from the initial line, 
OX, and s, the arc, is so chosen as to increase with 8. The angle ¢ is measured 
in the counter-clockwise direction from the positive radius vector to the positive 
tangent. Then, 


T=0+¢. 
3 r dO . 
2.272 tan $ = — 
r dO 
sin @ = —— 


- 
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i sin 0 a +r cos 0 


dr ; 
cosG 4-1 sin 0 


ds = re (a) ‘d0 
\2 


2.274 PR = ry/ to (‘s ) = polar tangent 
r 


tan T = 


£Y ‘= \/ as (<3) = polar normal 


OR = 7 = polar subtangent 
OV = ks = pol b ] 
mes: = polar subnormal. 
2 
2.275 OO = dl ae p = distance of tangent from origin. 
2 ae 
vr+ (i) 
dr 
"a0 
OS = ae distance of normal from origin. 
et ey ea 
Vir (a5) 
2.276 lius= : , the curve r = f(@) is concave or convex to the origin according as 
Pu | 
u + 46 


is positive or negative. Ata point of inflexion this quantity vanishes and changes 
sign. 3 


2.280 The radius of curvature is, 
e+) | 
| dé 
Sl a ae 
d@ df? 


2.281 If u -- the radius of curvature is 


ol 


a at, >: x 
ps3 
Be is ooh 
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2.282 If the equation of the curve is given in the form, 
r = f(s) 


where s is the arc measured from a fixed point of the curve, 


ar (=) - : 
Te ase VES eae 


2.283 If p is the perpendicular from the origin upon the tangent to the curve, 


dr dp 
5 Geox ap 2. AP aS 
2.284 If u = 
oi 
p- dé 
a au 3 rv dp\ 
2.285 ie a (4) 


2.286 Polar codrdinates of the center of curvature, 7, 61: 


“| (4) -ragt (5) | (3) 2|? 
i a) a 
Fa 


aA ee 
dO de? 
6,=0+x, 


(ia) + a0 
0) *" do 
ss ae 
d0)  " d® 
2.287 If 2c is the chord of curvature (2.225): 
Pp 


? 


e+ (8) 
d0 


=> 2 . 


; d*u 
Wee u+ Tp 


tan x = 


20 = 2p = 2p 


2.290 Rectilinear Asymptotes. If r approaches » as @ approaches an angle a, 
and if r(@ — 8) approaches a limit, 6, then the straight line 


r sin (a—6)=5b 


is an asymptote to the curve r = /(@). 
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2.295 Intrinsic Equation of a plane curve. An intrinsic equation of a plane 
curve is one giving the radius of curvature, p, as a function of the arc, s, 


p = f(s) 
If 7 is the angle between the x-axis and the positive tangent (2.271): 
apes w= at fo cos rds 
iC f 
T=T + oe yaad f sin rd 
So I (s) So ? 


2.300 The general equation of the second degree: 


Aux? + 2dexy + Ao? + 2di3% + 2dexV + 33 = O 
Ae 


4, Ap Ay 
Qo, 2 A 


M31 32 33 


) 


Qnk = Akh 


Anz = Minor of appz. 


Criterion giving the nature of the curve: 


A33 = O A33 = O 
Az<O A33>O 
aA or daA 
Parabola 
A-+0 <O >O 
Hyperbola 
Ellipse | Imaginary 
Curve 
Ay or Ao Ay = Ags 
A33<O A33;>O 20° 43 - 
Pair of | Pair of Imaginary | Real Imaginary 
Lao Real Lines ca 
Straight nate’ 
Lines Pair of Parallel Lines 
Intersection Finite 


(Pascal: Repertorium der héheren Mathematik, II, 1, p. 228) © 
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2.400 Parabola (Fig. 3). Y 
2.401 O, Vertex; F, Focus; N 
ordinate through D, Direc- 
trix. 
Equation of parabola, 
origin at O, Dy P die 
y= 4ax 0 B ee S 
z=OM, y = MP, cea 
OF = OD =a tT. WAP OM. ON x 
FL = 2a = semi latus p 
rectum. 
eee DP. 
2.402 FP =FT = MD 
=x-+4a. 


FIG, 3 
NP = 2Va(a+<x), TM = 2x, MN = 2a, ON = x + 2a. 


y= \/2 (x + 2a), OO =x 28 08 = te +20) 


FB perpendicular to tangent TP. 
= Va(a+x), TP = 2TB = 2Vx(a+x%). 
FB’ = FT x FO = FP x FO. 


The tangents TP and UP’ at the extremities of a focal chord PFP’ meet 
on the directrix at U at right angles. 


tT =angle XTP. 


tan poe: 


The tangent at P bisects the angles FPD’ and FUD’. 
2.403 Radius of curvature: 


Codrdinates of center of curvature: 


bs es a 


Equation of Evolute: 
27ay" = ity. — 2a)*, 
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2.404 Length of arc of parabola measured from vertex, 


+= Vee rH +0 bog (V+ E+ V3), 


Area OPMO = = 9. 


2.405 Polar equation of parabola: 


f= P, 

@ = angle XFP, 
Se Bs 
~-E— cos @ ° 


2.406 Equation of Parabola in terms of p, the perpendicular from F upon the 
tangent, and 7, the radius vector FP: 
| 1 

P 


l = semi latus rectum. 


=| % 


2.410 Ellipse (Fig. 4). 


Y 
7 J 
B 2 P 
L 
D 
N 
M F A T x 
> 
« 
D’ 
FIG. 4 
2.411 O, Centre; F, F’, Foci. 
Equation of Ellipse origin at O: 
x2 “7 
ate 


*= OM, y = MP; a=04, b= OB. 


* ig 4 : se rey 
Ks PE Wee ip See NS ae eee SESS pm ee 
Soe anes i, PR Toda hae ees at AE 4 
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2.412 Parametric Equations of Ellipse, 
x =a cos g, y=b sin ¢. 


g@ = angle XOP’, where P’ is the point where the ordinate at P meets the 
eccentric circle, drawn with O as center and radius a. 


2.413 OF = OF’ = ea 
aoe Va — BP 
e = eccentricity = ee 


2 
EL = = = a(r — e?) = semi latus rectum: 
F’P =a+ex, FP =a—ex, FP + F'P = 2a. 
7 =angle XTT’. 


er ee 
aV a — x2 
2 @ . ae 
wa - ©, on = éx, or =, or’ =", mr =—, 
“ - y x | 
2_ x2 a 9 
ee oll c* ON = “Ve — #2, PS = ae 
x b Va — ex? 
po ory a? — x? 
Vg ext 


2.414 DD’ parallel to T’T; DD’ and PP’ are conjugate diameters: 
OD? = a — &x? = FP x F'P. 
OP? + OD? = a? + 0. 


PS x OD = ab. 
; Equation of Ellipse referred to conjugate diameters as axes: 

1 ae a =angle XOP 

gz t pe * B = angle XOD 
2h2 hb? 
a ’ as @ tg epee 
sg me ° a? sin? a+ 0 cos? a tan @ tan 6 a> 

b’ = OP b/2 id 


~ @ sin? B+ 8 cos? B 
2.415 Radius of curvature of Ellipse: 
(ay? + bx) = (@ = en?" 


a‘b* ab 
angle FPN = angle F’PN = , 
tan W= =, 
2 Leis 


pcos w FP F'P’ 
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Coodrdinates of center of curvature: 
aes 


b= Sy Pat ae 


Equation of Evolute of Ellipse, 


3 j 
ax by 
(3) +(2) > 
2.416 Area of Ellipse, zrad. 
Length of arc of Ellipse, 


Ke —é sin?¢ dd. 


2.417 Polar paraeee of er 
, y= F'P, 0 =angle XF'P, 


_ a(t — &) 
rT £08 O 
— 2.418 r = OP, 0 = angle XOP, 
i b 
CN CAE Cae 


2.419 Equation of Ellipse in terms of #, the perpendicular from F upon the 
tangent at P, and 7, the radius vector FP: 


Zl = semi latus rectum. 


2.420 Hyperbola (Fig. 5). 
2.421 O, Center; F, F’, Foci. 7 ; 
Equation of hyperbola, origin at O, | . 
fe = 


x= OM, y= MP, a=O0A,=0A". 


2.422 Parametric Equations of hyperbola, a 


“=a cosh u, y= 6 sinh uw. 
or 
nah SC y = 6 tan ©. = 
g@ = angle XOP’, where P’ is the point where the ordinate at T meets the 
circle of radius a, center O. a 
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2.423 OF = OF’ = ea. 


2 2 
e = eccentricity = Vo He 
a 
Y 
N 
> 
p Pp 
L 
; X 
F'AA xT AL FO OM N 
Q 
U 
Fic. 5 


b? A 
FL = bag a(e? — 1) = semi latus rectum. 


F'P = ex +a, FP = ex —a, F’P — FP = 2a. 


T= angle XTP. 
‘ bx 
nT 
av x2 — a 


a b? 
NM =—> ON = &x, OT =— OT’ =— 
a Xx y 


PS = ab exr/ x? — a 
V ex? — a? V/ ex — @& 
2.424 OU = Asymptote. 
tan XOU = - . 


6 = distance of vertex A from asymptote. 
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2.425 Radius of curvature of hyperbola, 
(6242 oe a?) 
ee eee 
angle F’PT = angle FPT. 


angle FPN = w = * — FPT. 


angle F’PN = w'= “ + F'PT. 


aey 
tan. @ = R 4 
b 4 
Vex? — @ 
| 
2 IT I | 


Codrdinates of center of curvature, 


e243 ae? 4 q 
E are: ‘@”’ i Bia ages bt 


Equation of Evolute of hyperbola, 


each other. Equation of rectangular hyperbola with asymptotes as axes and 
origin at O: } 4a 


a2 
“y= am : 
2.427 Length of arc of hyperbola, 
_B Ge ee k=1, tang =*9D 
OT we de V1 — Rk sin? & b? 
2.428 Polar Equation of hyperbola: 
$3 
pi B PS Ba REP, omg ee 
: ecos 0-1 
b? 


ge OPS 9 = SOP 


 @ cos 0-1 


dicular from F upon the tangent at P and 7, the radius vector FP, 
l 
P = 


Z = semi latus rectum. ee: 


ae 
ee ta 
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2.450 Cycloids and Trochoids. 
If a circle of radius a rolls on a straight line as base the extremity of any 
radius, a, describes a cycloid. The rectangular equation of a cycloid is: 
x = a(p — sin 9), 
y = a(1 — cos ®), 
where the x-axis is the base with the origin at the initial point of contact. @ is 
the angle turned through by the moving circle. (Fig. 6.) 


Y 
A 
iS e 
C 
= ; X 
FIG.6 


A = vertex of cycloid. 
C = center of generating circle, drawn tangent at A. 
The tangent to the cycloid at P is parallel to the chord AQ. 


Arc AP = 2 X chord AQ. 
The radius of curvature at P is parallel to the chord QD and equal to 2 x chord QD. 
PQ = circular arc AQ. 


Length of cycloid: s = 8a; a = CA. 
Area of cycloid: S = 37a’. 


2.451 <A point on the radius, 6>a, describes a prolate trochoid. A point, 
b<a, describes a curtate trochoid. The general equation of trochoids and 


cycloids is 
x = ah — (a+d) sin 9, 
y = (a +d) (1 — cos 9), 
d = o Cycloid, 
d>o Prolate trochoid, 
d<o Curtate trochoid. 


Radius of curvature: 
__@ay+@&)* 
ay+ad+a' 
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2.452 Epi- and Hypocycloids. An epicycloid is described by a point on a 
circle of radius @ that rolls on the convex side o a fixed circle of radius 6. An | 
hypocycloid is described by a point on a circle of radius a that rolls on the con- © 
cave side of a fixed circle of radius 0. | 


MEER 


Equations of epi- and hypocycloids. 
Upper sign: Epicycloid, 
Lower sign: Hypocycloid. 


x= (b+a) ge cee oe | 
: . O+a : 
y= (b+a) sin @—a sin d. 


The origin is at the center of the fixed circle. The x-axis is the line joining the 
centers of the two circles in the initial position and ¢ is the angle turned through ‘4 
by the moving circle. 3 


Radius of curvature: 
2a(bta) . a 


ens PPV pe Q. i 

2.453 In the epicycloid put b =a. The curve becomes a Cardioid: : 
(x? + y?)? — 6a?(a? + y*) + 8a8x = 304. | 

2.454 Catenary. The equation may be written: | 
a y= : a(e +6), : 
% | 

z, y =a cosh es | 
es | x =a log a ve xp Es 


The radius of curvature, which is equal to the length of the normal, is: 
ce 

=> 2 "i ed 

| p=a cosh - . 
2.455 Spiral of Archimedes. A point moving uniformly along a line which 4 
rotates uniformly about a fixed point describes a spiral of Archimedes. The — 
equation is: | 


r= a0, : 
or e 
V2 +7? =a tan =. 3 ¢ 
The polar subtangent = polar subnormal = a. : 
Radius of curvature: a 
r(r+@)? (724 a)? e 
02+) r+ 20? . 3 


2.456 Hyperbolic spiral: 
r0 = a. 


EMTS TT eT 
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2.457 Parabolic spiral: 
r? = 070, 
2.458 Logarithmic or equiangular spiral: 
r= ae”, 
n= cot @=const., _ 
a = angle tangent to curve makes with the radius vector. 


2.459 Lituus: se 

rv/Q =a. 
2.460 Neoid: 

r=a+00. 
2.461 Cissoid: 

(a? + ’)x = 209", 
7 ry = 2a tan @ sin 0. 
2.462 Cassinoid: 
(x? + yy abs a’)? as 40x? 4 b4, 
r* — 2¢?r? cos 20 = 4 — at. 

2.463 Lemniscate (6 = a in Cassinoid): 


(x? + y°)? = 207(x? — 9°), 
r? = 2a? cos 20. 
2.464 Conchoid: 
yt = b+ y)*(0 — 99), 
2.465 Witch of Agnesi: . 
ay = 4a?(2a — ¥). 


2.466 Tractrix: 


V gq? — 2 
Se ke. ee nara —-Vae-y, 
a-V@-y¥ 
By ot aed 
dx Vaz — yy 
av a — ¥* 
gerne aa 


SOLID GEOMETRY 
2.600 The Plane. The general equation of the plane is: 
Ax + By+Cz+ D=o. 


2.601 1, m,n are the direction cosines of the normal to the plane and # is the 
perpendicular distance from the origin upon the plane. 


A, B,C 
° l,m, n= ? 
V+ B+C 
p =lx+ my + nz, 
D 
p= 


VA + BEC 
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2.602 The perpendicular from the point «, 41, 2: upon the plane Ax + ** + 
Cz+D=o 1s: 
° Mk Re oD 


7 V A? + B+ C? 

2.603 @ is the angle between the two planes: 
Aw+ By+Cz+ DD, =0, 
Aox + Boy + Coz + Dz = 0, 

A,A>, 24. By By + CiCe 
VA? + BE + Ce VAE+ Be + Ce 
2.604 Equation of the plane passing through the three points (21, 91, 21) (x2, 2, a) 
(x3, DED 23): s 


cos 9 = 


xX VW 24 «CSI + y 21 X%, I + 2 4 M1 «ST = 1 V1 
Vo 22 I 22 X%2 I X2 ye I X2 Yo Ze 
V3 23 I 23 X3 I %3 V3 I 3 V3 23 


THE RIGHT LINE 


2.620 The equations of a right line passing through the point a, y1, 21, and whosel 
direction cosines are /, m, n are: 


Nn oe RG a) ao eee 


l m nN 


2.621 @ is the angle between the two lines whose direction cosines are , m1, n, 3 
and lz, me, Ne: ) 
cos 8 = Ll, + mymz + MMe, 
sin? 9 = (Jym2 — lem)? + (minz — mzm)? + (mile — mols)? 4 
2.622 ‘The direction cosines of the normal to the plane defined by the two lines 
whose direction cosines are /;, 7, 2 and /2, myn» are: 


MN» — Mon Nilo — Nol; lime rae Lomy | 
sin 9.” sin@ ’ sin 9 s 


2.623 The shortest distance between the two lines: 


eat Wee! hse eee Bayete 


= —_ = and x — X2 cade ¥ aes By. as or ap 

hy, My, Ny ls _ Me : Ne ? 
g — Gam) (mine = mom) + (1 = 92) (ile = mh) + (1 - ay oss ae 7 
{ (mms — mam)? + (mile — mal)? + (lim, = lam)? , @ 


2.624 The direction cosines of the shortest distance between the two lines ; 
are: | 3 

(mo — nem), (milo — Mol), (Lime — lymy) : , a 
{(minz — mem)? + (mile — neh)? + (lime — lym)?}* | 
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2.625 The perpendicular distance from the point x», ys, 2. to the line: 


we ee | 8, 


ly My, Ny 


is: 
d = { (x — 1)? + (2 — 1)? + (82 — 21)? — [li (xe — m1) + mi(y2 — yi) + m(2: — &1)}. 


2.626 The direction cosines of the line passing through the two points x, 1, 2 
and 22, ye, 22 are: 
(4% — 21), (v2 — yi), (22 — 21) : 
{ (a2 — a1)? + (2 — 1)? + Ge — &1)?} 


2.627 The two lines: 


x= m2 + fi, x = M22 + pra, 
and 
y= me+ Hh, Y = N22 + qr, 


intersect at a point if, 
(m, — me) (qi — q2) — (m — m2) (pi — pr) = 0. 
The coordinates of the point of intersection are: 


ot Mm po— Mop _ Mg2— 1291 ac po — pr Ht Deh 1D 


? 
m, — M2 Mm — ™% m, — M2 nm — Ne 


The equation of the plane containing the two lines is then 


(1 — M2) (% — mz — pi) = (m1 — me) (Y— m2 — 91). 


SURFACES 


2.640 A single equation in x, y, z represents a surface: 


F(x, y, 2) = 0. 
2.641 The direction cosines of the normal to the surface are: 
oF FF 
Ox oy Oz 


| Eee 
Ox oy Oz 
2.642 The perpendicular from the origin upon the tangent plane at x, y, 2 is: 
p = Ix + my + nz. 


2.643 The two principal radii of curvature of the surface F (x, y, 2) = 0 are 
given by the two roots of: | 
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k OF oF oF oF = 0; 
po OF Oxdy 0x02 Ox 

Pb OR RR OR 

Oxdy 2°20 Oyoz oy 

ee eke aR oe 

0x02 Ovdz pF Oz 

Oe aa ae 

Ox oy 02 


where: 
k? pee. (=) + (=) + (=) . 
iN Ox oy dz 


2.644 The coordinates of each center of curvature are: 


baathS, n-th S gaat hS. 
2.645 The envelope of a family of surfaces: 
r. F(x, y, 2, @) =0 
is found by eliminating @ between (1) and 
2. ie 
0a 


2.646 The characteristic of a surface is a curve defined by the two equations 
(1) and (2) in 2.645. 


2.647 The envelope of a family of surfaces with two variable parameters, 
a, B, is obtained by eliminating @ and B between: 


I. F(x, Y; 2, a, B) 7 et 

: | aF 

. STB 
ee 

3. zy Tesi 


2.648 The equations of a surface may be given in the parametric form: 
% = filu, 2), y = fo(u, v), 2 = fs(u, v). 


The equation of a tangent plane at 1, 1, 2 is: 


where 


O( fo, fs) _ Ofe fe 
O(u,v) |du ov 


Ofs Ofs 
Ou dv 


, etc. See 1.370. 


Set 
Mee 8 ime 

hee dae 
eRe ee RS 


PEAS 
Aa 
< 


ald 
ee wees a a 
oP eg teeipeee 
ee 
ae 7 
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2.649 The direction cosines to the normal to the surface in the form 2.648 are: 
O( fo, fs) 0( fs, fi) 0( fi, fo) 
ite ee O(u, v) ‘ O(u, v) ‘ O(u, v) é 
ite 1 (Sz i) (Se fy (Gs Ly 


O(u, v) O(u, v) O(u, v) 
2.650 If the equation of the surface is: 
5 i i (x, ¥); 


the equation of the tangent plane at «1, yi, 2 is: 
Z—-4= (2 st) @-n)+(2 a (y — 1). 


2.651 The direction cosines of the normal to the surface in the form 2.650 are: 
a(ge) = Gy? 
Lm n= a hd ts 
(=+(3e) + (35) } 


2.652 The two principal radii of curvature of the surface in the form 2.650 
are given by the two roots of: 


(rt — *)p? — {(r +. @)r — 2pgst+ (2+ P)JVIFP4+Ppt+ (1+ +4)? =o, 
where ; 


2 of orf d°f d°f 

~ Oa Oy Ome *  xdy’ are 
2.653 If p; and p2 are the two principal radii of curvature of a surface, and p 
is the radius of curvature in a plane making an angle @ with the plane of pu, 
2 oe sn 8 : 
p Pi Pe 
2.654 If p and p’ are the radii of curvature in any two mutually perpendicular 
planes, and p; and p» the two principal radii of curvature: 


rie et RCN tn 
| Po Pe is 
2.655 Gauss’s measure of the curvature of a surface is: 
- I 


p Pip2 


SPACE CURVES 
2.670 The equations of a space curve may be given in the forms: 
(a) Fi(x, y, 2) =0, Fo(x, y, 2) =0. 
(b) =f), y=flt), 2 = fd. 
(c) y= (x), = Ya). 
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2.671 The direction cosines of the tangent to a space curve in the form (a) are: 
OF, OF, OF, OF» 


OF, OF, OF, OF» 


EE ed 


Of Ox Ox OZ 


VA {es d 


OF, OF» OF, OF 


ee ee 


where J is the positive root of: 


n= (Ry «(y+ 2)) (C2) 


OF.\?  (OF2\? ) 
+a) Hoe) 
Ox Ox OY. OY. “OS xr 
2.672 The direction cosines of the tangent to a space curve in the form (b) are: 
x! 4", g! 
{2 et vy ff gl2h a? 


where the accents denote differentials with respect to #. 


lm, n= 


2.673 If s, the length of arc measured from a fixed point on the curve is the 


parameter, f: 


dx dy dz 
l, as eat FG Fe re 


2.674 The principal radius of curvature of a space curve in the form (b) is: 

(x-/2 As vy"? au g/2) 8 ; 

(y’z!? oe gly")? ve Cra a apg!) ae (a’y”” Be y/o! )?h8 
o 


(4/2 ra vy "2 re g/!2 7 5/'2)% 


aa 


where the double accents denote second differentials with respect to ¢, and s, 
the length of arc, is a function of ¢. 


2.675 When t= s: 
Iv {Oey (doy ee ee 
p { (F) +(3) +(z) 


2.676 The direction cosines of the principal normal to the space curve in the 
form (b) are: 


é 


a 2! (glx! — a’gl) — a i — y'x!’) 
L 


; ae! (ary! tae vy'x") Pee 2! (y/2"" Bae z’y!") 
m' = Z , 


ri 


GEOMETRY 


; age ‘(y's Ad — x! (2'x ‘I ~~ 9 s'") 


n 


where 
sg ren {x/2 4 y’? + 2/2}8 { (y’z ed — 2/y"")? + (2'x tt eg! !)? + (x’y 4} — y'x'")*}8, 
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2.677 The direction cosines of the binormal to the curve in the form (b) are: 


! . ye’ ap ziy" 
S 


where 
= {(y’z Ad — z'/y'’)? ++ (2'xl! pets ca F 4 (a'y"! ek aya!) 2h 8, 


2.678 If s, the distance measured along the curve from a fixed point on it 
the parameter, @: 


is 


2.679 The radius of torsion, or radius of second curvature of a space curve is: 


(a:'2 4. y’? 4 2/2)8 
oe (ome Ne. fon |e 
an +( a ed 


1| 
S? 


T= 


- 

aes ah 
xe 

where S is given in 2.677. 


2.680 Wheni=s: 
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=-p |dv dy ds 
as ds “ods 
ds* ds* ds 
as®-~ as®.: GSt 4 


2.681 The direction cosines of the tangent to a space curve in the form (c) are: 
ees ae es 
Vit y%4+ 2". 


where accents denote differentials with respect to 4: 


l,m, " 


, a6), _ awe), 
Aner Tae dx 
2.682 The principal radius of curvature of a space curve in the form (c) is: 


: (c+yt+s* | 
p ges, (y’2"" ae gly’)? rhe 5 i A g//2 
2.683 The radius of torsion of a space curve in the form (c) ds: 
~~ ets 5 a alin we 0 
p(y"’3!”” ae gly!) 


2.690 The relation between the direction cosines of the tangent, principal 
normal and binormal to a space curve is: 


l mM n = I, 


qi LE /I 


2.691 The tangent, principal normal and binormal all being mutually perpen- 
dicular the relations of 2.00 hold among their direction cosines. 


ot. 1 RIGONOMETRY 


I 
tan x 


sin x I I 

3.00 tan « = —— sec x = ——> csc x = ——, cot x ? 
cos x cos x sin x 

sec? x = 1+ tan’x, csc’x = 1 + cot’x, sin’x + cos’x = 1, 


. e ° . . x 
versin * = I — COS 4, Coversin « = 1 — sin 4, haversin x = sin? = 


; ; I—cos2x _ x x 
3.01 sin x = —sin (— 2x) = / 7 24/ cost — cos* . 


.  & 
2 sin - COS 


I I I 
/t + cot?x 


x x 
cot-—cotx tan a x 
2 


cot - (r — cos x) = tan =: (x + cos 2), 


sin y cos (« — y) + cos y sin («—y), 
cos y sin («+ y) —sin y cos (v+ 4), 
— 42 (e* —e-*), 


I + cos 2% i 
3.02 cos x = cos (—%) = \/ : =I-2 sin’ 


Rs 
/t + tan x’ 


9 & 9 X 9 & 
- 0S. = Si —. = 2. COS ~— i = 
2 2 2 


x 
I — tan? — 
2 TI TI 


= = = tT > 


x x x 
1+ tan’ 1+ tan x tan = tan x cot> —1 


x x 
cot — — tan -— ‘ st 
2 2 cot x sin 24x 


= aninkinaedenutentiansen,. oer rs ’ 
x x 2, 2sin x 
cot = + tan — Vi + cot’« 


= cos y cos (x+y) +sin y sin (x+y), 
= cos y cos (% — y)— sin y sin (% — y)s 
= £(e* + e- #2), 
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gue tan x 
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I 


— tan (— x) = 


sin 2x 


I. COS. 2X 


5+ cos 2x 


Sn ee 


_ sin («+ y) +sin («— y) 


) it COs a2 
I+-cos 2x cos (x+y)+cos (x—y)’ 


_ cos (4— y) — cos (%-+ 4) 


~ sin (x+y) — sin (# — y) 


x 
tan — 
2 


x 
tan — 
2 


x 
2 tan - 
2 


x 
I — tan -— 
2 


op 


x 
I + tan - 
2 


? 


x 
t — tan? - 
2 


= cot x — 2 cot 2%, 


3.04 The values of five trigonometric functions in terms of the sixth are given 
(For signs, see 3.05.) 


in the following table. 


sinx=a|cosx=a|tanx=a|cotx=a|secx=alecscx=a 
sin x% = a Vi-@ eres : Va —1 I 
Vi+@ Vi+@ a a 
cos X¥ = Vi-@ a see ee : : sab 
Vi-+¢ Vi+@ a a 
a Vi-@ I I 
nx= ~ Va — 
- Vi-@ a “3 a 35 . Va—1 
Vi— @ a I I | 
cot x = - Vat —1 
a Vi —@ a . Vat —1 
: I Vita 4 
sec x = = 4/ ee ae oe a 
Vi-@ a ae a Vie ae 
I A Vi+@ ga aia eh a 
tac + = - VJ 2 Bi nome a 
a Vi-@ a side. Va—1 


3.05 The trigonometric functions are periodic, the periods of the sin, cos, sec, 
csc being 27, and those of the tan and cot, 7. Their signs may be determined 


from the following table. 


In using formulas giving any of the trigonometric 
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functions by the root of some quantity, the proper sign may be taken from this 
table. 


a ee 3 eee 
o-—|] — —-T 1 T—~-7 “7 | ~w—o2m | 27 
2 2 2 2 
°° 
© — 90°} go° | g0° — 180° | 180° | 180° — 270°} 270° | 270° — 360° | 360° 
i -O. + I + fo) — —I — fe) 
cos I a fe) _ —I _ fo) + I 
tan] o + -L00 — ° + +00 — ° 
cot | Fo of fe) — Fo + e) _ Fo 
sec I + =o _ —I — +0 + I 
CSC | Fo + I + +00 — —I oa Fo 


3.10 Functions of Half an Angle. (See 3.05 for signs.) 


3.101 . hi \/ wrest OS 6 
sin ros PE a, Saeeetieretin 5 


2 


- 2) avitsin x FVi-—sin =| 


Z 2 “ GE Pere -) 


3.102 ieee 
cos <a = + ge Ar TIpaNaDN ahr ERA: 
- 1 avitsn “«+Vi-—sin xf 


oe epee =) 


3.103 I ft nan 1—¢os x 
tan = + ae BETES CORE RIRIE Ges 


I+ cos x 
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sin x T— Cos. & 
I+ cos x sin x 


? 


4V r+ tan? xe J 
tan x 


3.11 Functions of the Sum and Difference of Two Angles. 
3.111 sin (w+ y) = sin * cos y+ Cos & sin y, 
= cos x cos y (tan x+ tan y), 


_ tan x+ tan y 
~ tan x # tan y 


sin (« *¥ y), 


£{ cos (x + y) + cos @ —») } (am *+tan y). 


3.112 cos (w+ y) = cos x cos y ¥ Sin ~& sin y, 
= cos x cos y (1 # tan & tan y), 


COL 4 tan 
= > cos (x * y), 
cot x + tan y 


COL .4 ane x J 
_ y sin (x * y), 
cot y tan x FI 


cos « sin y (cot y ¥ tan 2). 


3.113 ee a) tan «+ tan y 
| ) > tan x tany 


_ cot y+cot x 
~ cot « cot y#FI 


sin 2% + sin 2y 
cos 2x + COS 2y 


3.114 tea cot x cot y#r 
4 cot: y.+& cot: x 


sin 2% * sin 2y 
COS 2% — cos 2y 


3.115 The cosine and sine of the sum of any number of angles in terms of the’ 
sine and cosine of the angles are given by the real and imaginary parts of 
cos (M+ %+....+4n) +2 sin (4 +at.... + 4n) 

=(cos %, +7 sin x)(cos x. +74 sin 4%) ..... (COS 4, +74 Sin 4p) 
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312 Sums and Differences of Trigonometric Functions. 


3.121 


3.122 


3.123 


3.124 


3.125 


3.130 


sin x+ sin y = 


cos x + cos y = 


COs 2: ~ COS yy = 


tan x + tan y= 


cot x+cot y= + 


sin x + sin y 


2 sin 4(x+y) cos $(x Fy), 
(cos x + cos y) tan 3(¥ +4), 
(cos y — cos x) cot 3(x ¥ y), 


tan 4(x + 9) 
tan 3(x ¥ y) 


(sin x F sin y). 


2 cos 4(x +) cos 4(x — y), 


sin «+ sin y 


tan 3(% + y) 


cot 4(x + 4) 
tan 3(% — y) 


(cos y — cos x). 
2 sin 4(y + x) sin 3(y — &) 
—(sin x+sin y) tan 3(4 ¥ y). 


sin (x + 9) 
cos x: cos y 


sin (x + y) 


=f 
sin ey) (tan x * tan y), 


tan y tan (x + y)(cot y ¥ tan 2), 


I * tan x tan y 
cot (x + y) 


? 
(1 * tan x tan y) tan (w+ 9). 


sin (~ + y) 
sin « sin y 


cos x + cos y 


sin x + sin y 


= tan3(x+/¥). 


= — cot 3(x ¥ y). 


cos x — cos y 


sinx + siny  tan3(*+¥). 


sinx —siny tan 43(x —y) 
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Pee sine: ses is 2 


3.140 
r. sin? x + sin? y = 1 — cos (w + y) cos (x — y). 
a. sin? « — sin? y = cos? y — cos? x 
= sin (x + y) sin (a — y). 
cos? « — sin? y = cos (x + y) cos (% — y).. 

sin? (~ + y) + sin? (x — y) = I — cos 2% cos 2y. 

sin? (x + y) — sin? (vw — y) = sin 2a sin 2. 

cos? (x + y) + cos? (% — y) = 1 + Cos 2% cos 2y. 

cos? (« + y) — cos? (« — y) = — sin 2m sin 2y. 
3.150 
COs NX COS Mx = 3 cos (n — m)x + 4 cos (n + m)x. 
2. sin nx sin mx = 4 cos (n — m)x — 4 cos (n+ m)x. 
Ee cos nx sin mx = ¥ sin (n + m)x — 4 sin (n — m)x. 
3.160 
x; ettivy = e* (cosy +isiny). 
2. a*tiyv = a {cos (y log a) +7 sin (y log a)}. 
a (cosx+isin x)" =cosnx+isinnx — 

[De Moivre’s Theorem]. 

4 sin (« + zy) = sin x cosh y +7 cos x sinh y. 
5. cos (« + iy) = cos x cosh y #7 sin x sinh y. 
6. cos * = ¥(e'* + e—**), 
‘P sin x = — - (g*2 erty, 


e’==cosx+isin x. 
e-**= = cosx —7 sin xX. 


3.170 Sines and Cosines of Multiple Angles. 


3.171 mn an even integer: 


Bi ae yaar» Venere 
OD a 
3: 5! 


eee n?(n2 — 22) . S(t oth ie 
cos me = 1 —F sint x + 22) sine PO De 4°) 


sin nx = nN COSx {sin x — 


sin5 xX. Pee ° . . ° 


sin’ x+... 
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3.172 mn an odd integer: 
: P nm? — 17) , n? — 17) (n? — 22 
sin ny =n { sine - 2 = 7) sint x + § d 3°) 
3: 5: 
n> — 17) , n? — 17) (n? — 3? 
cos mi = cose | x ~ F*) sint x + § 3°) 
| 2! 4! 
3.173 mn an even integer: 
n 
. =e : n— 2 : 
sin mx = (—1)? cos*x get sant en BaD sin”—3 x 


(n aes 3) (n ae A) is sin") x» — 


sin® x by rege eS at ee 


Gis ee 


(m — 4) (w — 5) (n — 6) 
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2-7 sin”? x 


. 2! 3! 


° n : n(n — 
COS NX = (—1)2 2-1 sin” x — = 2r-3 sin? 4 + ( - 3) 


_ nln — 3) (n— 5) 
3! 


3.174 mn an odd integer: 


nm—T preset 
sin mx = (—1) 2 | 2°! sin” x — = 2-3 sin”? x + ns 3) 
_ n(n — 3)-(n — 5) 
31 
— 2 


nt 


aa n ; 
cos mx = (—1) 2 cosx | 2"! sin”! x — gn-3 ginn 8.x 


= (n ae 3) (n oe 4) gn—5 sin”—5 RRA 


(n- 4) W-5) (n-6) , 


2! 3! 


3.175 mn any integer: 


— 2 
27-38 cos"—3 x 


. i nN 
sin mx = sin x 27-1 cos”! x — 


CEC en 


(n — 4) (n — 5) (n — 6) 


(n — 3) 


n n 
COS nX = 2"! cos” x — = 2"-3 cos"? 4 + = 2"—5 cos"—4 x 
3 1! ! 


_nln—4) (n— 5) 
3! 


ft 


2"-5 sin "4 x 


gut Stee aoe } 


2"-5 sin”-4 x 


2™~7 sin" y+. , | . 


n—7 sin”? x 


2"-T cos"? x 


Oe 


2™—-7 cos" x +. wo 
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3.176 sin 2% = 2 sin x cos x. 
sin 3% = sin x(3 — 4 sin? x) 
= sin «(4 cos? x — 1). 
sin 4x = sin «(8 cos* x — 4 cos x). 
sin 5x = sin «(5 — 20 sin? « + 16 sin‘ x) 
= sin x(16 cost « — 12 cos? «+ 1), 
sin 6x = sin «(32 cos® x — 32 cos? « + 6 cos x). 


3.177 COS 2% = cos? x — sin? x 
=I—2sin?x 
= 2 cos? x — 1. 
COS 3% = cos %(4 cos? x — 3) 
= cos «(1 — 4 sin? x). 
cos 4% = 8 cos* x — 8 cos? x + 1. 
Cos 5% = cos %(16 cost x — 20 cos? x + 5) 
= cos “(16 sint x — 12 sin? x + 1). 
cos 6% = 32 cos® x — 48 cos! x + 18 cos? x — 1. 


2tanx 


3.178 tan 24 = ————— 
I — tan’ x 


cot? x — 1 
2cots 


I 


cot 2x 


3.180 Integral Powers of Sine and Cosine. 


3.181 1 an even integer: 


sin” 4 = OF | oo NX — N COS (n — 2) ¢ BMD 05 (n — 4)x 
n(n —1)(n—2 «omy 
_ a See ee 
a} \3 
cos” 7% = Fi | 003 nx +- N COS (n — 2)x 4 MHD os (n —4)x 
n(n — 1) (n — 2) n! 


a 
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3.182 m an odd integer: 


a! 
oe tet) a | n 
sint = SOP | sin me — n sin (n — 2)x + 


ne) sin (w — 4)x 


_ na - 1) (n—2) n= al 


2 
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sin (m—6)x+... Oa bx: 


3! 


“aay ey} 


cos” & = cos mx +n cos (nm — 2)x + oY) cos (m7 — 4)x 
n(n — 1) (n — 2) n! 
+ i 603 (4 -— O)4 +... y eny ce: 
ae i 2 
3.183 
sin? « = 4(1 — Cos 2%). 
sin? x = 4(3 sin x — sin 3%). 
sint x = §(cos 4% — 4 Cos 2% + 3). 
sin® « = 7,(sin 5x — 5 sin 3% + 10 Sin &). 
sin® x = — 4,(cos 6% — 6 cos 4x+ 15 COS 2% — I0). 
3.184 


cos? « = (1 + cos 2x). 

cos? x = 7(3 cos % + COS 34). 

cost « = $(3 + 4 Cos 2x + COS 42). 

cos’ « = 74(10 cos x + 5 cos 3% + COS 5x). 


cos® x = gis (10 + 15 cos 2x + 6 cos 4x + Cos 62). 


INVERSE CIRCULAR FUNCTIONS 


3.20 The inverse circular and logarithmic functions are multiple valued; i.e., if 


: 1 
o<sin x<s, 


the solution of « = sin @ is: 


6 = ant + sin x, 


where m is a positive integer. In the following formulas the cyclic constants are 


omitted. 
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3.21 


—cos—4 = cos Vr — 72 


sin! ¢ = — sin-(—x) = 2 


ee 1 see ages 
=—-—sin! Vi —# = —+- sin (2? — 1) 
2 42 3 


I * 
= -— cos?! (1 — 247) = tan7! ———— 
2 Vi-x 
, a Cav ee I | AV Ee 
= 2 tan = - tans ; 
x I — 2x 


moe 
Se ee (x + Va? — 1)- 


4 
= 25 dG oy ep EO GN Lh 
cos! ~ = 7 — cos ola ss % = COs (2x2 — x) 
I+” : Vt — 2 
= 2cos-1/E + = sin! Vz — 2 = tan —— 
x 
be oe 2uVr — x? | x 
= 2 tan? \/ == tans = cot. ee 
Le 2 ont — rj i Vi-2# 
=ilog (xv + Vx? — 1)= mi log (V2 —1— 2»). 
3.23 
tan“ « = — tan-! (—x) = sin-! —— = cos" 
Vt + 2 Vt + x 
; 2x T ——. 
=-— sin! = — — Cot 4 = eactt as 2 
- aaa cot! x = sec! W/1 4+ % 
ere Glee: I-#¢ 
= — — tan - = —cos7 
aa 1+ 27 
2) 4 FORT SD 
= 2cost{ Ft Vets | ~2sint { MEF E— “} 
2V1+ x 2Vi+x 
“f ae 
= - tan cet eee 
; ee 
= — tan! c+ tan- aL 
I—cx 
I I — 10% } 
= -7 log “Flop ee a ie aad 
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3.25 
‘; sin—! «+ sin y = sin T{aV/r — y+ yV 1 — 2}. 
2. cos! x + cos! y = cos{xy F V(r — x) (1 — 9"). 
= sin-! x + cos y = sin“{xy + V(r — #) (1 — y")} 
= cost{yV/1 — 2 Fai — yx}. 
<¢ 4 aoe 4~*+)., 
4. tan“! x + tan™ y = tan Seay 
ee Oe a oF 
5: tan ~ & cot y = tan fear 
+ 
sort 2 
xy tI 


HYPERBOLIC FUNCTIONS 


3.30 Formulas for the hyperbolic functions may be obtained from the corre- 
sponding formulas for the circular functions by replacing x by z« and using the 
following relations: 


‘: sin ix = 47(e* — e~*) =isinhx, 
2. cos ix = 4(e* + e~*) = cosh x. 
22 
. tet —1 ; 
2, tan ix = ie ae 7 tanh x. 
er +1 
er? +4 I : h 
4 ee ea xX. 
ec 1X é h 
sec 1x = = sech x. 
5 e*>+e7* 
; 24 ; 
6. csc ix = — ————. = —icsch%. 
geval - Me 
7 sin— ix = 7 sinh « =i log (n+ -V14 2). 
: : ; eo, 
8. cos"! ix = — i cosh # == =74 log (xv + V1 + 2%). 


Q. tan“ ix = i tanh x = é log \/ =. 
L.='2 
Io. cot—! 7x = —zcoth x = — i log \ pa r. 
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3.310 The values of five hyperbolic functions in terms of the sixth are given in 
the following table: 


sinh x = alcosh x = a|tanh x = alcoth x = alsech x = alcsch x = a 
; a I /t =~ oe ee 
sinh 4 = a oust eecorcren be 
x: VE VO a a 
cosh « =| 1/1 + @ a : : be VI+@ 
SUA enw dee Oa VA nee a a 
a Va? —1 I 
tanh « = aaa 2 Te a, ATE a one ese | snprrenene erent 
Vi+@ a a Vv VI+@ 
Vaz+1 a I I 
coth x =| ——— |[—-_ > = a V/t+ a 
a Wit a Vie a + 
I I a—t1 a 
sech % = y3 5 oc Vi-@ Mer a serge even 
Vi+a a a V1 + a 
I I V1—-@ ———+ a 
a Ve ea a y. V1 —-@ 


3.311 Periodicity of the Hyperbolic Functions. 
The functions sinh «, cosh x, sech x, csch « have an imaginary period 277, e.g. : 


cosh x = cosh (x + 277in), 


where 7 is any integer. The functions tanh x, coth « have an imaginary period 772. 


The values of the hyperbolic functions for the argument a, a Tt, ee 


are given in the following table : 


y | ° e T . 

re) —74 Tt 3-1 
2 2 

i % 

sinh fe) 1 fe) —4 
cosh I oO —I re) 

tanh re) +4 fe) o-7 
coth © O © fe) 
sech I roa) my © 
csch © cae © i 


Tt 


i ike a aa 


ae 
oe 


3.320 


3.33 
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NERD cosh x — I 
sinh -x = a 
2 2 


I cosh x +1 
cosh —x = \/ —————_ 
2 2 


cosh x — I sinh x \/ cosh & — 1 


tanh <x = = = 
2° @nhe.  cosha+1 _ 


sinh (x + y) = sinh « cosh y + cosh » sinh y. 
cosh (« + y) = cosh x cosh y + sinh x sinh y. 


tanh x + tanhy © 
I + tanh x tanh y 


tanh (w+ y) = 


coth « cothy+1 
coth y + coth « 


coth (v + y) = 


sinh x + sinh y = 2 sinh (~ + y) cosh $(x — y). 
sinh « — sinh y = 2 cosh $(« + y) sinh $(x — 4). 
cosh x + cosh y = 2 cosh $(x + y) cosh $(” — ). 


cosh « — cosh y = 2 sinh 4(x + y) sinh $(a — y). 


sinh (x + 9) _ 
cosh x cosh y 


tanh « + tanh y = 


sinh (« — y) | 


tanh « — tanh y = ooh een 


sinh (7 + 9) | 
sinh x sinh y 


coth « + coth y = 
ait {a y) OS 


coth « — coth y = — seks aah 


cosh « + 7 
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3.35 
ve sinh (x + y) + sinh (x — y) = 2 sinh x cosh y. 
2. sinh (« + y) — sinh (x — y) = 2 cosh x sinh y. 
cosh (« + y) + cosh (% — y) = 2 cosh x cosh y. 
4. cosh (~ + y) — cosh (x — y) = 2 sinh x sinh y. 
: A _ sinh x + sinh y | 
S° ala cosh « + cosh y 
1 _ sinh « ¥ sinh y_ 
Saris a ea: cosh x — cosh y 
tanh «+ tanh y _ sinh (x+y). 
7 tanh x —tanhy sinh (x — y).. 
3 coth*+cothy — sinh (x+y). 
: cotha—cothy sinh (x — y) 
3.36. , 


1. sinh (« + y) + cosh (x + y) = (cosh x 4+ sinh x) (cosh y + sinh ). 
2. sinh (x + y) sinh (« — y) = sinh? x — sinh? y 

= cosh? x — cosh? y, 
3. cosh (~% + y) cosh (x — y) = cosh? x + sinh? y 

= sinh? x + cosh? y, 


: _ 1+ tanh $x 
4. sinh x + cosh « = emer ee 
&. (sinh « + cosh x)” = cosh mx + sinh nx, 
3.00 
‘ e* = cosh x + sinh x. 
2. e-* = cosh x — sinh x. 


sinh x = 4(e* — e~*). 


4. cosh x = 4(e* + e-”), 
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3.38 
I. sinh 2% = 2 sinh x cosh g, 
~ @ tanh x 
1 — tanh’ x 
2. cosh 2x = cosh? x + sinh? « = 2 cosh? x —1, 
=1+2 sinh? x, 
4 4-tanh? x: 
3% ww tan x 
sank oe 2 tanh « 
5: e ob tanh? x 
4. sinh 3x = 3 sinh « + 4 sinh® x. 
x. cosh 3x = 4 cosh® x — 3 cosh x. 
_ 3 tanh x + tanh® x 
ee ae + 3 tanh? x 


3.40 Inverse Hyperbolic Functions, 

The hyperbolic functions being periodic, the inverse functions are multiple 
valued (3.311). In the following formulas the periodic constants are omitted, 
the principal values only being given. : 


: sinh « = log («+ Vx2 41) = cosh! Vx? + 1. 
*. cosh! « = log (« + V2 — 1) = sinh Vee — 1, 
pe ue I+ x 
2. tanh x = log V3 aug 
| a ted eth Th ae eS 
| 4. coth x = log V2 ie tanh : 
5. sech x = log (: + ‘/% ~ :) = cosh! — 
% Se op 
I ah Sa 
6. csch x = log (2 + ve + :) = sinh -- 
” x 
3.41 
a sinh-! x + sinh y = sinh(aV'r + y? + yr + 22). 
2. cosh x + cosh y = cosh («xy + V (x? — 1)(y? — 1)). 
-. tanh «+ tanh” y = tanh Bese eA 


I+ xy 
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3.42 
:. cosh “(3 a *) a. sinh” 4 2(1 - *), 
| 2 x 2 % 
2 — — 
= tanh =a * = 2 tanh- ~ , 
yor Hi 

= log x. 
2. cosh csc 2% = — sinh cot 2% = — tanh! cos 2x, 

= log tan x. 
Ke tanh tan? (Z + 4 = log csc x. 

7 I 
4. tanh- tan? ~ = + log sec x. 
2 tn2 
3.43 The Gudermannian. 
a; 
¥. cosh x = sec 0. 
2. sinh x = tan 6. 
ce e* = sec 0+ tan 6 = tan (=+2). 
4 2 
geen 
4. x = log tan (= +5): 
¢ 0 = gd x. 
3.44 
+ sinh « = tan gd x. 
a. cosh x = sec gd x. 
a tanh x = sin gd x. 
x I 
4. tanh Pe Soe . gd x: 
T 

5. jy cA gd , t~ 0s(F + ade) 


a ase sin @ + gd x) 
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6. tanh tan x = 3 gd 2x. 
p . tan“ tanh x = 4 gd7! 2x. 


SOLUTION OF OBLIQUE PLANE TRIANGLES 


3.50 
a, b, c = Sides of triangle, 
a, B, Y = angles opposite to a, b, c, respectively, 
A = area of triangle, 
s=1(a+b+0). 
Given Sought Formula 
ae 5 payee DG =o. 
oe pe) s(5 = a), 
2 bc 
1. ,/@=6—0 
se hes Vv s(s — a) 
2 Bic oe 
ie wie fom. 
2bc 
A A = Vs(s — a)(s — b)(s —c). 
a, b, @ 6 sin B = 2 sino 
When a>d, 8B <= and but one value results. When 6>a 
B has two values. 
Y Y = 180° — (a + 8). 
e _a@sin Y, 
sin @ 
A A =44ab sin ¥. 
a sin B 
pane Oe ae date 3 
Y Y = 180° — (@ + 8). 


_asin y_ asin (a+ B) 
sit de: sin @ 
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Given Sought Formula 
A Auted ca vee 
2 age sin @ 
‘ @ sm y- 
a, 0). ¥ a gece gama 
a, B 3(a@ + B) = 90° — 37. 
a <= 
tan “(a — B) = ari cot 47 
C c = (a2+ 8 — 2ab cos ¥)3. 


= {(a+ 6)? — gab cos? $y}? 
{(a — b)? + gab sin? 4¥}?. 
a 


_a- a sin $Y 
= meee Note tan @ = 2vV/ab arta & 
_@sin y 
estar av 

A A=zab sin y. 


SOLUTION OF SPHERICAL TRIANGLES 


3.51 Right-angled spherical triangles. 
a, b, c = sides of triangle, c the side opposite y, the right angle. 
a, B, y = angles opposite a, 6b, c, respectively. 

3.511 Napier’s Rules: 


7 ; 
The five parts are a, b, co c, co a, co B, where coc = Pate The right angle 


Y is omitted. 


The sine of the middle part is equal to the product of the tangents of the 
adjacent parts. 


The sine of the middle part is equal to the product of the cosines of opposite 
parts. 


From these rules the following equations follow: 


sin d=sin ¢ sin @, 


tan a = tan c cos B = sin 0 tan a, 
sin b = sin ¢ sin 8, 
tan 6 = tan c cos a =sin a tan 8, 
cos @ = cos a sin 8B, 
cos 8 = cos 6 sin a, 
cos c = cot a cot 8 = cos a cos 0, 
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3.52 Oblique-angled spherical triangles. 
a, b, c =sides of triangle. 
a, B, Y = angles opposite to a, b, c, respectively. 
=; (¢+b)+0), 
=4(a+8+%); 
€=a+ B+ y¥ — 180 = spherical excess, 
S = surface of triangle on sphere of radius 7. 


Given Sought Formula 
Bb, ¢ a sin? 4q@ = haversin a, 
_ sin (s — 6) sin (s — ¢) 
4 sin 6 sin ¢ 
Fe ecg faa (s — b) sin (s — ¢)_ 
2 sin s sin (s — a) 
cot tq a sass (s - a) 
2 sin 6 sin ¢ 
: hav a —h = 
haversin @ = ~~ cet ie a. 
sin 6 sin ¢ 
a, B, Y a sin? 4a = haversin a, 
_ —cos o cos (o — @) 
oro ahi FF Sit ty 
pone pee — cos o cos (g — @) _ 
cos (o — B) cos (o — ¥) 
» 1. cos (a — B) cos (o — ¥) 
cos? -a = . 
2 sin 6 sin ¥ 
ee a ae _ sin @ sin ¢ 
Ambiguous case. > Car er 


Two solutions ) 
possible. B tan @ = tan @ cos ¢. 
sin (8 + 8) = sin @ tan c cota 


cot @ = tan ¢ cos Q. 


‘ cos a sin 
sin (b + @) = COS C 2. 


Q, as Cc 
Ambiguous case. 
Two solutions 
possible. 


sin a sin Y 
sin @ 


Cc ' sin ¢ = 
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Given S my Formula 
tan 0 = tan a cos ¥. 
sin (6 — 8) = cot @ tan y sin @. 


I, sin 3(@+ ¥) : 
tan ~ b "ae a tan 4(a —c) 
_ cos (a+ 4) z 
con he tan $(a+c). 
cot @ = cos a tan 
fe) cos @ sin d 
sin (B - $) = SOS 
4 gent $(@+0) 0 4 
: cot — : Bo ERS tan $(@ — ¥). 
_ cos 3(a+¢) 
COS FOL = 6) fan Ae Y) 
6:0; cos c = cos a cos 6+ sin a sin b cos ¥. 
tan 8 = tanacosy cos ¢ = CO8 4 08 (b — 0) 
tan @=tanbcosy. c & cos 6 
_ COS b cos (a— 9) 
os cos d 
hav c = hav (a — b) + sina sind hav y 
sin 0 tan vy 
. tn 


sin ¥Y sin b 
sin ¢ 


B sin B = 


sin @ sin } 
sin a 


aa sin @ tan Y 


~ gin fa =) 
eae | 
Ae een: _ cos (a — b) cot 4¥ 
ae 2 cos 4(a + b) 
: Pee a sin 3(a — b) cot 4¥ 
nial ae Re sin 4(a + b) 
6a, 8 y cos Y = —cosa@ cos 8 +sin @ sin B cos c. 
tan 0=cosctana _ cos @ cos (8+ 4) 
tan @ = cosc tan B asthe cos 8 
_ cos 6 cos (a+). 
a cos @ 
@ tan g = tone sin 9 


sin (6 + 0) 
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Given Sought Formula 
_ tanc sin d 
b tan b= — fore a) 


cos 4(a@ — B) tan 4c 
cos (a + B) 


tan 3(a+ 0) = 


a, b d 
' Bit 4(o —b) _ sin 4(a@ — B) tan 4c 
sin 3(@ + B) 
i 1 
nh Y ‘ al es cot 3a cot 36+ cos Y_ 
sin Y 
a, b, ¢ € tan? +¢€ = tan 45 tan 3(s — a) tan 4(s — BD) 
tan 3(s —c). 
. 
é, ¥ o oS = 5 Wr? 


180 


FINITE SERIES OF CIRCULAR FUNCTIONS 
3.60 If the sum, f (r), of the finite or infinite series: 
fr) =mturt+ar+t..... 
is known, the sums of the series: 
S; = a cos x+a,7r cos (wv +y) + a7? cos (w+ 2y)+.... 
So=d sinx+ar sin («+ 9) +aer* sin (n+ 2y)+.... 


are: 
| Si = glet*f(re*¥) + e**f(re-*)}, 


Sa = — *fe'f(re's) — eHf(rent9)}, 


3.61 Special Finite Series. 
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n 


~ ce n cos (n+ 1)x-sin nx 

sin? kx = — — . 
2 2 sin x 

k=1 


oS) 


n+2 cos (7+ 1)x-sin nx 
4. > cos* Rx = + : . 
2 2 sin x 


2n —1 
~ in ae ee ( 2 )s 
>) & sin kx = —*— — —s 


sin? Ae Nas 
k=1 4 3 ‘ 
. (an—I 
~ | en ( 2 )e I — COS NX 
6. a k cos kx = ea : 
= 2 sin = 4 sin? = 
k=1 ; 7‘ 
> ae we sin? nx 
ie SMG ae =e : 
hs 
i sin (x +) sin (7+? 5) 
z 2 2 
8. > sin (x + ky) = : 
k=o sin y 
2 
n cos (+ 7) sin (“+ y) 
9. > 008 (x + ky) = \ : 
k=o sin » 
2 
> in (2n + 2) 
. sin (2n + 2)x 
: _7)\k-1 poe: pO eee 
IO 2 (—1)*sin (2 1)x% = (—1) oe 
n an+ 1 
, cos ret x) 
rr. >) (-1)t 00s k= = + (-1)" pes 
k=1 2 COS : 


n—TI 
; rsin x(1 — 7" cos nx) — (1 —rcosx)r” sin nx 
12. >) 7 sin kx = ( ) ( ; ) . 
I—2rcosx+r 


k=1 
ee | 
. (1 —rcos x) (1 — 7" cos nx) + r+! sin x sin nx 
13: i" COS EY = . 
I—2rcosx+Pr 


k=o 


n 


I gee ¢ 2 fz x \” 
; (5 —) = csc’ x —(— csc—] 
, 3” _ er Qn 


k=1 


n 
2 2 
5 2 ae n nz 
I5- (2 sin 5) = (: sin 4 agen) 8 8 tele oR 


k=1 
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6 a ta a! S cot = 2 cot 2x 
R ° ieee 1 6 eer ys stam abt fees ore e 
gk Qk Qn gn 


k=0 
n—1I aint 
Ror J/n nT . nT 
57. cos = ——~(1+cos— +sin —}-: 
n aoe 2 2 
kR=0 
nm—TI ne 
. an n nmr . nt 
18. sin = ——(1-+ cos — — sin —}>: 
n 2 2 2 
k=T 
NM—T 
. kT T 
IQ. si =.= cot: —— 
n 2n 
k=1 
nN 
ZO. poe ant 3k = 3. gl + 4 COU" 24% — pan co 2M 
k—o 
3.62 
n—T h 
- 
San = >) csc —: 
Nn 
Raat 


Watson (Phil. Mag. 31, p. 111, 1916) has obtained an asymptotic expansion 
for this sum, and has given the following approximation: 
Sn = 2n{0.7329355992 logio(22) — 0.1806453871} 


0.087266 | 0.01035 . 0.004 , 0.005 
eee a ae gh 
Values of S, are tabulated by integers from = 2 to m = 30, and from n = 30 
to m = 100 at intervals of 5. 


The expansion of 


where - oe pe 


is also obtained. 
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3.70 Finite Products. 


n 
-—I 
2 . 
5 : sin? x 
I sin ux = n sin x cos x ts n even. 
oe kt 
&=1 S1* = 
n 
sad 
. - . 
sin? x 
2. COS NX = a n even. 
ae 2k — 1 
R21 Sl 
2n 
nN—TI 
: 2 
: ; sin? x 
3 sin ux = n Sin x ~ odd 
“<S kt 
b mt sin? — 
n 
nN—TI 
2 x s 
sin? x 
4. COS NX = COS x I — PURE n odd. 
k=1 sin? T 
2n 
n—1 
re 2km\ \ 
5. COS NX — COS NY = 2” cos x — COs sain tee 
k=o0 ; 
n—I 
2 2 2 2k 2 
6. a2" — 2a"b" cos nx + 02" = a? — 2ab cos Reo, “1 f? } 
k=o0 


ROOTS OF TRANSCENDENTAL EQUATIONS 
3.800 tan x =x. 
sin x 


The first 17 roots, and the corresponding maxima and minima of se 


are given in the following table (Lommel, Abh. Munch. Akad. (2) 15, 123, 1886): 


n ie Max sin x 
Min <x 
I fo) I 
2 4.4934 —0.2172 
3 77253 +0.1284 
4 10.9041 —0.0913 
5 14.0662 0.0709 
6 17.2208 —0.0580 
7 20.3713 +0.0490 
8 23.5195 —0.0425 
9 26.6661 +0.0375 
Io 29.8116 —0.0335 
II 32.9564 +0.0303 
12 36.1006 —0.0277 
13 39-2444 +0.0255 
14 42.3879 —0.0236 
TS 45-5311 +0.0220 
16 48.6741 —0.0205 
17 +0.0193 


51.8170 


3.801 


The first three roots are: 


If « is large 


3.802 


The first two roots are: 


3.803 


The first two roots are: 


3.804 


The first seven roots are: 


3.805 


TRIGONOMETRY 


2x 
tan «+ = 
eur | 


— x2 
“1 =O, 
x 119.26 id 
> Me . ee ae 
9 180’ 


T 
x3 = 340. Sao. ‘Ro. 


2 16 
Sh snr 


(Rayleigh, Theory of Sound, IT, p. 265.) 


eae 
tanx=—; a 
aaah 
1 =O, 
2 = 3.3422. 


tan ¢+ = «Se 
“7 


%1 = 0, 


2 = 2.744. 


(Rayleigh, 1. c. p. 266.) 


(J. J. Thomson, Recent Rae Dy. 39%) 


tan x= 3% 


ae 
1 = 0, 
x2 = 1.834677, 
X3 = 2.89507, 


X4 = 3.922577, 


X35 = 4.93857, 
%6 = 5.94897, 
- 47 = 6.956377. 


(Lamb, London Math. Soc. Proc. 13, 1882.) 


tan + = 
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The first seven roots are: 


3.806 


The roots are: 


X= 


X2 
X3 
X4 
x 


on 


Xn 


3.807 


The roots are: 
x1 


X2 
xX 


wo 


x. 


> 


V5 
x 


for) 


Xn 


3.808 


I — (14+ 2) cosx =o. 


The roots are: 


3.809 The smallest root of 


is 


%1 = 0, 
x2 = 0.816077, 


x3 = 1.92857, 


X4 = 2.93597, 
Xs = 3.90587, 
Xe = 4.97287, 
x7 = 5.97747. 


(Lamb, I. c.) 


cos x cosh x = I. 


4.7300408, 

7-8532040, 

10.9956078, 

= 14.1371055, 

= 17.2787596, 

= ¥(2n + 5) 7. m>5. 

(Rayleigh, Theory of Sound, I, p. 278.) 


cos x cosh x = — I. 


= 1.875104, 
= 4.694008, 
= 7.854757, 
= 10.995541; 
= 14.137168, 
= 17.278759, 
= 5(2n —1)7 n>6. 


%, = 1.102596, 
v2 = 4.754701, 
“3 = 7.837964, 
%4 = 11.003766, 
X5 = 14.132185, 
X6 = 17.282007. 
(Schlémilch: Ubungsbuch, I, p. 354.) 
6 — cot 80 =0, 


Q = ‘40° £9” 26" -&: 
C6. pe sete 


OE a ee eee oe oe oe 


rn renee sh 
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3.810 The smallest root of 
@ = cos G = 0, 
is 
@ = 42° 20’ 47”.3. 


(CL cup; 4340) 
3.811 The smallest root of 
xe* —2=0, 
is 
% = 0.8526. 
(Lc. Di-394) 
3.812 The smallest root of 
log (1 + x) — $x =0, 
is 
G ="0.73300. 
i, €pi 36s) 
3.813 


I 
Ca Mine. 0 op 2 Os 


The first roots are: 


Si = 4.480, 
%2= 7-723; 
%s = 10.00, 
Sy i TA.07. 
(Collo, Annalen der Physik, 65, p. 45, 1921.) 
3.814 
cots + a+ = 0. 
The first roots are: 
%i =" 0; 
X2= 2.744, 
% = 6.117, 
%4 = 9-317; 
X_.= 12.48, 
%e = 15.64, 
%7 = 18.80. 


(Collo, 1. c.) 


3.90 Special Tables. 
sin 0, cos 6: The British Association Report for 1916 contains the following 
tables: 

Table I, p. 60. sin 0, cos 0, 8 expressed in radians from 8 = 0 to 8 = 1.600, 
interval 0.oo1, ro decimal places. 

Table II, p. 88. @-—sin 0, 1 —cos 0, 8 = 0.00001 to @ = 0.00100, interval 
0.00001, 10 decimal places. 
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Table III, p. 90. sin 8, cos 8; 8 = 0.1 to 8 = 10.0, interval 0.1, 15 decimal 
places. 

J. Peters (Abh. d. K. P. Akad. der Wissen., Berlin, 1911) has given sines and 
cosines for every sexagesimal second to 21 Hlaee 


hav 0, logio hav @: Bowditch, American Practical Navigator, ae 
tables, o° — 180°, for 15” intervals. 


Tables for Solution of Spherical Triangles. 


Aquino’s Altitude and Azimuth Tables, London,:-1918. Reprinted in Hydro- 
graphic Office Publication, No. 200, Washington, ‘1918. 


Hyperbolic Functions. 

The Smithsonian Mathematical Tables: Hyperbolic Functions, contain the 
most complete five-place tables of Hyperbolic Functions. 

Table I. The common logarithms (base 10) of sinh u, cosh u, tanh u, coth u: 


Uu = 0.0001 to u = 0.1000 interval 0.0001, 
u = 0.001 tou = 3.000 interval 0.001, 
u= 3.00 tou=6.00 _ interval o.or. 


Table II. sinhz, cosh wu, tanhu,cothuw. Same ranges and intervals. 


Table III. sin wu, cos uw, logi sin u, logio cos u: 

u = 0.0001 tO u = 0.1000 interval 0.00o0T, 

u= 0.100 tou = 1.600 _ interval o.oo1. 
Table IV. logie“ (7 places), e“ and e~” (7 significant figures) : 


u = 0.001 to u = 2.950 interval o.oor, 
u = 3.00 tou = 6.00 interval o.o1, 
“= 1.0 tow = 100". interval ro (9-10 figures). 


Table V. five-place table of natural logarithms, log w. 
¥ 


U 


1.0 to u%= 1000 interval f.o, 


1000 to “ = 10,000 varying intervals. 


Table VI. gd u (7 places); « expressed in radians, u = 0.001 to u = 3.000, 
interval o.oo1, and the corresponding angular measure. wu = 3.00 to u = 6.00, 
interval o.or. 

Table VII. gd~u, to o’.o1, in terms of gd u in degrees and minutes from 
0° 1’ to 80° 50’. 

Table VIII. Table for conversion of radians into angular measure. 


er 


, 
Reet 
. : 


” 


ee see 
er eee 


os 


; 
= 
ca 


yh 
= 
as 


ak 


hat 


oe 


ey 
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Kennelly: Tables of Complex Hyperbolic and Circular Functions. 
Cambridge, Harvard University Press, 1914. 


The complex argument, x + ig = pe®. In the tables this is denoted p26. 
p=Vx24+¢, tan 6 = q/x. 
Tables I, II, III give the hyperbolic sine, cosine and tangent of (p20) 


expressed as rZY: 
6 = 45° to6 =go° interval 1° 


p = 0.01 to p = 3.0 interval o.1. 


Tables IV and V give wn AB onl Y expressed asrZy, 6 = pZ6, 
& 6 6 ? 


p = 0.1 to p = 3.0 interval o.1, 
6 = 45° tod = go° interval 1°. 
Table VI gives sinh (9 245°), cosh (92 45°), tanh (9 245°), coth (245°), 
sech (9 245°), csch (9 245°) expressed as7rZ ¥: 
p=o top= 6.0 _ intervalo.1, 
p = 6.05 to p = 20.50 interval 0.05. 
Tables VII, VIII and IX give sinh («+ ig), cosh (« + 7g), tanh (x + 79), 


expressed as u + i: 
x= 0 tox = 3.95 interval 0.05, 


g =otog = 2.0 _ interval 0.05. 
Tables X, XI, XII give sinh (x + 7g), cosh (x + ig), tanh (x + ig) expressed 


asrZy: 
x = 0 tox = 3.95 interval 0.05, 


g=otog =2.0 _ interval 0.05. 
Table XIII gives sinh (4 + ig), cosh (4 + ig), tanh (4 + 7g) expressed both 


asu+ivandrZy: 
g =o tog = 2.0 interval 0.05. 


Table XIV gives “and logio <. 


x = 4.00 to x = 10.00 interval o.or. 


Table XV gives the real hyperbolic functions: sinh 0, cosh 6, tanh 8, coth 0, 
sech 0, csch 0. 
=o to@=2.5 interval o.o1, 
6 = 2.5 to@=7.5 interval o.1. 
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Pernot and Woods: Logarithms of Hyperbolic Functions to 12 Significant 
Figures. Berkeley, University of California Press, 1918. 


Table I. logio sinh «, with the first three differences. 


x = .0000 to x = 2.018 nterval o.oor. 
Table II. logio cosh x. 


*% = 0.000 to * = 2.032 interval 0.001. 
Table III. logio tanh x. 


x = 0.000 to x 


2.018 interval o.oor. 
sinh x 
x 


Takle IV. logio 


x = 0.00 to x = 0.506 interval 0.001. 


ale Viel long 


x = 0.000 to x = 0.506 interval o.oor. 


Van Orstrand, Memoirs of the National Academy of Sciences, Vol. XIV 


? 
fifth memoir, Washington, 1921. 


ir Ree t 
Tables of —; e7, e~*, e"™, e-"™, € 360, sin x, cos x, to 23-62 decimal places or 
nl 


significant figures. 


2 Ee Se eS ee ee ee 


TV. VECTOR. ANALYSIS 


4.000 A vector A has components along the three rectangular axes, 4, y, 2: 


Az, Ay, Ae 
A = length of vector. 


Aa JAS AS A? 
ay 4d, 

Ao ee a 

4.001 Addition of vectors. 


Direction cosines of A, 


A+B=C. 
C is a vector with components. 
C,=Az+ Bz. 
C= 4, +:By. 
Cye:464 B,. 


4.002 §@ = angle between A and B. 


C=~VA2+4+ B+ 2AB cos 6. 
A,B,+A,Byt+ ABs 
AB 


cos § = 


4.003 If a, b, c are any three non-coplanar vectors of unit length, any vector, 
R, may be expressed: 
R = aa+bb+ ce, 


where a, 6, c are the lengths of the projections of R upon a, b, ¢ respectively. 


4.004 Scalar product of two vectors: 


SAB = (AB) = AB 
are equivalent notations. ae 
AB = AB cos AB. 


4.005. Vector product of two vectors: 
VAB = Ax B=[AB]= C. 
C is a vector whose length is a 
C = AB sin AB. 


The direction of C is perpendicular to both A and B such that a right-handed 


rotation about C through the angle AB turns A into B. 
; ol 
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4.006 i,j, k are three unit vectors perpendicular to each other. If their direc- 
tions coincide with the axes x, y, z of a rectangular system of codrdinates: 


A=A,i+A,j+A-&. 


4.007 
ii = i? = jj = 7? = kk = Kk’ = 1, 
ij = ji= jk = ky =~ = ik = 0. 
4.008 
Vij = — Vii =k, 
Vik = — Vij =i 
Vii = — Vik = j, 
4.009 oe 
AB = BA = AB cos AB = A,B, + ALB, + ALS 
4.010 
Vib VBA ee 
An A ga 
By Boe 


= (4,B,—A,B,it (A,Bs— 4B CU ee 


4.10 If A, B, C, are any three vectors: 


-AVBC = BVCA = CVAB 
= Volume of parallelepipedon having A, B, C as edges 


= Ay» Ag As 

Be Bay eee 
Cy, Cees 

4.11 

1. VA(B+C) = VAB + VAC. 

2. V(A+B) (C+D) = VA(C+D) + VB(C+D). 

3. VAVBC = BSAC — CSAB. 

4. VAVBC + VBVCA + VCVAB =o. 

5. VAB-VCD = AC-BD — BC-AD. 

6. V(VAB- VCD) = CS(DVAB) — DS(CVAB) 


= CS(AVBD) — DS(AVBC) 
= BS(AVCD) — AS(BVCD) 
= BS(CVDA) — AS(CVDB). 


VECTOR ANALYSIS 


4.20 : 
I; dAB = Ad B+ BdA. 
2. | dVAB = VAdB + VdAB 
= VAdB — VB¢dA. 
4.21 
oe _ 0 0 
. Sole eam g at dl 


Ag OA, BA, 


2. VA = divA = a ay ae 


~ Vo = grad p = ic? + j ao 4 Ge 
4. VVA=curlA=rotA 
om | i j k 
oye 
Ox: O95 508 
+ eee ay. 


0? 0” 0? 
= 2 = Me pee Sg iN 
= EON Oa directa Ak axle at oy * Ost 
4.22 
1. curl grad @ = curl Vd = VV VG = 0. 
a rp HP , HO. 
ae Sete <1 Seat Ti: sles ae «tite 
2. div grad d = VV¢ = V’O ay + ay? + Oe 
3. div curl A =o. 
4. curl curl A = cur? A = V div A— V/A. 
e. V7A = ee +jV’A,t+ aos : 


AY=A, hei 


ee jy te 3 


Zz 


ep ee Ee GAs) 4 (Ae 
on 5 ee) « N Oa ox) -\ Ox 


jA. 
dy 


a) 
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4.23 


I. 


SI ANEW 


4.24 Risa radius vector of length y and r a unit vector in the direction of R. 


Io. 
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VAB = grad AB = (AV)B + (BV)A+ V.A curl B + V.B curl A. 
V VAB = div VAB = B curl A — A curl B. 
— (AV)B +A div B-—BdivA. 

div PA = d divA+AV¢@. 

curl 6A = V-VoA+ d curl A = V-grad 6.A + ¢ curl A. 

VA2 = 2(AV)A + 2VA curl A. 

C(AY7)B = A(CV)B + AVC curl B. 
BVA? = 2A(BV)A. 


R = 77, 
aE aE a 
Vin “3 
7 Yr Y 
AE 
V7-=0 
if 


VVR.= ‘curl R = 6; 
VR = divR = 3. 


d 
oe = rVo- 
dA 
(RV)A =? ree 
dA 
may rr 
(AV)R=A 


4.30 dS = an element of area of a surface regarded as a vector whose direction 
is that of the positive normal to the surface. 


dV = an element of volume — a scalar. 


Tene Rg oar (epee bey ear ee bie ee ia os wi = PT, 
Po RAE ee PAO de ee) ee A ee geet eRe OT See oa ee Oe ee eee ee ae 


Pee a eee 
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ds = an element of arc of a curve regarded as a vector whose direction is 
that of the positive tangent to the curve. 


4.31 Gauss’s Theorem: 
SSS div AdV = f fads. 


4.32 Green’s Theorem: 
 SSSOTVWIVtESSSTOVUIV = SS OTIS 
2 SSS (OV*Y - VV’b)dV = SS (OVY — VV O)dS. 


4.33 Stokes’s Theorem: 
JS SJ curl AdS = fAds. 


4.40 A polar vector is one whose components, referred to a rectangular system 
of axes, all change in sign when the three axes are reversed. 


4.401 An axial vector is one whose components are unchanged when the axes 
are reversed. 


4.402 ‘The vector product of two polar or of two axial vectors is an axial vector. 
4.403 The vector product of a polar and an axial vector is a polar vector. 


4.404 The curl of a polar vector is an axial vector and the curl of an axial vector 
is a polar vector. . 


4.405 The scalar product of two polar or of two axial vectors is a true scalar, 
i.e., it keeps its sign if the axes to which the vectors are referred are reversed. 


4.406 The scalar product of an axial vector and a polar vector is a pseudo-scalar, 
i.e., it changes in sign when the axes of reference are reversed. 


4.407 The product or quotient of a polar vector and a true scalar is a polar 
vector; of an axial vector and a true scalar an axial vector; of a polar vector 
and a pseudo-scalar an axial vector; of an axial vector and a pseudo-scalar a 
polar vector. 
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4.408 The gradient of a true scalar is a polar vector; the gradient of a pseudo- 
scalar is an axial vector. 


4.409 ‘The divergence of a polar vector is a true scalar; of an axial vector a 
pseudo-scalar. 


4.6 Linear Vector Functions. 


4.610 A vector Q is a linear vector function of a vector R if its components, 
(1, Qe, Q3, along any three non-coplanar axes are linear functions of the com- 
ponents Ri, Re, Rs of R along the same axes. 


4.611 Linear Vector Operator. If @ is the linear vector operator, 
in Gan OR. 
This is equivalent to the three scalar equations, 
Or = @OnRi + WR + 03R3, 
Oo = Wa Ri + WoeRe + We3R3, 
Oz = 31 Ri + W32Reo + W3Rs. 
4.612 Ifa, b, c are the three non-coplanar unit axes, 
On = S.a@a, Wo = S.b@a, ws = S.cda, 
io = S.a@b, We = S.bOb, Ws. = S.c@b, 
Wis = S.a@C, Wo = S.b@C Ws3 = S.CWC. 


4.613 The conjugate linear vector operator @’ is obtained from @ by replacing 
Whk by Wkh; h, k= I, 2, 3. 


4.614 In the symmetrical, or self-conjugate linear vector operator, denoted 
by o, 


w= (G+ 8). 
Hence by 4.612 


S.awb = S.bwa, etc. 


4.615 The general linear vector function @R may always be resolved into the 


sum of a self-conjugate linear vector function of R and the vector product of 
R by a vector c: 
OR 


WR + V.cR, 
where 


w= S499, 
and 
C = 5(Ws2 — We3)i + 3(@13 — Wsi)j + 2(W21 — W12)k, 
if i, j, k are three mutually perpendicular unit vectors. : 


4.616 The general linear vector operator & may be determined by three non- 
coplanar vectors, A, B, C, where, 
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A = aq, + b@. + CW3, 
B = ao; + DWee + CW, 
C = aW3, + DWs2 + CW, 


and 6. 
®=aS.A+bS.B+4+ S.C. 


4.617 If & is the general linear vector operator and ’ its conjugate, 
Q@R = RO’, 
@’R = R® 


4.620 The symmetrical or self-conjugate linear vector operator has three 
mutually perpendicular axes. If these be taken along i, j, k, 


@ = iS.@i + jS.Woj + kS.wsk, 
where @ 1, Ws, W3 are scalar quantities, the principal values of w. 


4.621 Referred to any system of three mutually perpendicular unit vectors, 
a, b, c, the self-conjugate operator, w, is determined by the three vectors (4.616): 


A = Wa = ay + DW + CQ)3, 
B = wb = ade; + Dee + C23, 
C = We = aW3, + DW32 + CW, 
where 
Whk = Wkhy 


w=aS.A+ bS.B 4+ cS.C. 
4.622 If wis one of the principal values, w;, We, Ws, these are given by the roots 
of the cubic, : 
n’ — n2(S.Aa + S.Bb + S.Cc) + n(S.aVBC + S.bVCA + S.cVAB) 
— S.AVBC = o. 


4.623 In transforming from one to another system of rectangular axes 
the following are invariant: , 
| S.Aa + S.Bb + S.Ce = @1 + We + Ws. 
SaVBC + S.bVCA + S.cVAB = WeW3 + W3W1 + W1Q2. 
S.AVBC = @)W2Ws3. 


4.624 
G1 + We + W3 = Wi + Woo + Ws:, 


Wes + W301 + W1We = W22W33 + W3sWi1 + Wi1Wee — W%s3 — @31 + Wh2, 
Wy WoW3 = W11W22W33 + 2W23W31W12 — 11003 — WeoW?31— W33W*10. 


4.625 The principal axes of the self-conjugate operator, w, are those of the 


quadric: 
Wi? + Wooy? + W332? + 2WozVs + 2W31ZX + 2Wiexy = const., 


where x, y, z are rectangular axes in the direction of a, b, ¢ respectively. 


98 MATHEMATICAL FORMULZ AND ELLIPTIC FUNCTIONS 


4.626 Referred to its principal axes the equation of the quadric is, 


Wx? + Woy” + Ww 32” = const. 


4.627 Applying the self-conjugate operator, w, successively, 
WR = ia, R; + jweRe. + kws3Rs, 
wwR = wWR= wR, + jw2R. + kweR, 
wo"R = oF8R = iw? Ri + jwo®Re + kw’ Rs, 


Be Ry 


R 
@ R= care + j — 
Wy We W3 


4.628 Applying a number of self-conjugate operators, a, B,.. . 


., all with the 


same axes but with different principal values (a;a2a3), (8:0283),... . 


aR = ia Ri + ja2R2 + kasRs, 
BaR = aGbR = ia, PR; ne ja.02Ro os ka303R3. 


4.629 3 
S-QOOR =S.RwO, 


= WO, Ri + W202R2 + W303R3. 


LR eS a Se ee Oe ee eee 


era ee ee Oe ae ee 


3 
; 
! 


V. CURVILINEAR: COORDINATES 


5.00 Given three surfaces. 


a fo(x, y, z), 
ae fam, y, 2). 


| * Shas gil(u, v, w), 


| acts fix, ¥; z), 


eee 2 (u, v, w), 
z= o3(u, 2, He 


=) 
(2) (8) 
bbe Abs , Obs 36: 


dw ov ow Ov dw 
dd; dpi dpe Ode dd3 IDs 


— ss) 


Ow Ou Ow Ou Ow Ou 


_ 9p: Ai | Ibs I» Od; IOs. 
Ou Ov du ov | ou dv 


5.01 The linear element of arc, ds, is given by: 


dd me das ,_ dv? dv dw 
S=d’?+dy+d? = be + het he > + 2g: dv dw + 2g dw du + 23 du dv. 


5.02 The surface elements, areas of parallelograms on the three surfaces, are: 


1S, ae ee Se aT, 
hiohg 

dS, OE fe ee, 
bie: 

isc “ - a Vt — he ge 
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oo 
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5.03 The volume of an elementary parallelepipedon is: 


du dv d ; 
dr = = 5 = 1 — hyhe?gs? — he?hs?gi? — hs?hy?ge? + Iy*he?hs?gigogs 


5.04 1, We, ws; are the angles between the normals to the surface ds, 1 Seu te 


fi, fo respectively: 
COS @ = Mnhsgy, 


COS Ws = hzhyg2, 
COS Ws = hyhogs. 


5.05 Orthogonal Curvilinear Coérdinates. 


Bi rake Be ON 
duz dv dw 
AE acta ied neh a DA 
ds = he Ie he 5) 
dv dw dw du du dv 
dSy = —— dS, = ——, dS» = —— 
lle Oo gh ee 
page du dv dw 
Iyhehs 


5.06 Mn”, ho, hs? are given by 5.00 (3) and also by: 
afiy aby afi\? 

y Aiea Se Fees: PER pe Hise 
oe ce “ & 4 (3) 


wo (Bs) + (35) +S) 


ORO RO 
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5.07 A vector, A, will have three components in the directions of the normals 
to the orthogonal surfaces u, v, w: 


A T VA, aa A, + A,’. 


5.08 


1. divA = Ayhohg 2 (a) + Ov (=) = ow an 
ore oth d 

“ee — {|— — 
ek ede au (i oa dv 


( 
 ciarly AS Teale 


3- 4 curl, A = hzhy 


curl, A = Myhe 


5.09 The gradient of a scalar function, Y, has three components in the directions 
of the normals to the three orthogonal surfaces: 


5.20 Spherical Polar Coérdinates. 
Uf, 
I. | | v= 0, 
w= o. 
{=r sin 0m 


2. y =r sin 6 sin ¢, 

z=r cos 8. 

Tr I 

3. Be Ti dae FeSO rc 

dS, = sin 646 dd, 
4. {ast rained 

dSg =rdrd 0. 
5. dr =r'sin 6 drd 0 dd. 
F LOR as es ay Ae Obs dAg 

6. div A = 7H {sino 3 (r A,)+1 5 (sin 6 4a) +1 Se } . 


Joba hy ire ah 2) 2 | 
: Vo sang | 59 5 ("at sol 8 56) + Sao age | 
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curl, A = ang { 39 (sin 0 4) - SEA 


. I OA, ; d(rAg) 
8. { curlg A = 7a ae sin 6 = " 


§.21 Cylindrical Coérdinates. 


u = ?p, 
ie p= 0, 
ae 
x = pcos 8, 
2. a Aas 
Cees 
3. ves ee Nig = % 
p | 
a5, = p a0-dz, 
4. 459 = ede, 
dS, = pdp dé. 
5. dt = pd pd @dz. 
6 div =2) 5-(p4y) + 4 a 
— ie 6) ae? oy 0? 
Vi = 5 | ap (Pap) * pat ae | 
feat a ee ae 
06 Oz 
OA 0A, 
8 4 curlg ees, ap 
curl, A=2| 5 (pao) a | 


§.22 Ellipsoidal Codrdinates. 
' u, v, w are the three roots of the equation: 
2 v2 Et a 
C+O PL ee : 
a>b><c, Uu>v>w. 
6=u: Ellipsoid. 
6 =v: Hyperboloid of one sheet. 
6 =w: Hyperboloid of two sheets. 


4. div A = 2 


5 Vs 4 


| (a? + u) (P+ u) (2? +u) 0 
curl, A = selN oe 2 (veru 
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pace (a + 4) (@ +0) (2 + w) 
(?—o')(@-—¢) ” 
os Wt we) (+o) (P+ w) 

Pitan, (B2 — @) (@ — B) ’ 

eet (2+ u) (P+) (P+) 

\ ta = 7) (0? — &) 


fr, 4(@+u) (P+ u) (24+) 

< (u — v) (u — w) 

4(a? + v) (b? + v) (C2 + 9) 
(v — w) (v — u) 

pe — 46 + ¥) (2+ w) (P+) 

oe (w — u) (w — 2) 


V@+u C+u (C+w A 2 (Vv@=9 ww) Aa) 


(u—v) (u—w) 


~~ 


? 


jhe = 


> 


AGE Aaa GEK (Ven w= #) A) 


(v — w) (u — 2) 


ee Te) (+ w) (?+w) 0 (Ve) @= Ww) Aw), 


(u — w) (v — w) 


V (a? + u) (6? + u) (C+ 
(u —v) (wu — w) 


V(a? +) 2+) (bX +2) 0 5 5 5 
+ a (VO F9 FF9 F0 S) 


2 2 2 (Ve +u) (P+ 4) (24+ nu) <) 


/ (a2 + w) ) (6? +w)(?+w) 0d 2 2 2 
pa Say Go (VG +w) (B+ w) (¢ +w) 5): 


u—v Ov 


ayers (b? + w) CAO (ven wae| 


a  EERIEETET 2 (ya,, 


Ces we 


uUu— Ww Ow 


( 2 2 ’ 2 
sntca = 2 { VEERPEMIETD 3 (yam 4) 


v—W Ow 


Yee (62 + u) ee 
v—Uu Ou 


(a? + v) us + = (2+) 0 
i 


WwW == 
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5.23 Conical Codrdinates. 
The three orthogonal surfaces are: the spheres, 
a‘ P+y~r+27= uy, 


the two cones: 


42 yr gf 
3 Boa oes © 
x2 4 o2 
3 fw eee ¥ 
Cat > Sw, 
Or ee as 
es b2c2 ? 
se u>(v? — b*) (w? — b*) 
4. 2 Po (2 — 2) ’ 
nae u2(v2 — c2) (w? — OR 
he 7a (ce Le b?) 
(22 — B) (2 — v) (02 — w®) (2 — w2) 
orn: KS ; 
5 m=1, b= wir — wy) ” hs wv — w?) 


Tee ae ee 
6. divA=5 5 (w,) + Al Coat RE Oo (ven eA, 


u(v? _ w?) Ov 
V (6? — w) (ce — w*) @ fe : 
a u(e — w?) dw (vi ae Av) 
GeO d\ Vv@-P)(e-) a 7 a. 
HAR AG om (« = a u?(v? — w) dv (ve eau 5) 
V/ (b? — w?) (2 hay. w*). 0 


(Ve Wea w a 


7 Ww. 


u?(v? — w?) Ow 


r 
curl, A = as VAC — b*) (2 — v) < (ve — w Aw) 


V/ (0 — vw) (2 — vw?) dA, 1090 ( A ) 
ue — w OW) ON 
(@? —P) (@-) dAy 
Un/y2 ee we ov p 


curl, A = 


curl, A = = 5 (™e] a Vv 
u OU 


\ 


5.30 Elliptic Cylinder Codrdinates. 
The three orthogonal surfaces are: 


1. The elliptic cylinders: 
| 42 42 


ot Ge — re 6 


-VE=w) C= 2 (vE=w a) I, 


pany 


Wit bt cane as 


Ac tee teeny eae 


sant 


ee 
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2. The hyperbolic cylinders: 


x Va 
ane ee) 
3. The planes: SW. 
ac is the distance between the foci of the confocal ellipses and hyperbolas: 
4. % = cuv. 
5: y=cVe—1 Vi-v. 
B. pap ew) hg = I. 
=r I o? 02 FY) 
8 Ve agra oat an) tae 


f I OA BAS 
curl, A A ah zs ‘de. — te 
o. ke al 


5.31 Parabolic Cylinder Codrdinates. 
The three orthogonal surfaces are the two parabolic cylinders: 


. y? = gcux + 4cru?. 
2. y? = —4cvx + 4c?v*. 
And the planes: ep. 
33 $= Ww. 
4. x =c(v— 4). 
5 y= 2c ud. 
tr. @+o fF UH 
6 he = Ct he = >? hs =I 


> 
i) 
I 


ee 0 fu a rs) 0 0? 
gM [2 (2), 2(09)) we 
u+v | du\v Ou Ov \u Ov 02? 
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aed A= uy OA, v OA, 
Vo Se Be a Oe 


uU Aga fi OA, 
uUu+v OZ Uu+v Ou 


_ vw { / v 0 / u ) 
curl, A = SO | 5 ( saa) -§ panes 


9. 4curl,A = 


5.40 Helical Codrdinates. (Nicholson, Phil. Mag. 19, 77, 1910.) 


A cylinder of any cross-section is wound on a circular cylinder in the form of 
a helix of angle a. a = radius of circular cylinder on which the central line of 
the normal cross-sections of the helical cylinder lies. The z-axis is along the 
axis of the cylinder of radius a. 

u = pandv = ¢ are the polar codrdinates in the plane of any normal section 
of the helical cylinder. @ is measured from a line perpendicular to z and to the 
tangent to the cylinder. 

w = 0 = the twist in a plane perpendicular to z of the radius in that plane 
measured from a line parallel to the x-axis: 


x = (a+pcos ¢) cos8+psina sin 6 sin d, 
‘: y = (a+ pcos ¢) sin 8 — psin a cos 6 sin ¢, 


(z=a@tana+pcosasin®d. 
ie aes 

2. e 
hs? : 


7 @ se? a + 2ap cos h + p2(cos? + sin? @ sin’) 


5.50 Surfaces of Revolution. 


Z-axis = axis of revolution. 
p, 9 = polar codrdinates in any plane perpendicular to z-axis. 


a ds? = dz? + dp? + p’d?? 
du? dv dw? 
he he he 

In any meridian plane, z, p, determine u, v, from: 
2. f(g+ip) =ut+w. 
2. w= 0. 


Then wu, v, 8 will form a system of orthogonal curvilinear coérdinates. 
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5.51 Spheroidal Codrdinates (Prolate Spheroids): 
‘. z+ ip =c cosh (u-+ iv). 


; 


2 = c cosh 4 Cos 2, 
p =csinh »u sin v. 


The three orthogonal surfaces are the ellipsoids and hyperboloids of revolution, 


and the planes, @: 
22 . 0 


he st ° 
c2 cosh? uw ~=s c?. sinh? uw 


yee 


32 p? 
Le 00s a -e sin’® 9 


With cos u = A, cosv=y: 
{eee 


- p=c/(— (1- 
2 — 1 eee eee ae I 
5 aay eo wy ee o 


5.52 Spheroidal Coérdinates (Oblate Spheroids): 
I. p + iz = c cosh(u + 1). 


z=c sinh uw sin v. 


id p = c cosh u Cos 2. 
4 *. coshu =), cosv=U. 
Ponte oat oo oS ve I : 
* fan “leew ea Ge 
5.53 Parabolic Coérdinates: 
a z+ip = c(u + iv). 
: z= c(u? — v), 
, p = 2cuv. 
7 @=ad, C= 


With curvilinear codrdinates, A, mw, @: 
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4/ d n= 24/ He Loe 
a a ele Men 2cV Nu 


5.54 Toroidal Codrdinates: 

zt+a+ip 
Z—atip 
i a sinh u : 
~ cosh “u — cos 9 


x5 u-+ i = log 


asin v 
is . 
cosh 4 — cos v 


cosh “ — cos v ? cosh 4 — cos v 
? Para : rs 
a a sinh u 


3. hy = ho = 


The three orthogonal surfaces are: 
(a) Anchor rings, whose axial circles have radii, 
7 a coth u, 
and whose cross-sections are circles of radii, 
a csch u; 
(b) Spheres, whose centers are on the axis of revolution at distances, 
+ a cot, 
from the origin, whose radii are, 
a CSC 2, 
and which accordingly have a common circle, 
p= a, 2=0; 


(c) Planes through the axis, 
7 w= 0 = const. 


Es en ae 


VI. INFINITE SERIES 


6.00 An infinite series: 


Un = MW tmwtugt.... 
n=1 
is absolutely convergent if the series formed of the moduli of its terms: 
is convergent. 
A series which is convergent, but whose moduli do not form a convergent 
series, is conditionally convergent. 


TESTS FOR CONVERGENCE 


6.011 Comparison test. ‘The series Eu, is absolutely convergent if | wn | is 
less than C | vp» | where C is a number independent of u, and 2, is the nth term 
of another series which is known ‘to be absolutely convergent. 

6.012 Cauchy’s test. If 


z 


eS = 
Imit ag i 1, 


n— co 
the series Zw, is absolutely convergent. 
6.013 D’Alembert’s test. If for all values of m greater than some fixed value, 7, 


, Un+1 
the ratio | —* 


is less than p, where p is a positive number less than unity 


n 


and independent of n, the series Xu, is absolutely convergent. 


6.014 Cauchy’s integral test. Let f(x) be a steadily decreasing positive function 
such that, 


f(n) 2 an. 


Then the positive term series Za, is convergent if, 
[ioe 
m 


6.015 Raabe’s test. The positive term series Xa, is convergent if, 


is convergent. 


nf see 1)>1 where />1. 
On4+1 


a 
nf — — 1) <x: 
n+l 
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It is divergent if, . 
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6.020 Alternating series. A series of real terms, alternately positive and nega- 
tive, is convergent if dn41<@, and 

limit 

N— © 


An = 


In such a series the sum of the first s terms differs from the sum of the series by 
a quantity less than the numerical value of the (s + 1)s¢ term. 


6.025 If ee 


Uu n+1 


= 1, the series Zu, will be absolutely convergent if 


n 


there is a a number c, independent of 7, such that, 


: limit 
n meh ee hy ee: 
n— © 


Unit 
Un 


6.030 The sum of an absolutely convergent series is not affected by changing 
the order in which the terms occur. 


6.031 Two absolutely convergent series, 


S=m+t+ut+ut..... 
T=vn+wetwyut..... 
may be multiplied together, and the sum of the products of their terms, written 
in any order, is ST, 
ST = my, + Udy + Wy +. 2... 
6.032 An absolutely convergent power series may be differentiated or inte- 


grated term by term and the resulting series will be absolutely convergent and 
equal to the differential or integral of the sum of the given series. 


6.040 Uniform Convergence. An infinite series of functions of x, 


S(a) = u(x) + ue(x) + g(x) +... 2. 


is uniformly convergent within a certain region of the variable « if a finite number, 
N, can be found such that for all values of m 2 N the absolute value of the remain- 
der, | R, | after m terms is less than an assigned arbitrary small quantity e at 
all points within the given range. 


co x2 
Lara 


is absolutely convergent for all real values of «. Its sum is 1 + x? if x is not zero. 
If x is zero the sum is Zero. The series is non-uniformly convergent in a neigh- 
borhood of x = o. 


Example. The series, 


INFINITE SERIES TII 


6.041 A uniformly convergent series is not necessarily absolutely convergent, 
nor is an absolutely convergent series necessarily uniformly convergent. 


6.042 A sufficient, though not necessary, test for uniform convergence is as 
follows: 
If for all values of x within a certain region the moduli of the terms of the 


series, ; 
S = u(x) + me(m) +..... 


are less than the corresponding terms of a convergent series of positive terms, 
T=M,+M2+M3+.... 

where M,, is independent of «, then the series S is uniformly convergent in the 

given region. 


6.043 A power series is uniformly convergent at all points within its circle of 
convergence. 


6.044 <A uniformly convergent series, 


may be integrated term by term, and, 


foe) 


JS dt= >, S tn(2) dx. 


6.045 A uniformly convergent series, 
S = u(%) + u(x) +... 


may be differentiated term by term, and if the resulting series is uniformly 
convergent, 


CO 


d d 
5 = Digg unl. 


n=T1 


6.100 Taylor’s theorem. 
h ie n 
Heth) =f) +5 @ + 5/0) +... + FG) + Re 


6.101 Lagrange’s form for the remainder: 


Arr 
— f (m+1) i pcan 
R, =f (x + 0h) PRIA o<O<1. 


6.102 Cauchy’s form for the remainder: 


Barr) Gos Se 


= coun, 
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6.103 


fa) = $0) + 7°) 2" 47") So +. pom SP" ye, 
= ftn{h+ 0 («—h)} eae" o<6<1. 
6.104 Maclaurin’s theorem: 
fla) =f) +f) = +f" O B+... +/MOZ+ER 
R, BGs —_ Ce 

6.105 Lagrange’s theorem. Given: 

y=2+ xp(y). 
The expansion of f(y) in powers of x is: ‘ 
fo) =/@ +20@/'@ +5 {evel 

$e. ...+5 SI o@lyV'@l+. 


SYMBOLIC REPRESENTATION OF INFINITE SERIES 
6.150 The infinite series: 
f(a) =1+ ax 1s aa? +. a ax? + , 


may be written: 


Bae 
ig (x) saolh ten” 

where a* is interpreted as equivalent to ay. 

6.151 The infinite series, written without factorials, 


f(a) = 1 + ar +a? 4+... 4 +ayeF+..... 


may be written: 


f(x) = 


where a* is interpreted as equivalent to a,. 


’ 
I — ax 


6.152 Symbolic form of Taylor’s theorem: 
ce) 
fle + h) = eh ae f(a). 


6.153 Taylor’s theorem for functions of many knee 


) 
f (a1 + hy, x2 + he, aes a = e"'5s; + Ingo Cat ' f(H%, XQ, 2 2 


= f(%1, te, . . J+h 2 ute 


ht af af he af 
a! dx?" 2° ‘Ox. dar 2! Ox? ue 


A eae! | a 


ere ag ees Te 
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TRANSFORMATION OF INFINITE SERIES 
Series which converge slowly may often be transformed to more rapidly 
converging series by the following methods. 


6.20 Euler’s transformation formula: 
DS = Oo 4 Oe FO 4. kw ew 


lee) 
k 
=) A* Q0; 
I—-%x 
where: Aap = a — 4, 


A2ao = Aa, — Ado = a2 — 2a; + a, 
A®ay = A®a, — A?ao = a3 — 3d2 + 301 — A, 


I 
beta, 


grea 


Ma. co > (—1)"(j, tem 


The second series may converge more rapidly than the first. 


Example 1. va 
S = BN 9 an 
2s 1) 2k+1 
x%=-I, & : 
2k+1 
_ k! 
Or (2k + 1) 
Example 2. tad ‘ 
‘ie ake is 
an T) aa log 2, 
a ane 
x =-I, ieee ay 
I 
err 


6.21 Markoff’s transformation formula. (Differenzenrechnung, p. 180.) 
aktn 


> ayx* — (- “ p> xtAa, = > a ht ado — > ae Gopi Aten 


k=o 
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6.22 Kummer’s transformation. 
Ao, Ai, Ao, .. . . iS a sequence of positive numbers such that 
a 
Aa <r Am or Amt = 
Om 

and 

Limit 

my) 
m— © 


approaches a definite positive value. Usually this limit can be taken as unity. 
If not, it is only necessary to divide A», by this limit: 


Limit 
= witlge: 
m—> © 
Then: 
ce = (A,a, — a) + ba (x — Am)Om- 
Example tf. : : 


m=tI1 
m Limit 
Aig =e: \m = — 2 
m+tI1 m— 
a=0 
co foe) 
sr Diete 
—_—_—_ = Af ° 
m (m + 1)m? 
m=t1 m=TI 


Applying the transformation to the series on the right: 


m m 


Am es a me ) OF 
2 m+ 2 
m 22 m?(m + 1) (m+ 2) 
m=t1 m=t1 


Applying the transformation 7 times: 


or . I 
2 a as) (m+ 2)... (m+n) 


m=n-+t1 


Example 2. 
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Applying the transformation again, with: 


am + 1 4m? +1 


I 
22m — 1’ to Ame 1? 


=~ I 
S=1- 2) (-1)"— Gn — De 


Applying the transformation again, with: 


Am = Qa=0, 


I2m+1 NP > 3 


WE 5 am 3 m 4m Qa=o0, 
poe 

S== +2 pa —I 
3 aay (4m? — 1)? (4m? — 9) 

Example 3. 
S= garg — 1)” 
2m — I 4m* — 4m +1 
ae O, 


— 2(2m — 3)’ Mn = (2m — - (2m. + 1)’ 


ek 78 I 
POG ae em pera crear nc eas 


6.23 Leclert’s modification of Kummer’s transformation. With the same 
notation as in 6.22 and, , 


Limit 
» a WO, 
m— 
foe) 
fi 
an = 1 + ~ + Amy Om+1- 
Amt p 
n=O 
Example 1 
co 
I 
= —r)"-! 
pat alan nre 
n=T1 
m 
a= 0, Am=1I, W@=2, A=0, An= 4 


2m+ 1’ 


a 2k _1r)m—l I 
Sasa Cun ae ee 
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Applying the transformation to the series on the right, with: 


2m +1 X (2m + 1)? 


ee ee ane ™ ~ (m—1) (m + 2)’ 


=4, Q@=0, 


Ig 2 2) (-1)" I : 
24° 2 m(m + 2) (2m + 1)? (2m + 3)? 
m=1 } 


6.26 Reversion of series. The power series: 
(Oo pe a bat bo? teat eae 
may be reversed, yielding: 


B= St 02? + Ge? + oget§ + 
where: 


(= by, 
Co = bp + 2b,, 
C3 = b3 + Sbibe + 5,3, 
C4 = by + 61b3 + 302? + 21b7bo + 14b,', 
C35 = bs + 7(bibs + bobs) + 28(b12b3 + bibs”) +.84b13b2 + 42b)°, 
C6 = bg + 4(2b1b5 + 2bob4 + 032) + 12(3b;2b4 + 601b0b3 + be?) 
+ 60(2b13b3 + 3b:°bo) + 330;4b2 + 132b;, 
Cr = b7 + (bibs + bobs + bsbs) + 45(b12bs + byb3? + bo?b3 + 2b beb4) 
+ 165(b:3b4 + bybo3 + 3b;bebs) + 495 (b14b3 + 2,3b.) 
+ 1287b;>bo + 4200,.7 


Van Orstrand (Phil. Mag. 19, 366, 1910) gives the coefficients of the reversed 
series up to Cy. 


6.30 Binomial series. 


(r+ 4%)" = pata 4 Ds pm 2) 


n! 7 ma n n WY (7) 
ie Di” pees 14 (Tet (hoe + (")s fee h - oe a 
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6.31 Convergence of the binomial series. 


The series converges absolutely for | «| <1 and diverges for | «| >t. 
When x = 1, the series converges for n>-—1 and diverges for m<—1. It is abso- 
lutely convergent only for n>o. 


When x = —1 it is absolutely convergent for n>o, and divergent for n<o. 


6.32 Special cases of the binomial series. 


aioe Seen 4 bane anda a 
(a + bd) = ar(r +2) = x(x +) 


If E]<: put eae in 6.30; if Hee put x =< in 6.80. 


b 
6.33 
1. eee 2 ene) (2m — 1) 5 _ 
m 2!m? 3!m3 
aie ayy n(m—n)(2m—n).... -L-1)m—-1] , 


fee 
tte) tate et eH te ee. 


eet st =a 2k + 3k Ae tee 


2°4 ae 2°4°6°8 

PR Biel BOR pes 8 SE OR oS. Pa 

, Vi+% : Pa ae 7456 PaeR 
I I°2 1°2°5 1:2°5°8 
6. (r+ atar1+-2-S e+ — a - ——_ 
( ) i 3°6 3:6°9 3°6°9°12 

zt I 1:4 ‘4°7 I°4°7°'10 

Hee NO aioe ae 3 ee 
7. (1+) I ero sero" hon 


Sane ck 2 Bre a ST El oP es Oe 
8. (1 + 4) tte BoP aR ner ay ad wee gn 


9. (r+2)-!=1-2 


IO. Geitent tre Oey eee. ee 
4 32 128 2048 


cr. a ete eee at Oe a ee ge Sap: 
4 32 128 2048 


6 21 


> -. v)t = 8 ot of Sy ait ug ae ae | 
2. (1 -+ x) SPs oar are rth +. 
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mare Be ae Ait x3 ae 
13. (1+ 2%) I gt ae Hee At A 


+ A eta OO cg ee seek 
14. (1+ x)* See § oe peer acioat 


ie pl See tale Bad Foe Ay OL" 
15. (1+) I ane ti ae ee 


6.350 
Reade: 2x" 4x4 8x8 . . 
Pee gt ot re pee as Lar<ek 
x = x i 
ee eee enya erty ee ae Bog & 
Pecneed 2 4 7 ; 
SS ase Tas ONE as aT DES a eae. ce Eat: 
6.351 
n “ee 2 
daa Rieke pores ear{rtn(2) 4222) 
\ J 4 alka 
4 wn = oe — 5) (% (=) get } [xt<r]- 


nm may be any real number. 


ne ee Of bo ae Ofeadi. As $s) .48 
oF (x+-viee) =145 pe oe WP ee 


\ 2_ 72 en oe eae 
chat ) 2 2 ue 3) 3 


a adi tae Rope eS? 


6.352 If a is a positive integer: : 
ae Oe be : 
S  aGta) eas Dita See bone aoa hae ‘¢ n! 


6.353 If a and bd are positive integers, and a<b: 


a a(a+r1) a(a+1)(a+2) , 
Ue oG4+3) 66+ O42), hoe 
(0:90) ee ees 
; pen ney n—k 
a are a )S=}. 


(Schwatt, Phil. Mag. 31, 75, 1916) 
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11g 
POLYNOMIAL SERIES 
bo + dix + box? + bexF +... I ‘ 
6.360 Ba ae apt + G+. . - ago at + cot Gre 
6g: bo = 0, 
q+ = = by = 0, 
ao 
Pa eat diag en Se O, 
ao ao 
tat ee et be oO. 
ao ao ao 
Cn = (—1)" | (a1b0 = aob1) ao Oi ik ie ae Oo 
"ao" | (debo — aba) ay Pa aes deg via ° | 
(agbo sy ay)3) a2 Cent oy ia cars Oo | 
(dn—100 <— Ab n—1) an-2 ) ORE Sry ti ee eae ha ao 
(Ando — Abn) fe ose es cn ay ay 
6.361 
(agp + ax tart... .)\"=Ccotar+oart.... 
Co = Qo”; 
AoC, = NACo, 
2doC2 = (Mm — 1) dicey + 2NA2Co, 
3doc3 = (M — 2) aio + (2m — I)deC1 + 300360. 
eiblac es cf. 6.37. 
6.362 
Y= ax + ax? +ayv?+....- 
buy + bey? + bsy* + . ipa ay = Ox + cox? + ogxP +. ee 
oy = ayby, 
C2 = dob, > ay"bo, 
C3 = a3by + 201deb2 + a1%ds, 
: C4 = Gaby + abe + 201d3b2 + 301°d2b3 + ay*bs. 
« @-. 
| 
6.363 
eno eal egal =rI+oxn+ Cox? + one 
a = dq, 


I 2 
at 
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I 


C3 = ds + did, + <a’, 


w 


ey ; ee 
C4 = Ag + A103 + — Ag" + — Qeds* + — a’. 
2 2 24 


6.364 
log (1 + aww + aqx? + agxF +...) =e te? toxF +... 
aq = (1, 
202 = AC, + 202, 
3@3 = AC; + 204C2e + 363, 
404 = A301 + 2eCe + 30303 + 4Q4. 
1 = Qh, 
Co = a2 — — C1, 
I 
C3 = 23 — — (1a, — — C2, 
3 
2 
C4 = A4 — — C103 — — Cog — = C30. 
6.365 


Y= x + aor? + aga? +... 
2 = bx + dox*® + dbgxF +... 
y= Cox + cx? + cat +... 
C2 = ah, 
C3 = dybe + aahr, 


C4 = Abs + debe + agby. 


Ck = Aybp_1 + Aebe_2 + Azbp_3 +. . . Gr-1 dy. 


6.37. The Multinomial Theorem. 
The general term in the expansion of 
(1) (dy + aye + aon? + agxF +...) 
where 1 is positive or negative, integral or fractional, is, 
mn —1)(n—2)...(p+1) 
(2) eles leet 
1306 2082 47 


where 4 
P+tateatot..... = . 


C1, 62, C3)... . are positive integers. 


If 1 is a positive integer, and hence # also, the general term in the expansion 
may be written, 


APA" Ae"a3%. 2. KwtAert Best 
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n! 
Pitriee! 6. % 
The coefficient of x* (k an integer) in the expansion of (1) is found by taking 
the sum of all the terms (2) or (3) for the different combinations of p, c,¢2, 
¢3,. . . » whica satisfy 
G+ 202+ 363+..... = €, 
prat@at¢ot....=%M. 


AP Ay"Ao"a3 . ww ett eertsest | |, 


(3) 


cf. 6.361. 


In the following series the coefficients B, are Bernoulli’s numbers (6.902) 
and the coefficients E,, Euler’s numbers (6.903). 


6.400 

x? ent ; 
I. sinx=x—- ae + re by cores, [a?< & |, 
2. coSx =I — See Sop: = Lxr<o ] 
é eat HOR eee af (2n)! 1g ; 


e7. fa 
. tanx=%*4+- eee cae gn gi + ——794.... 
re": 4g... 2835 


I 2 I 
4. cotx =—-—--—-—x#-—- —#- eee ee 
3 45 945 4725 2 
ste 8 2°"B, 2n—1 4 2 
a E aie [<7] 
a ge Say oat = j eae 7 
a Pree tat ta xt4+ — ; (on)! A gk 
6. ecaa i +o + xs 4 3 +. 
x 3: a5: 3° 4h) 
I * ae 9) 2n+1 2 
ee? ashi Brix Lae utt. 
6.41 
ie I t-3 tere teh 
I. sino? x = 4+ — x2 4+ —Y 4+ —K 4 .... [s¢<x]. 
! or "pias 2°4°6°7 


fat a Om roar Ae ae > (2m)! n+1 
a = 22"(n!)? (2m + 1) gle. 
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2. tantam eo toe— oat, ...  (Gregory’s Series) ES 
ss 2n+1 
= = - cote = >) (-1)" = 
2 an+1 
n=0O0 
Aye oe ee Le 24 (2 
3. tan™ x 1428) 7 3% oa ae apa ou cie 
co co 2°"(n!)? 42 ee 
Tt een Cea vs; 
i ae re 
Re ee Bae eee, 


Ce ey rey. Soa oe ahi a Regs ah 
Bere or a i iy Ye Nake aE a nae sale made SC" ESE A 
fore oo. (2)! xe 2n—1 : 
B CSG" F (nl)? nde ay Le | 
6.42 


4 ‘ 6 rae 
pian ae a Ca a 
eer a ee 


ME ae 


. 2?" (n!)? 2n+2 soca 
- se oe jac]. 
2. (sin! eh ee : a)% + A Bi hg eree 
. 513 \t naa ee ge Gules 
(tan x) Ss k whotr-2 Ae RY I 
. (tan x)? = > —1)*o-! — be ‘ 
3 Old 1) aes hon 2ha + p—a—2 
(Schwatt, Phil. Mag. 31, p. 490, 1916). 
Pgs Sia 3 ; 
4. Win oan soe bey 5 anh qe 
x5 Kae tas 
we in 2n2 (y — x)? ont 2 | 
oe : (2n — 1)! (2n +1)” ree 
sin! « 2 2°4 2°4:6 
=x%+-x4+ + x 
Vi—- x . 3°5 3°54 a 


22n(4 12 


on ishing Ame EE bs ‘ 
~ (n+1)!” [#*<:| 
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6.48 


bie aaa Ane deca enone 6 
1. log sin « = log x {2 + ten & vGaee* Mage 


re g2n-l 

ee ee a 2n 2 oan 
log x ton} Byrx E <7| 
. n=T 


2 ie coh a a? = xt  — St ica! 
[2 45 2520 
Sra Qn—1 (n2n __ 9 
aon oat ame hr 
n(2n)! 4 
h=1I 
oad DG eh es VOR a Reds 
3. log tan x eae 7 F geet iene .. 


mie onl 2n 2 
niga PEA ae [act] 


n(2n)! 4 
4. log cose = —2{ sinte + 2sintet Esintet... } 
INN he PR 3 
=— =>), sin 2. he 
2 had 1 4 
n=1 
6.44 


TI T TI 
t. log (r+ 4) =x-—-#4+-x7-—-x'+... 
1. log (i + 2) eee 


co 


=> (- past, |- <x: 
n=1 


{log (1 + x)}” see 7.369. 


‘antnaitineniheipiimng, S Se & bE ar’ pee Gk Ba 
2. log (x+VW14+ 2x2) =*% —-— 4+ — of — — a st... 
g ( + 5 ) a4 2°*4°5 2°4:6°7. 


© : (on as rt)! y2ntt | eo | 
or pe (1) 22n—-ly! (n— 1)! (20 + 1) aie aie 


See aes RE 2 RRP ee oe 
3. log (x + Vr + 2) log 2+—7— pry Lagi BOWE tay ae 


fos) 


on hee ee | : | 
= log 2 - 9) (-) 22"—ly!(n — 1)! 2n dies 


n=t1 
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ett ORES 
253 eo. 2 eee ae 
» (n= DL eee 
I 2n — I}! HE asin 
=logx+- —1)” V21{- 
etre (1) 22"—1n! (n — 1)! (an + 1) e 
n=1 


S log = (w@—1)—2@— 1 +2 (we 1)*-. i 


4. log (1 + Vi + a) = log x + ~ — 


N=I - 
Pe ed #(#=1) 1(z= 3) 
7 og ered TI Ae ae hee pre ay 
ni I x — y\2nt 
= De 2an-+I (2 + =) | #>o]. 
n=O 
fe any 3 
> ae [+<i} 
peg et ee 
ae eT ea. ig Ei aoe 
I 
o 22, (2n + 1)x27H [>] 
—— peaunater I 1:2 I:2°4 
; 2 log (x "y= ye+t—x73 —~-—at BOM igre 
10, V1+27 log (4+ V1 + 2) ae 36 35°97 
n — 1)!22"—Ily! 
=2- dy-yr$ a gent }e<x]. 
n=T1 
iz. ee vits) 25, 24s 2 
Vi+x2 3 3°5 Ee 
. 22n(m!)? 
= >-9" oa _ es, [<x] 


12. {log (+ Vita) |= E22 4 Roti eg es 


: Soo 22n—2(y — 1)! (n — 1)! = | #e<:| 


(2n — 1)! 
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T3 2 | log (+4) | = Zot — 3 sath + i sutt—., Exat 
where Aas Faarae - (See 1.876). 
3 
14 £ (tog (1 +2) } = = -Eoa? — 2 (Es, + Eon) at 
+i tied is)a — Eat 
log (1 + x) ( I )= 
(x +x)" aoe) Aone 2! 


I I : fea En ; 
+ n(n+1) (w+ 2) is Pe aa ee w<ri: 


6.445 (See 6.705.) 


red 2 
ee. ro a Ee x aia [<2 
ee ee AS 21304 « 3°4°5 
fp LENE + log (r- 2) - 2} = : a 
4X | /x I I°2°3 | 3°4°8 
x 
a3 of | o<#<r| 
Seam | 
eg) 
—{1-—log(1+%x) - —tan tx) = es, 
: \ g ( EPSoS, (33°45 
6 |o<es] 
= i = O<XKI 
5°0°7 
6.455 
Rae 3 fa, 
r. log (x +2)-log (x - 4) = at + (1-544) % 
6 
+(:-242-242)¥ 4.0... Exa 
CE Galas aye Ane: 
6 10 
2. Etanteelog 2% aay (1-F 42) 4 (1-2 42-4 5)E 
eked 3.33 Saori ae: Fee 
+.. fecr] 
e r\x" ae) cee @ 
. > tan™ x-log ( ) = ( P(r 2424 )E4. [3e<1] 
bs g(r + 2°) eye ore als 


6.456 | 
. 2 2(b2 2 
“a cos | flog @+vite) | =I a a pee 2D oe 
7 2! 4! 
_ B+ 2°) (+ 


Si Lae BBs e<i. 


126 MATHEMATICAL FORMULZ AND ELLIPTIC FUNCTIONS 


k may be any real number. 
pss Cr Pelee tee 2 ( p2 2 
2. sin | Blog (w+ VE) | -2 Sets 
k? k? + 7 R2 2 
4 HA te at ae 


6.457 


lee) 
z . 
5 = 1+ > Ant” 
I—2xcosa+nx 
n=I1 


where, 
iereee fae _1)\k nx) 2k 
Aon = (—1) D2 I) ( 3 (2 cos a)*, 
zs Mtk+t 2k-+1 
Aen = (—1) Do y(Aeete ae ae cos a)?t!, 
6.460 
x? x3 e xn 
2 CE Ae ag stereg: ty os a = a 
gees ad 11! 


2 3 
2. a7=1+4+xloga+ ee + eie® 


Bee OMe. ee ! 7} 
Cana ant gaat 
5 € o(1- 544 Sey ) 
a: eae. Oe ara 
O..0 CAS 
3 4 
7 emt =r +u+— e+ + SS Listas 
x2 3 4 
8. deme arte pot 4 Bet eae at 
GO? 94 
6.470 
Cc 
xd gent 
I. sinhx =x TDs 3 Me 
Pi 2 eta+ae.. ~ Li Gn +a! 
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foe) 


h nen 
2. cosh xX = r+5 (+5 D+Gte 24 (ani! 
I 4 17 
anh #6 wee et ee kk 
; 3 15 315 
— g2n gn _y 
=») (=) om ) B21 
etree teat a! fot 
. 3 45 945 
= Su n-1 2 Pa By x2n 
+m t) ant 


3 x 


I 
2 sech = 1 — 5a? + 


I I 
B xecch emit —2 24-4 ~ 3 6 
6 360 15120 
foe) : 
2( 2°47 * — I 
=1+ >) (-1)" Bua 
(2)! 
n=I1 
6.475 
2 94 
I. cosh xcosx =I -— Staats ae oT haa 
” Oe 
2 4 6 
. ° 2 2 2 
2. sinh xsinx = —22-— «8° +—x7_-..... 
2! 6! 10! 
6.476 
a : 
. x"COS N 
I. e789 cos (x sin 8) = > ort 
n=O : 
co 5 r 
: ° x” sin 1 
2. e789 sin (x sin 8) = > re 
n=t1 


ra 2n 
3. cosh («cos @)-cos («sin @) = >» coe 


n=O 


pi n+l : 
4. sinh (« cos @)-cos (x sin 8) = >= o nail 1)0_ 


n=0O0 


vs 2n+1 oj 
5: cosh (x cos 0) ‘sin (x sin 0) - > ei ot 1)0 


n=O 


6. sinh (x cos @)-sin («sin @) = > see 


n=1 


We Ss Or 6 ves a a Phe On ie 7 
a 720°. +..=1I+ ( T) Cony.” E ra 
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6.480 
t. sinh cg we ot ee 
2 
‘ Colo. 
2 (— 2°" (n!)? (an + apy 


2. sinh x = log 2x + - — - — para 


(2n)! ae 
= log 20 + DY" Grp 
cake We anes | 


foe) 
>) (on)! 
adi 22"(4!)?2n 
(eo) 


4. tanh x =x 4+— x84 2a +l a7 4 -> = 
5 7 2n + I 
n=O 
— I i, ae Ee UE 
Hee ee ee 
5. sin % 2343 2-4 sx 
. (an)! 
i Te = ad —2n—1 
csch7! x Da 1) 22"(n!)? (ont+1)” 
n=0 
2 ; 4 
6 poste lop 
a t 22 2-44 


= csch—! x = log — +e 1)*———__— SO ae 


22" (n!)?2n 
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6.490 
Cc 
I. ih ae e~x(2an+t). 
2 sinh x 2 
n=O 
fee) 
: 
2. ae eit n e—x(2n-+1) | 
2 cosh x D> (—1) 
n=0O0 


3; = (tanh x — 1) = 2 (—3)? ee. 


I x I 
. — log tanh = = ~ Na acidicta 
ae ea 2 2n +1 


6.491 2S S a 
apa en (nx)? — aa e>> ee = 2 


By means of this formula a slowly converging series may be transformed 
into a rapidly converging series. 


6.495 
i a I if T + ) 
1. tan x = 24x (=) ‘a at (22) ol (=) — 
2 2 2 

S 8x 
 h (on — 1)2m? — 4x2 

2. cots =- i — ---23 - 

8 Wa? (2%)? —-42 (37)? — 2 ee nen? — x2 
n=1 
3. sec x= = id au 


Sor gietenn 
(on — 1)?m? — 4x7 
n=T1 
2x 2x 
w?—a? (27)? — 


2X 
Gra” 


foe) 
I 2x 
cee wae )n—l east 
x if > t) nn? — x 


n=T1 


4. csc x = = + ee 


By replacing x by ix the corresponding series for the hyperbolic functions 
may be written. 
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INFINITE PRODUCTS 


6.50 
: - x? 
I. sin *=% (: - =a) 
N= 
2. sinh # = «]] (: + ii) 
fo) ae 
a tee iene Il (: (n+ ey 


6.51 
sin x x 

I. — = cos — 

+ ae 27 
6.52 

z = 2n 2 
oe I] c++ Ne [e<rt 
6.53 


-owg (043)? TT + trae) ++ oat 
I. cosh x cosy=2(r44)sint2 T] 1 T Soue oe '} Gar aay 


Aa ie a af ( oo) ) 
2. COS% — COS y = 2 (: 4 gue II “~ Cn £9)" ~ Gur — yp? 
z é 


6.55 The convergent infinite series: 


I+m+m+... =I >) the 


INFINITE SERIES I31I 


may be transformed into the infinite product 


(r+) (I+m) (I+%)..... 
-[][ G+), 
where 7 
ia = . 
"rtm twat. we tM 


6.600 The Gamma Function: 


z may have any real or complex value, except 0, —1, —2, —3,+ +++ 


6.601 
z Z 
fo) IT(: ae 
6.602 
_ Limit Arent Fy 
(ao ee Aer ia ee 
S 00 ew e-t F 
= - gages ager | at iO. S792 57s.’ 
6.603 
I'(zg+1) =2I(2), 
7 
fOLO 22% sin 7 


6.604 For z real and positive = x: 


I(x) = ii tr a, 


tog P(e +) = (x4 2)loge—x+tlogent f 


eé—1 


6.605 If z=, a positive integer: 
I'(n) = (n — 1), 
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6.606 The Beta Function. If « and y are real and positive: 


B(s, 9) = BG, «) = poe 


Re) fon repre 


B+ 1,9) = Be»), 


T 
sin 7x 


B(x, 1 — x) = 


6.610 For x real and positive: 


Wi) = na -7- Disa oeaee 


6.611 an? 
¥(w +1) = = + W(x), 

6.612 (1 — x) = W(x) + cot ex. 

V(3) restsimnmnt 2a 2 log 2 

(1) alee dr 

¥(2)=1-¥Y, 

¥(3) =1+ ; -—Y; 

V(4) =1 fetes y. 
i ie 
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6.620 % 
(-1)" 
B(x) - De ce 
I G1 x 
-i{v(44)-¥()] 
6.621 
Bw +1) + Bx) = 5, 
B(x) + B(x - 2) = =. 
6.622 


6.630 Gauss’s II Pundtion: 
k 


1. II (&,z) = 8 eres 


2. II (k,z +1) =II (k,2)- — 
I+ k 


4. 0 @) = , 1) ts) 


. I (z) = T(+2). 


as 


s. II (—z) II (@ — 1) = wesc m2. 
I AVA) scan 
(5) ~ ov i 


2 


- 


6.631 If z is an integer, n, 
II (n) = n! 


DEFINITE INTEGRALS EXPRESSED AS INFINITE SERIES 


er ae . i ae 2 2k+1 
6-709 Joe dx La ET Bee te i 


foe) 
gky2k+1 


<1 ae adek + 1) 


k=0 
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Darling (Quarterly Journal, 49, p. 36, 1920) has obtained an approximation 
to this integral: 


oneke 


> see a 
VO cu oa tan} ev™(z -++- a2e-V™)? 


Fresnel’s Integrals: 


2 ei 4k 
6.701 J, 00s (x?)dx = > GhiGES = hae 


en (1) > (-)— — 


= . (4k + 1) 
ae g2k+1y4k+3 : 
+ sin) DY tants =e egg 
ft - ue 
: s 4k+38 
6.702 f sin (2*)dx pa (2k + 1)! (4k +3)” 
an («?) > (—1)* 22k ytktt 
Pa 1-3-5... GEES 


a g2kt+ly4k+3 
— cos (x?) 2 —1)* 
ee ee ae 


. (4k + 3) 
, 1 fa-l 
ois f 1+ pe => (—1) a eer 


I iP cae Gee be- —1 
6.704 (k — =f ta a 


yn 
a2 (a+ nb) (a+nb+1) (a+nb+2)...(@+nb+k—1 
[b>0, w<ah 


(Special cases, 6.445 and 6.922). 


n+y a n+y 
6.705 ve e-t gy-1 ad —s 3 : 
yo Tian Caer ee 


6.706 If the sum of a series, 


f(x) = be Cu” lo< 2 <8 
is known, then ey 
2 Be 
dad (a + nb) (a + nb + 1) (a+ nb + 2) 5 ec ciae (a+ nb+k—1) [b>0] 


-ay J: ‘11 — DY (®db. 
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6.707 fio>d : sin nx-dx = tf Ce > f(t + 2n7) - dt. 


Example tr. ta) =e"? [k>o]. 
1 nt ree ekt 4. e—kr 
n=t1 


Replacing k by 4 and subtracting, 


I I 27 
: ted a +n eke — en kr 


n=1 


Example 2. With f(«) = e~ cos ux and e~™ sin px. 


IN . rN rN | msinh 2X7 

7 A + | rts REO, ~ cosh 2\m — Cos 27 
iv >>) nm — Uh _ n+ pL Ee Wsin 2M 

7 we fod | MV+(n—- py? M+(at+ we | cosh 2\m — cos 2u7r 


6.709 If the sum of the series, 


f(x) = ae An", 


n=0 
is known, then 


do + ay + ay(y +1) +asy(y+1) (yt2)+----- S Bist sa 
) 


6.710 The complete elliptic integral of the first Kind: 


ae I 7S —_ 
-T{r4 (fee (Eee... | 


LS eae on) ‘a 2 
-7 {24 DX ae a . 2 2n : [k<z]. 
If yor vas’ 

r+Vi-P 


ae math) eae es 
Su mGeP) “i 2 a on s Lon — Vy | ; 
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6.711 The complete elliptic integral of the second kind: 


Bo year b ee 
2 
eF- QE YE} 
2 2 I 2°4 3 
Bic eee co ss Gn DY ken 
“FI mi 2°-4°6....2% °/ n—TI 


If yo tevene 
I+vVv1I-FP 
es B[cadredlne] 
= EEE ss Dont (EES ae La 


ska Cea ben| 
aeeat 2 +) | a ar a We eos mc rs 5) | 


FOURIER’S SERIES 


6.800 If f(x) is uniformly convergent in the interval: 
| —Ci2<s + C 
f(x) = <bo + bi cos “+ by cos * + by cos SEE gree 


EY 6 Ore 87 ee 
+ ay sin — + a sin — + ag sin ° 


; +c 
ba = : f. f(x) cos cone dx, 


C 
¢. 0% _ MT 
a f(x) sin oid 
Pale C 


6.801 If f(x) is uniformly convergent in the interval: 
o<x<c 


f() = © by + bi cos == + by cos = + 55 cos 4. ee 


* are Ee G4. One 
+ a sin + ay sin 7" 4 a sin“ +. 


Pe ike is ge 
Cc 
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6.802 Special Developments in Fourier’s Series. 


f(x) = @ from x = ke to x = (k+ “ey 


f(x) = —a@ from x = (k+ “c to x = (k+1)¢, 


where & is any integer, including o. 


foe) 


fa = Ds Ni ER ato UE 


1 hed 20 — 1 C 
C C 
6.803 f(x) = mx, wee y! 
4 4 
2 4 4 
= m(x-—C), Mean < 3 
4 4 
~ — m(x- 5), gx a 
2 4 4 
o> (—1)"! I 2(2n — 1) 
OT ha (2n — 1)? C 
6.804 f(a) = ma, -f<a<+; 
ss re Coe ae ae 
=m(x— 6), vo gs 
iG) = a (~2)"? y sin 22. 
6.805 Peer —sh Xx < — 3b, 
as 5 (w+ 28); —-3b<¢x¢-5), 
= @, — 6¢x€¢ 40, 
= —5(@— 2b), ae 30, 
=-—4, ab 22%. §0 


138 


6.806 


6.807 


6.810 


6.811 


6.812 


6.813 


6.814 


6.815 


6.816 


6.817 


6.818 
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‘f(@) =Fa+6, 


f(x) = 52, 
a al 
ie ae A TT 
2al? I 
IO) = 5 =) dead WP 


co 


os n—l 
x= 2 ae 1) sin nx 
n 


n=I1 


(oe) 
oe I (—1)"-1! 
cos ax = — sin aw \ —-+a : ‘ 
WT 2a n* —a 


n=I1 


sin ax=— 7 sin any eo nm sin NX 
N 


n=1 


co 


T= ~¢ sin nx 
2 D2 n 


n=T 


[ee] 


I I COs NX 
— log = 
2 2(1 — cos x) n 


n=1 


Cc 
NW -.%%X 4 x COS NX 
6 2 4 2 n* 


n=1 


co 


T2~ AX ~— x8 sin nx 
n 


n= XT 
; co 
wt x2 = ary? ye > COS NX 
p 
n=tT1 


Ul eee 


go 36 ay 240 


wx =x? = ret x > sin nx 


COS NX 


[-r<x<a]. 


-r<x<]. 


o<x<en]: 


jo< x < an] 


Jo<#< onl, 


eee 


%.. 


6.820 


6.821 


6.822 


6.823 


6.824 


6.825 


6.830 


6.831 


6.832 


6.833 
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C4 (nae 
n=1 
co 
i : > I nTx 
ae yeaa. es ie cos —— 
eee = So (um)? + ¢ C 
n=1 = 
Bp oe NRX | 
Fee en ee SI A 
7 wal ) (nt)? +e f | Cin St 
n=1 e 
co 
it 0. - I z 
Cts em — —_ — __7\n—l ; 
x as a Tam osm | Jo<x<m 
n=1 «= 
a . 
T : 
COS 2% — (= — »)sin ax + sin? « log (4sin? x) = >) cos 2 (7+ 1)x 
| $ n(n + 1) 
n= 
lo: —e.5 74 


sin 2x — (7 — 2x)sin? x — sin x cos x log (4sin? «) 


Cc 
a v3 eee ar 
n(n + I) ian a 
n=1 am 
co 
I Lore COS 2nx Be ey a} 
—-——sinx = roe A" 
(2n — 1) (2n+ 1) Ses 
n=t1 
. co = i 
ry sin x =| : 
Regs r™ sin nx pty 
I—2rcosx+r 
n=T1 = al 
— = = 
ae ee 1 
ta ss =r" sin nx a 
tir c0s 4 nN 
n=1 = oa 
i mat 2n—1 . 
I ar sin x gant . 
= tan“! ———— = » sin(2n — 1)” Pa 
2 Poca an —1 : 
— = —y 
I—7 COS x : 
5 = r” COS NX : es 
I—2rcosx+r 
n=0O — — 
lee) 
I 4 fs 
hs ae, = >) 2 9” cos net cit 
I— 2rcosx+r n : : 


n=1 
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foe) 


; y2n—l 
6.835 > tan“ 3 >, (—1)*-! ; COs (2n — 1)x | e<t]. 
n=1 ‘4 
NUMERICAL SERIES 
6.900 
I I I I I 
Sseitptatat. = DS 
I ” Re ge Fema k 
s = 
=o = — =]I.01 0620 
is 6 945 7343 ’ 
= bescen es ai 
Sz = — = 1.644934066  F aaaeaeee 1.0083492774 
ar? Te 
S3 = ———— = 1.2020569022 Ss = = I.0040 62 
a = Fe 794s6 11707050993 errr 40773562, 
ee 8 Ss x 83928, 
= — = 1,0822222 = sora ge 7, 11002008392 
4 90 3232337 9 20740.35 . 39 
ug cee Si9 = 1.0009945751, 
Ss = 295.1215 1.0369277551 Si = 1.0004941886. 
6.901 2 
I I I I 
ty = —-— +—-—4,..... = iy VRE secre 
ar eer D2, YP arene 
=.0 
“U=-—) 


U2 = 0.9159656... 
Us = 0.98894455.... 
Us = 0.99868522. 


A table of u, from 1 = 1 to n = 38 to 18 decimal places is given by Glaisher, 
Messenger of Mathematics, 42, p. 49, 1913. 


6.902 Bernoulli’s Numbers. 


r. Gay Batt ete. Mi De 
at Batt ethe he . ee 
3 aa Be ete oor 
B, = > Ban oe 
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a ae 3617 
ileal 66° alia 510° 
691 43867 
B = B = 
Te $730 paar is. 
ae z. Hew 174611 
6 330 


6.903 Euler’s Numbers 


foe) 
22n+2(2n)! ae ho gent ~ sent o went AR eta Le i pent 


k=1 
iy = I, i, = 1385, 
k= 55 ks = 50521, 
Fis = O61, Es = 2702765. 
6.904 ; 
oe ahah 1) Ay 2n(2n — 1) a 2) (2n 3) pee 
Pons mt A Vig och <h + (-1)"=0 
Qn (n2n 2. vr oe ‘en ae 
22" (2 aa be he (2n — 1) (2m — 2) (2m — 3) ae 
2n 3! 
an — 1) (2m — 2) (2n — 3) (an —. — 
a con — 1) (om 2) ( = eS) pa ee + (-1) 
6.910 
n™ 
oe = n! 
51.2 6, Ss = 526, 
Se = 26, Se = 2036, 
Ss = 5é, S7 = 8776, 
S4 = 156, . «Se = 4140e. 
6.911 
I 
ae pa, (qn? — 1)" 
aye 
(aes Lagigg eer Ll 
2 64 
Bi, 4 
ox. 5 8 Piel + 3077 — 384 


Yate 768 
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1. log2= = - F 
oS reas I 

. ¥2.° 32 (log 2) p2 n?2" 

6.913 


I 
1. 2log 2—1 -»> a x): 


foe) 


3 I 
2 Os nS n(on? — I) 


n=I 
lee) 


= —3 +2 log 3+ 210g2=- >) 


n(36n? — 1) 
fore) 2 
6.914 5 -> (3 pn ae en 2) ae 
e _ PAG ets 2n an+r 
Ux = 0.90150656. .-. (see 6.901) 

So = 2 log 2 - Sm, Sa=1-5 
Si =m -1, Sa= log 2+2-—- (ami+), 
Se Ogee ge 

ace 3 oe 

I I 
eg OT) = S44 = 7 108 2 a oy cog (ees Fae) 
ta oo 

OT 4 5 2257 

I I 25 71 
Ss = —— (18 —-) = — 

> 327 ea 33) 5 = 128 log 7 5536 > aa (sous + 43). 
ee hema 
oY 290%: 6 
Si = ae (50u2 + 43) — ? 
- When 7 is a negative even integer the value n = is to be excluded in the 

summation. 
6.915 
s Se BC ert 9 (2n — 1)! 


2°4°6. 0. com ging ay 


INFINITE SERIES 


T I 
3 Bs 6 Pe are 
I 
4 log (1+ V2) -1= DY (-1) Sore 
gee 2 An +3 
5 ee ND 


eS cy tt 
7 2 va v Pe ae Ty (GH 2) 


n=1 


p21 = DY-"Aan +2). 
n=1 
oe 4 1 : 
% ee a D4 (2n — 1) (2m + 2) 
n=1 
6.916 
If m is an integer, and = m is excluded from the summation: 
es. 
: 4m hand mn? — 1° 
ee (=1)"". (meven 
4m? m — nv ( ) 
n=1 
6.917 
a 
i t= . 
dn! 
n=2 
yea 4n? — 
n=1 


ooo tk V5 Sy aes ant 
6918 log? “1+ 2, 2 RR CP 
. an+1 
eo Sot) BY (me) -s} 
6.920 
I fae te Oo ee = 2.71828 
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Sit ol) = .0.36788, 


I I I I 
3: (e+ t)art¢hghe. ies 154300. 


*( SJR EF GHGS... = rr7szor 
np Ag Faas at el Py sca E.TUSIOF. 
I I ¥ 

g. COSI =1 na = 0.54030. 
6. SMI=I1 neo = 0.84147. 
6.921 

4 I I I 
/ aA ne eee eet 

5 Ae ead a ad eae Pe pl 
2, eal get 34 gtr ° 

16 I I I 

ee og 
a6 ie hee 

i : 

6.922 (@ Se etc te +... 5 0Q) = 3.6256... 


6.923 (Special cases of 6.705): 


H+ = log 2 - = 
\ 1+2°3 3°4°5 5°6°7 eat ay : 8 2° 

I I I I 
ce - + —.. = — (1 — log 2 

Ra S> 3°452 . 5°09 2 | 2) 

3. t+ tt ~ 3 log 2. 
Pe ae ASO OR 4 

Bets 1 ae tied 
4- 2°3°4 4°5:6 6-7°8 par 3 

I I I 1/7 
: +- + Pe a = (4-10 ) 
2-3) 4-5-6 78-9" | AW on 

I I I 1 Re 
Bo! 6-7-8 0-tr tas es Se 

I I I I 1 I 
i + “a $e. .= Hx 3a.) - logs. 
7 1+2°3°4 4°5°6°7 7°8:9°10 6 mee 3 4 eS 


Nii. SPECIAL: APPLICATIONS OF 
ANALYSIS. 


7.10 Indeterminate Forms. 


F(x) 


of the quotient may be found by replacing f(#) and F(«) by their developments 
in series, if valid for x = a. 


7.101 = If i) (*) assumes the indeterminate value = for « = a, the true value 


Example: 
sin? x 
E — cos “|... 
x3 2 x2 2 
sin? x («- 5+ ‘) (oat 
I—cosx ee ie Lice 
a1 4! a! 4! 
Therefore, 


sin? x 
See ae ae ee = fae 


7.102 L’Hospital’s Rule. If f(a +) and F(a +h) can be developed by Taylor’s 
Theorem (6.100) then the true value of Le for x = @ is, 


F(x) 
f'@ 
F’(a) 


provided that this has a definite value (0, finite, or infinite). If the ratio of the 
first derivatives is still indeterminate, the true value may be found by taking 
that of the ratio of the first one of the higher derivatives that is definite. 


7.103 The true value of Sx) for x = a is the limit, for h = 0, of 


F(x) 
ras NO yes (a) 
r{ is (q) (a) 
where f ‘?) (a) and F ™ (a) are the first of the higher derivatives of f(x) and F(x) - 
f(x) 


that do not vanish for x = a. The true value of 


F(x yy fort = =aisoif p>q, @ if 


pb<q, and equal to 
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sinh x — xcoshx te i. sinhx 
sine’ — ¢tosx locp . Fk asin x doko. 


sinh x cosh x ‘ 
a sin x 2=0 COS X% z=0 


7.104 Failure of L’Hospital’s Rule. In certain cases this rule fails to determine 
the true value of an expression for the reason that all the higher derivatives 
vanish at the limit. In such cases the true value may often be found by factoring 
the given expression, or resolving into partial fractions (1.61). 


Example: 


Example: 
fees =(Vena) = Vas. 
Vx —— c~=a c=a 


7.105 Inapplying L’Hospital’s Rule, if any of the successive quotients contains 
a factor which can be evaluated at once its determinate value may be substituted. 


(1 —x)e*—1 —xe* 
tan? x feiss 2 tan x sec? x |z=0 


eg. 
= I. 
| tan xX z=0 


Example: 


Hence the given function is, 


2 - ies 
ee DCEO BA eg oR 

7.106 If the given function can be separated into factors each of which is 
indeterminate, the factors may be evaluated separately. 


j= De “| a |(== * ae ‘| is 1 


Example: 


7.110 =. If, for x = a, ie takes the form =, this quotient may be 


written: 
I 


F(x) 


ad 
f(x) 
which takes the form A for « = a and the preceding sections will apply to it. 


7.111 L’Hospital’s Rule (7.102) may be applied directly to indeterminate forms 


=, if the expansion by Taylor’s Theorem is valid. 
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Fle lela"? 


7.112 If f(x) and x approach together, and if f(« + 1) — f(«) approaches a 
definite limit, then, 
Limit | _ Limit 


yoo | x | xO 


Example: 


| fe +x) - 7) 


7.120 oxo.. If, for x =a, f(x) x F(x) takes the form o X®, this product 
may be written, 
f(x) 
“i 


hs 
F (x) 
which takes the form © (7.101). 


oe Tp: Limit fey <© and Limit Fisv a 


fe) ~ F@) = fo) {1-72 |. 


Limit F(x): 3. Fe hn 
pas f(x) is different from unity the true value of f(«) — F(«) for =ais ©. 
Limit F(x) 
x—0o f(x) 
may be treated by 7.120. 


If = + 1, the expression has the indeterminate form © xX o which 


7.140 10,0°, © If {F(x)}% is indeterminate in any of these forms for « = a, 
its true value may be found by finding the true value of the logarithm of the 
given expression. 


Example: — 


< 


tan x 
(*) =y; logy = —tanz-log x, 
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I 
log x x si , 
tan x-log « = = ; = ‘sin x = 0 
r=0 cot X_]z=0 CSC" X_|z=0 z=0 
Hence, 
ice 

- = ft. 

x z=0 
7.141 If f(x) and x approach © together, and f 5 ” approaches a definite 


limit, then, 
imit, then Limit | 7) 3] _ Limit f(% + 1) 


x—> a — goe =f (x) 


7.150 Differential Coefficients of the form 2 In determining the differential 


coefficient 2 from an equation /(«, y) = o, by means of the formula, 


d 
of 
dy Ox 
ears, | (1) 
ay 


it may happen that for a pair of values, x = a, y = J, satisfying f(x, y) = 0, 


cd takes the form ee 
dx fe) 


ae Ss 
Writing re 
is obtained for determining y’, giving, in general, two different determinate values. 
If y’ is still indeterminate, apply 7.102 again, giving a cubic equation for deter- 


mining y’. This process may be continued until determinate values result. 


= y’, and applying 7.102 to the quotient (1), a quadratic equation 


Example: 
f(x,y) = (0? + 9°)? — Cxy =o, 
,_ _ 4u(e? + 9) — Oy 
4y(x? + 9°) — x 


For x =0, y =0, y’ takes the value 
Applying 7.102, 
yt Boe? + 4 + (Bry ey 

* * gy (2 + 39°) + Bry — 2 
Solving this quadratic equation in y’, the two determinate values, y’ = 0, y’ = ~, 
result for x = 0, y = 0. 
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7.17 Special Indeterminate Forms and Limiting Values. In the following the 
notation [ f(x) means the limit approached by f(«) as « approaches @ as a limit. 


‘TA1T71 


eS 
. 


Io. 


If. 


12. 


13. 


16. 


17. 


(+ + <) | x 6° (c a constant). 


(Ve+¢— Vx] = 0; 


[Vx(e + 6) — x]. = <- 

[V (w+ a) («+ @) — Xo = 3a + @). 
VAC it Gab. ie (8 Cn) -s| = “(+ a+. 
Plog (¢1 + Cs 2] a 

EB x aD 

log(c + C2 e*) log (: + )| en’ Ti 
‘ag diy 

Bead eo 

poe Ae 

[log 2)™Jo 
ees 
=|. =o (a>1). 

0 oe (x site inteves) 
aL ° a positive integer). 
Fl a3 

Le he 
ea ae 

x foe) 

(a + bc) | =C¢ (c>1). 
(ooee 

De bee) tes, 

5a I 

e+ Bat’ 0B 9 + Oe me 


| (a + bx) Ot ies fe eB (m>o). 


ade 
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7.174 


[47 |) = 1. 


Bison STI I 
2. xa + 6 log x an e 5. 
= 0 


I 
3: ic 3 — er 
E 0 


I 
4. | x” log -|- fo) (m>tr). 


5. Llog cos x - cot x]p = 0. 


ON 


: tog tan (Z + *) - cot | =I, 
4,2 0 


Io. 


If. 


ey — TL 
. = 1 
xX 0 


[x log «]o = 0 (m>o). 


we 


E ay ee od reo 
(er vty dy 3 


e? — er? | ne 
flog (r+ 4)|o 7 
Plog tan 2] : 
| log-tan x [oy 
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7.175 
x Ea ee . | cos =. tan nal = © 
1 é 2C 

2. ((w — 2x)tan %]e = 2. 6. [(a + be n7)™ 27), = &, 
iG (2 - *)-tan | 2 ae 2x\'an 2 = 

a C Sot” 7 |(2-2) [= 
3 c x TX ae. tan 22 I 

4. a — e*)tan a | sgktion 8. [ (tan «) : ie 


7.18 Limiting Values of Sums. 


Limit /1* + 2° + 3*+....+n* j 
i: Sore ae Joe k>—-1. 
oif k< —1I. 
: him (2 I i I . . I 
"noo\na' natb' nat2b' °° °° nat+(n—1)b 
- Cis 2 ea (a, b>0). 
aoe n— 1 « n — 2 n — 3° : 
3 yso\ra-(at 3) + 23-(+2) 34 (+3) 


(n — nv? 
one a wera e 


Tin we 2 af o\2 
4. Limit (4 4.5“) + (40%) + (a +0~3) Be NeP Oe 


N— © 


if a@isa Le geoee os proper fraction. 


Limit : : 
S ae eh a+— 4 a aere" ca ~+4/a"+-]= 
N— © 


i b>o a ais a acsilies proper bebe 


Limit os eae ae 8 b 
6. a+—4V@?4+—4V8%+—+....+V art — 
no I-n 2°n 3°n nn 


if b>o and a is a positive proper fraction. 


Limit ae I 
cf ee eg ee = Y = 0.5772157 - « 


n— © 


(6.602). 
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7.19 Limiting Values of Products. 


ma £)/ -)(: ) (x+ ¢ )| = 
tn oe coe sn ee SI er SIE 


; Wt c>-0. 
Mell Deletes 
" 1-0 Jee " na+b na + 2b]: ° °° na + (n — 1)b 


ae 
a 


if a, b, c are all positive. 


imi ee Ae ne myer (m+n — ay 2 
n—o| m + 3(n — 1) - 


Limit 2¢ 4C 6c SHON Tr 
4. ae (e+ B)(2+ 4) (04+. CY ar ae (1+ 28)| =e. 


| i) 


7.20 Maxima and Minima. 


7.201 Functions of One Variable. y = f(x) is a maximum or minimum for the 


of) ee 


~ values of x satisfying the equation, f’(x) = =0, 


provided that f’(«) is continuous for ee valies of x. 


7.202 If, for x =a, f’(a) =0, 
y = f(a) is a maximum if f”’(a)<o 


y = f(a) is a minimum if f’’(a@)>o0. 
Example: 
‘ 


2+ ax + 8’ 

, ea a 6B 
fe) - te, 
f'(x) = 0 when x = +/8, 

ne. _ 2% — 6Bx — 2aB 
f'@) - 


For x = aye, f(x) = Yi Pe - Maximum, 


B>o, 


a, ee 
oe 
ee eae 

A ee 
. ae us 


next 
oe 


be 
oe, 
ye 2 ae 


a 


Sie 
fe 


~ ae AS 
ne oo 
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2. I 
VB (2VB- 
I 
Vmax = + 24/8 
I 
Vnin = ay 


7.203 If for « =a, f’(a) =o and f”(a) =0, in order to determine whether 
y = f(a) is a maximum or minimum it is necessary to form the higher differential 
coefficients, until one of even order is found which does not vanish for x = a. 
y = f(a) is a maximum or minimum according as the first of the differential 
coefficients, f’’(a), fiv(a), fi(a),..... of even order which does not vanish 
is negative or positive. 


For * = -vB£, f{' (x) = 


Minimum, 


7.210 Functions of Two Variables. F(x, y) isa maximum or minimum for the 
pair of values of x and y that satisfy the equations, 
OF OF 
Ox 05 ay wo; 


and for which 


ay ee 
dx dy) 0a? OA? 

oF or : : 3 
If both a2 and ay are negative for this pair of values of « and y, F(a, y) is 
a maximum. If they are both positive F(«, y) is a minimum. 


7.220 Functions of ~ Variables. For the maximum or minimum of a function 
of m variables, F(x, %2....... , Xn), it is necessary that the first derivatives, 


OF OF : a all vanish; and that the lowest order of the higher deriv- 


atives which do not all vanish be an even number. If this number be 2 the 
necessary condition for a minimum is that all of the determinants, 


D, = fu fire OP area bk ae Ue ee a ee, 
Tae Fea OR eee fox 
AG Orca Sik 
where 
o°?F 
fi = 
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shall be positive. For a maximum the determinants must be alternately negative 


v4 


“a 


and positive, beginning with D, = cals 


ane negative. 
1 


7.230 Maxima and Minima with Conditions. If F(a#,,a,...... , Xn) 18 te 
be made a maximum or minimum subject to the conditions, 


BPG ie aaaeraeny ar ,%n) =O 
o(x1, X25 @ tevive / ee ; a.) a OD 


hee ot 


Date oe a oe 5 Xu) =O} 
where k<n, the ean conditions are, 
00; : 
2 >>, = BW, Bah. vie Me 
Ox; ; Ox; fees : 


where the \’s are & undetermined multipliers. The 2 equations (2) together with 
the k equations of condition (1) furnish k + 2 equations to determine the 2 + n 
quaAntiics view. ee, Sivas i Nees ae ie 


Example: 
To find the axes of the ellipsoid, referred to its center as origin, 
AX? + Aooy? + A332" + 2dixy + 2ogyZ + 2aigxZ = I. 
Denoting the radius vector to the surface by 7, and its direction-cosines by 
1, m, n, so that x = lr, y = mr, 2 = nr, it is necessary to find the maxima and 


minima of 
I 


2 
r= 
Ayl? + dem + azn? + 2a;2lm + 2de9m + 2a\3lnn’ 


subject to the condition 
o(l,m,n) =P+m+n—-—1t=0. 
This is the same as finding the minima and maxima of 
F(l, m, n) = ayl? + adem? + aagn? + 2a:91m + 2d29mn + 2a43/n. 
Equation (2) gives: 
(an + A)E + Quam + azn = O, 
Ayal + (dog + A)m + don = 0, 
Ai3l + do3m + (33 + A)n 
Multiplying these 3 equations by /, m, n a and adding, 
A=-5 


=" 
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Then by (1. 1.363) the 3 values of r are given by the 3 roots of 


I 
Gn = 7 a2 a3 = 0. 
I 
a2 zg 7 23 
I 
13 23 a33 — 7 


7.30 Derivatives. 


7.31 First Derivatives. 


dx” se eee 
Boag = is ahd (1 + log x). 
eee dog. a et eee 
ida. nee wen 7 ele eit 
de* s dlogx 1 
3+ Ox ss ag 2% 
dxlos x ; 
pear og x—1 
gas 2x log x 
8. ee = (log «)* {1 + log x-log log x}. 
(i) 
e 2\* : d csc x ‘ 
ae gees (*) log x. ra Se X*COS %. 
Asie 6 ase Oe I 
a = ee. 16. oe oe ae <a e 
d cos x it d tan! x d cot! x I 
Ray Sie. = —SIn %. 17. ae =— re = : rer 5 
- dtan x _ see 18 Guec* ee. es I 
; dx a : : dx dx a xr/ x2 Jat a 
d cot x nee d sinh « 
Sea i a ha ag ae a ae cosh x. 
14. asec = sec? x-sin x. 20. cose = sinh x. 
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d tanh x dtanh-!x dcoth!x I 
21. epee sech? x. 27. pe = ee 
d coth x d sech! x I : 
22. are = csch? x. 28. eae a: ie sar 
dseche ee ; desch* x I 
ae: > ear ech x: tanh x. 9. Pe = ey rae 
24. en ~ = — esch x-coth x. 30. oe x ='Séch 2%, 
; dsinh x _ I : dgd*x _ oe 
cf 7 Sian 31. 7 aia : 
ie d cosh! x = I 
dx Wty 
Ton 
dryers... Vn) (: dy, 1 dy I oe) 
7, aE = Vivo... Vn m1 dx ' yy dx 5 ae 
a(*) poe sa Li 
stan dx " dx: «de 
dx v" 
da“ _ du _ d(u)  df(u) du 
3: de | da log a. O° Gti ae ae 


7.33 Derivative of a Definite Integral. 


i (a) 
ES Jen ode = 1610), 0) FO _ eyo, VO 4 f 


¥(a), 


2. Gf {ede= fa ce < ade = — f(b). 
b Ss} 


7.35 Higher Derivatives. 


z f(x, a)dx. 
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7.3851 Leibnitz’s Theorem. If w and vz are functions of x, 
d”(uv) _ a n dud™y | n(n —1) du d™v 


dx" dx" t!dx dx 2! dx? dx" 
n(n — 1) (nm — 2) d*u d™~*v du 
+ 3! oe pare Ye rote ie yet ae me 
7.352 Symbolically, 
d" (wo) (n) 
ree tS) 
where 
=u, af ='9, 
7.353 Lilia a( é\ 
dn Oe bg dx) ™ 


a 
dx’ 

q\ oat ‘ d\ 
o( = Je u =e (a + i) 


7.355 Euler’s Theorem. If wu is a homogeneous function of the mth degree of r 
Variables, %1, %2, . .. %r; 


7.354 If o(4) is a polynomial in 


(artnet. +2, 5) a= nh 
* Oxy 2 We " OX, - : 


where m may, be any integer, including o. 


7.36 Derivatives of Functions of Functions. 


7.361 If ae = F(y), zn y= ee 


d” 4 Se 
2 Hp - Fey) + Grr) + Beg) +... FFE PMO), 
where 
o” k 0” k(k — 1) o” 
Ba Oe es Oe, Mul 7. 2 oe 
2, U= Ox” r1” ax"? + 2! ee 


d” I I ii n— 
= (1-52 F (2) = Fan Fo (*) + See i Ege 1) (:) 
. (n — 1) (m — 2) n(n — 1) Fln—2) (2) 4. 
x 


. (0 Fo oF a" | a) ae ® ele) 


+ (n—1) (n— 2) ae. oo \. 


2 
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7.363 

I. o Ee) = (2”)"F(™) (42) + sey) (2x) "-2 FD (4?) 
= n(n — 1) a 2) (n — 3) (2x2) "4 F(n-2) (42) 
4 an aes 1) (n oo ae c 3) (n wi 4) (n — 5) (o4p)n-6 F(-8) (2) a Bee ce 

ee 7b Cee een 

a ee (2ax)"e4 I+ Ht) + aes 

, nn — 1) (m = 2)(m — 3) aie a) \. 
3!(4ax?)8 Las 


Ea & - (1+ ae 
Pa Hie Ea 2) eae ok Pe a ee n(m—1) (1 +2") 
(1 i aa) I-(u—n+1) 4ax 
n(n — 1)(n — 2)(n — 3) (tery... 


oa 


| SE Gs 4ax? 

ax Keek bee or 1 OMS Me ee s 
A a 2) (==) ms sin (m cos x). 
7.364 

n a (n) cag (n—1) a 

ee a ee ae RE) 

dx (2V/x)” 5 (2x) tt 

in + 1)n(n — 1)(n — 2) Fl") (/x) ee 
2! (2v/x) #2 

a Ae eo ee ee £(e ac 

pa (1 + av/x)?2"-! = a es 
7.365 

a” / Es ” Wa 
1. > F(e) = SeF'(e4) + Fer'(e2) + 3 ee 
where 
i$ eee — 1) (k — ym as 

ad” ee / sit (2 tan='¢ *) sin (3 tan 69) 
Ceres V (1 + &*)? are VJ (1 + 2) ey. 

a ae sin (4 tan~le~*) 
VJ (1 + e*)4 ero} 

- es Eyer £28 (2 tan—le-*) 9 COS (3 tan te *) 


dat 1 Va+ey Vara 
Exes= £95 (4 tane-*) 
— £48 


V (1 =f. e*=)4 
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7.366 
1. F (log x) = ms CoF™ (log «) — ChF("—) (log x) + CoF("—) (log #)—.... . 
Co= 1, 
n n(n — 1) 
Qoer+2+3+..... + (n — 1) eae are 
Co=I'2+I'Z3+14t+...... +1:(n—1) 
+2*3+2-4+...... + 2:(n — 1) 
Oe eS ee + 3-(”—1) 
NE a dy Sha. Wie calla’ aoe 
i AG oe eS Ge ae 
24 
n-+I n n 
2. Cy = Ce + nCx-1. 
—n —(n—1) —n 
3. Ce= Ce + nCin. 
n k —n —tT 
Co = 1 CE =O, Co=1 Cy =; 
2 3 aA —2 ae —4 
Cy 1 Gi 3 C, = 6, Ci 3 Ci 6 Ci =ro, 
3 4 —2 —3 —4 
Co = 2 2= II, (ya% Ce = 25 Ce = 65, 
4 —2 -3 —4 
C3; = 6 Ce 25 C3 = 90 C3 = 350 
7.367 Table of Cx. 
Nn = — A 3b 2 24+ 3 tal t+ $1 4+ OO +7 + 8 RO 
Co= : I 1 Se I ogee | I I I I I I I 
C,= ie) Se 2 ee Cae I 3 Bt 304 “E54 32t 28 36 
C,= 65 rs Gineer © over ae BOISE SESE E17 SEL Lee 229 546 
ste SkOl- - .OOk F570 EUG 3c]. ss he ed OL G04 2984 945) 1660| 4536 
fees T7OU: 30 BT] Les oes ee) 2g 40 7b baal 6760} 22440 
Ra ee F77OLe OOO: 69) 2). ef ob. Pe cal es , P90 [Ln 9G4it 41341-67284 
ee) GATOS) 30251. 127 (°° 1] oo.) foe ee nef eo] ee + «|. 720|13008/118124 
Re eNO 20) ONE Les oe hd A is cafe sd SO4O|LO05SA4 
Emer icorastet ere (Ecce ec ab. oe hex oa oh, Sly oo 51 40320 
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7.368 


a he Se C (1 ) p—l C ( (I ) p-2 
hi ann og x)? = 7“ | n—-1p (log x — Cn-2p(p — 1) og x 


+Cyap(p — 1)(p — 2) og 2)-*-. . «|, 


where # is a positive integer. If 1<p there are m terms in the series. If 
n 2p; 


d” e n—l1 n n 
2. Fan 10g We)? ee a Crip (log x)?-! — Cr_op(p — 1) (log x)? 


eee + (=D)? C..390 EDO Oe ok a 


P+t yptl p+2 x pt2 


Pp p 
7.369 {log (x +) | aes Gained 
—-I<4*<+I1. 


7.37 Derivatives of Powers of Functions. If y = (2). 


d” ewe a OE ed _, a"y (") I dry? 
mg a? = Pf n )\ aes dam 2 baat. Fn eS 


Bee lee (") 2 i (oe ( . 
° dx” a as I 1:y dx" 2 2-7 dx” 2 3°48 dx” oc e ee 
7.38 
I. Pio th) = m(m—1)(m—2)..... (m — [n — 1]) b"(a + bx)™-*. 
' d”(a + bu) _ (=1)> nib” } 
dx” (a + bx)n*1 
d"(a + bx)? _ ts neue dene ee (on — 1) : 
3: De i sh 2"(a Ae by) nt . 
d” log (a + bx) © 1 (% — 1) !b" 
4. io = (—1) on 
de oe 
5. HS gg are"". 
ee en bn PA 
d” cos x / 
—_— = cos (jn + x). 


7: dx” 
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d” (log *) pda (: rt *) 
8. = (2 = (-1) ntl mi | log x — + Pog hte 

ee a. Gk 1) ft ees 
9. qn sin Ag i Se oe eS  2n—I I1+% 


Pere aU ied eae ne re 


(tan—Iz) = (— et MO) gin (n ae ‘), 


i 
ae CHF 


7.39 Derivatives of Implicit Functions. 


7.391 If y is a function of x, and f(s, y) =o. 


0. 
po... 
ae. + Of 
ay 
oye. usr ey a 
Py Oy) dx? 0x Oy Oxdy \Ox/ dv? 
d 


(35) 


7.392 If z is a function of x and y, and f(a, y, 2) =o. 


of af 
pe te tye 
Poe OF? Oy OF 
Oz 02 
of\? of af of @f ot) of 
- ts) Ax?” dx Ox soa (ae a2 
i oe ote af\s 
; | es 
4 afref af af &f (22) af 
i Oz (4) ay” az Oy sya Oy} az 
3. ay? —_ ~ af 
(53) 


eyes M(t 2h, 2) oe 
0z/ Oxdy dz \dx dydz Oy IxdZ dx Oy O27 


VITE DIFFERENTIAL: BOMBA TION: 
8.000 Ordinary differential equations of the first order. General form: 
dy _ 
dx ig f A 2 ). 
8.001 Variables are separable. f(x, y) is of, or can be reduced to, the form: 


fe) =- 2 


where X is a function of « alone and Y is a function of y alone. 


fxat [vac 


8.002 Linear equations of the form: 


+ P(a)y = O(2). 


The solution is: 


Solution: 


y= oS Pia)dx foce Sree dx + C }. 


8.003 Equations of the form: 


d 
+ P(x)y = y"Q(a). 


Solution: 


rer din cis fe (n B 1) fowe (n-1) [P(2)dx gy Pa hs 


8.010 Homogeneous equations of the form: 


where P(x, y) and Q(x, y) are homogeneous functions of x and y of the same 
degree. The change of variable: 
y = UX, 


| dv 
tet + logx=C. 


OG, 7” 


162 


gives the solution: 
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8.011 Equations of the form: 


dy _ axt+bdy+c 
dx ax+by+c 


If ab’ — a’b 4 0, the substitution 


v= x’ +p, y=y'4+Qq, 
where 
ap+bq¢+c=o, 


a’p+b’g+c' =0, 


renders the equation homogeneous, and it may be solved by 8.010. 
If ab’ — a’b = 0 and b’ £0, the change of variables to either x and z or y 


and z by means of 
z= ax- by, 


will make the variables separable (8.001). 


8.020 Exact differential equations. The equation, 


P(x, y)du + Q(x, y)dy = 0, 
is exact 11, 


The solution is: 


frends f (oe »-F fre na |ay=c, 


fo y)dy + LG. y) - 2 fo, y)dy dx =C. 


or 


8.030 Integrating factors. v(x, y) is an integrating factor of 


fats y) dx + O(x, y) dy mS 
if 


0 0 
jg (00) = 5, OP). 
8.031 If one only of the functions Px + Oy and Px — Qy is equal to o, the 


reciprocal of the other is an integrating factor of the differential equation. 
8.032 Homogeneous equations. If neither Px + Oy nor Px — Qy is equal to 0, 


Na . . 
>——— is an integrating factor of th ion if it i ; 
Peco, is an integrating factor of the equation if it is homogeneous 
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8.033 An equation of the form, 
P(x, y)y da + Q(x, y)x dy = 0, 


has an integrating factor: 
I 


xP — yO. 
8.034 If 
aP_ a 
oy Ox 
oy OF. HG) 
Q? 
is a function of x only, an integrating factor is 
et F (x) dx 
8.035 If 
eS 
Ov. OY y 
is a function of y only, an integrating factor is 
eS Fiydy, 
8.036 If , 
aP _ 30 
ae 


On Ps F (xy) 


is a function of the product xy only, an integrating factor is 


el F (xy)d (zy) 7 
8.037 If 
x (2022) 
ax ay), (2) 
Pe 4 Oy or Oe 


y 


is a function of the quotient ie only, an integrating factor is 


zaOLO} 


8.040 Ordinary differential equations of the first order and of degree higher 
than the first. | 
Write: 
dy 
dx ~ 
General form of equation: 


f(x, y; p) = 0. 
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8.041 The equation can be solved as an algebraic equation in p. It can be 
written 


(p — Ri) (p — Ro) ae oa a (p — Rn) = O. 
The differential equations: 
, = Ri (x, y), 
p™ Ro(x, .), 


may be solved by the previous methods. Write the solutions: 


f(a, y; C) ma 0; fa(x, y, c) — 0; ie ot ty ee be ee 


where c is the same arbitrary constant in each. The solution of the given 
differential equation is: 


fila, y, fala, = UP eee ee ae Sil ZY, €) 30. 


8.042 The equation can be solved for y: 


I. , y = f(x, p). 
Differentiate with respect to «: 

dp 
sh p> v x, p, dx : 


It may be possible to integrate (2) regarded as an equation in the two variables 
x, p, giving a solution 

3: P(x, p, C) ween 

If p is eliminated between (1) and (3) the result will be the solution of the given 
equation. 


8.043 The equation can be solved for x: 


33 ee fy, p). 
Differentiate with respect to y: 
I 24 
2. be ee ae 
p u(y » dy 
If a solution of (2) can be ‘found: 
3: d (9, p; c) =o. 


Eliminate p between (1) and (3) and the result will be the solution of the given 
equation. 


8.044 The equation does not contain «: 


fy, b) =0. 
It may be solved for p, giving, 


dy 
dx aT F(y), 


which can be integrated. 
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8.045 The equation does not contain y: 


i (x, p) seal 
It may be solved for p, giving, 

dy 

dx me F(x), 
which can be integrated. 
It may be solved for x, giving, 

x= Ff (p), 


which may be solved by 8.048. 


8.050 Equations homogeneous in w and y. 
General form: 


(a) Solve for » and proceed as in 8.001 


(b) Solve for <: 
| y = af(p). 
Differentiate with respect to x: 
: dx _ f'(p)dp 
x p— fey’ 


which may be integrated. 


8.060 Clairaut’s differential equation: 


I. , y= Pie: (p), 
the solution is: 

y = cx + fle). 
The singular solution is obtained by eliminating p between (1) and 
2. x+f'(p) =0. 
8.061 The equation 
I. y = «f(p) + O(P). 
The solution is that of the linear equation of the first order: 

, / 

2. dx S[@ ou gb’ (p) 


Op: D MIO) peer 
which may be solved by 8.002. Eliminating p between (1) and the solution of 
(2) gives the solution of the given equation. 


DIFFERENTIAL EQUATIONS 167 


8.062 The equation: ; 
xb(p) + yh(b) = x(0), 


may be reduced to 8.061 by dividing by w/(f). 


DIFFERENTIAL EQUATIONS OF AN ORDER HIGHER THAN THE FIRST 


8.100 Linear equations with constant coefficients. General form: 


ee ew wt aay = V te). 


The complete solution consists of the sum of : 


(a) The complementary function, obtained by solving the equation with 
V(x) = 0, and containing m arbitrary constants, and 


(b) The particular integral, with no arbitrary constants. 


8.101 The complementary function. Assume y=e”*. The equation for 
determining ) is: 
Ae 4 NO? Fe ah Ee ok + dn = 0. 


8.102 If the roots of 8.101 are all real and distinct the complementary function 
is: 
y = cyeM® + me 4+... + cnedn®, 


8.103 For a pair of complex roots: 
M+, 
the corresponding terms in the complementary function are: 


e%*(4 cos vx + B cos vx) = Ce#* cos (vx — 8) = Ce#* sin (vx + 8), 
where 


C=VP+B, and =2- 


8.104 If there are rv equal real roots the terms in the complementary function 
corresponding to them are: 


e=(A, + Aox + A3x? eee Aart. 
where J is the repeated root, and Ay, As,..... ,A,are ther arbitrary constants. 


8.105 If there are m equal pairs of complex roots the terms in the complementary 
function corresponding to them are: 


eM ={(A, + Aox + Agx? +... . + Amx™—!) cos vx 
+ (B, + Box + By? +... .4+ Bnx”) sin ve} 
= e#2{C, cos (vx — 0,) + Cox cos (vx — 0.) +..... + Cnx™—! cos (vx — Om)} 


= e##1C, sin (vx + 0:) + Cox sin (ve + 02) +..... + Cmx" sin (vx + On)} 
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where \ + iu is the repeated root and 


C, = VA? + Br, 


The particular integral. 
E 
ax ET a i ee 


‘The differential equation 8.100 may be written: | 


8.110 The operator D stands for =, D? for 


(D*® + a4, D1 + aD»? +..... + an)y = f(D)y = V(x) 
V («) 
~ f(y 
IO) =D = a) (DD = Aa er eae, (D —X,), 
WURIERE CAG Na note as , An are determined as in 8.101. The particular integral is 


8.111 iD may be resolved into partial fractions: 
M 


I Ne 
(Do DONS Dao eee, 
The particular integral is: 
y = Nye fervands + Mae= f eV (x)ax 2 ie ograae 
+ Nnern” rE en ®V (x) dx. 


THE PARTICULAR INTEGRAL IN SPECIAL CASES 
8.120 V(x) = const. =, 
8 da ae 
8.121 V(x) is a rational integral function of « of the mth degree. Expand 
FD) in ascending powers of D, ending with D”. Apply the operators D, D*, 


eee. , D™ to each term of V(«) separately and the particular integral will be 
the sum of the results of these operations. 


=n 
tae ae 


<e ex 


a 


£ 
haee uC Lier 
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8.122 V (x) = ce**, 


y= ar eke 
ji) eee 
unless & is a root of f(D) =o. If & is a multiple root of order r of f(D) =o 


. cxtek 
by 
where 
f(D) = (D— ky W(). 
8.123 V(x) = c cos (kx + Q). 
If ik is not a root of f(D) =o the particular integral is the real part of 
—o__ gikxta). 
f(ik) 


If ik is a multiple root of order 7 of f(D) = o the particular integral is the real 


part of 
cur ei(k +a) 


FOR)’ 
where f(ik) is obtained by taking the rth derivative of f(D) with respect to D, 
and substituting ik for D. | 


8.124 — V(x) =csin (kx + @). 
If ik is not a root of f(D) =o the particular integral is the real part of 
Ta 1C eilkx+a) 
(ik) 


If ik is a multiple root of order 7 of f(D) =o the particular integral is the real 
part of 


as tcx’ ek r+a) 
fOGR) 
8.125 V(x) = ce®*-X, 
where X is any function of x. 
I 
Eee bog PUNE Preteen ey 
y= ce 7D+ a 


If X is a rational integral function of x this may be evaluated by the method 
of 8.121. 


8.126 V(x) = c cos (kx + a)-X, 


where X is any function of x. The particular integral is the real part of 
ilk x+at) oe taceeeaae . 
| oo {OL 
8.127 V(x) =c sin (kx + a)-X. 


The particular integral is the real part of 
I 


ig pt ey} gee ence oe 
1ce j@+ ib) As 
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8.128 V (x) = ce®* cos (kx + a). 
If (6 + 2k) is not a root of f(D) = o the particular integral is the real part of 


ttkete) 2 Be 
FB + ib ° 
If (8 + 2k) is a multiple root of order r of f(D) = 0 the particular integral is 


the real part of 
: ceilktt+a) yr eB t 


FOB + ih)’ 
where f (6+ 72k) is formed as in 8.123. 


8.129 = ce® sin (kx + @). 
If (6 + ik) is not a root of f : = o the particular nteeean is the real part of 
— 1ceket+@)e Bx 


f( + tk) 


If (8 + 7k) is a multiple root of order r of f(D) = 0 the particular integral is the 
real part of 


— iceilke+a) ro Bx 


f(B + tk) 


8.100... Ve), = re 
where X is any function of x. 


\y mlm — 1) m—2 | E crea 
y= a" oy Dip j*t— ar * | dD ae if 


The series must be extended to the (m+ 1)th term. 


— X + mx"! {a5 


8.200 Homogeneous linear equations. General form: 


yi ae dy 
x" en + ait Secan tees +t On at 7 + any = V(x). 
Denote the operator: 
pd = 6 
de ge 
une O10 a 1G a) ae (0—-m+1). 
The differential equation may be written: 
F(6)-y = V(x). 


The complete solution is the sum of the complementary function, obtained by 
solving the equation with V(x) = o, and the particular integral. 
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8.201 The complementary function. 


Pm Cie bh ce el. + cnx, 
ee Ae Ae. , An are the m roots of 
F(X) =0 


if the roots are all distinct. 


If d; is a multiple root of order r, the corresponding terms in the comple- 
mentary function are: 


at {b1 + be log x + b3 (log x)? +... . +b, (log «3, 


If \ = w+ i is a pair of complex roots, of order 7, the corresponding terms 
in the complementary function are: 


«¥{[A,+ Ae log « + A; (log x)? +... .+ A, (log x)"-"] cos (v log x) 
+ [B, + B, log x + Bs (log x)? +... .+ B,(log «)’-"] sin (v log x)}. 


8.202 The particular integral. 


If 
F(6) = (0-2) (8@—- A)... Ce ae 


y = 4 ae ahi] dy a grr Nel dg Sis i adn Anal Y (x) dx, 


8.203 The operator a) may be resolved into partial fractions: 


sé i N, af Ne vs Bo oN mae 
FO). 8— >; —- ae ee: SOR ee GA 
y = Nyx™ f a—h—-1V (x)da + Nox if a’-1V (x) dx 
ae + Nam fx -V (addr. 


The particular integral in special cases. 


8.210 V (x) = cx*, 
eal 
a I 


unless k is a root of F(@) =o. 
If k is a multiple root of order 7 of F(8) =o. 
6 (log x)’ 
FO(R) ” 
where F“)(k) is obtained by taking the rth derivative of F(@) with respect to 0 
and after differentiation substituting k for 6. 
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8.211 V (x)= cx®X, 
where X is any function of x. es I 
a OD 


8.220 T differential sess 


gal dy 
ae a Gia es + (a+ bx) ana Se aot any = V(x), 
may be oe to the homogeneous linear equation (8.200) “ the es of 
variable 


(a+ bx) ae ~ + (a + bx)" : 


z=a+bx. 
It may be reduced to a linear equation with constant coefficients by the 


change of variable: 
® Ag = a4 + bx. 


8.230 The general linear equation. General form: 


d"y ory dy 
Po Ta ne it Pre +Pr= V, 
WACLO GE gad ig uo 9 , Pn, V are functions of « only. 


The complete solution is the sum of: 

(a) The complementary function, which is the general solution of the equation 
with V = 0, and containing m arbitrary constants, and 

(b) The particular integral. ‘ 


8.231 Complementary Function. If yy, y2,.... , Yn are 2 independent solu- 
tions of 8.280 with V = o, the complementary function is 


b Ae asi C11 — C22 cs ge RCT + CnVn 
The conditions that yy, y2,...., Yn be m independent solutions is that the 
determinant A + o. 

yao dry, d"yp d™y,, 

Fae ek Gee Ce i pee 

dey), dN Yin 

Ark. ee eee 

dy, dp dyn 

dx dx dx 

y1 2 eg Bee 
When A+o: 
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n—1 
8.232 The particular integral. If A; is the minor of : = in A, the par- 
S eh hells 
ticular integral is: a 
Hee Bae VAs VA 
yer f px dr ty: PAT tos PA 
8.233 If y, is one integral of the equation 8.230 with v = o, the substitution 
fag de 
i yi, hi dx 


will result in a linear equation of order m — 1. 


meee 4) Vi, Vag ee , Vn-1 are m — 1 independent integrals of 8.230 with 


V =o the complete solution is: 
L eramaat § Ls ours 


. A _ Pr dy 
y= Dy cow + on Dy 9k ae 1m dx 
Rot k 


=1. 


where A is the determinant: 


A aes a", d”" Vo 1 igri Pee 
adx"—2 dx"-2 hc ae dx"? 
d™—3y, d” 3 d™—3y, 4 
en eee Se 
dy. Oa dYn—1 
aS 2 eee ae 
V1 cag OO hn ee a eae VYn—-1 

; : arya 
and A; is the minor of ja Pee 


SYMBOLIC METHODS 
8.240 Denote the operators: 


d 

Fig D 

d 

x = = 6. 
8.241 If X is a function of «x: 

ae (D —m)1X = ome fom? Xdx, 
2. (D — m) 0 = ce™*. 
‘, (0 —m)2X = x™ from Xdx. 


es (9 — m)-0 = cx™. 
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8.242 If F(D) is a polynomial in D, 


x. F(D)e™* = e™*F (m). 
2. F(D)em*X = e™*F(D + m)X. 
Ss em*F(D)X = F(D — m)e™*X, 


8.243 If F(@) is a polynomial in 6, 


te, F(O0)x” = x™F(m). 

2. F(O)a"X = x™F (0 + m)X. 

ca a”"F(0)X = F(O — m)x™X. 

8.244 amo = fi ie Cg oe 


INTEGRATION IN SERIES 


8.250 If a linear differential equation can be expressed in the symbolic form: 


[an F (8) + f(8)] y= ©, 
where /'(@) and f() are polynomials in 6, the substitution, 


[oe) 
= > . rc 
Ses AnxP eit 


N.=0 


leads to the equations, 
dof (p) = 0, 


aoF(p) + a f(p + m) = 0, 
aF (p + m) + a f(p + 2m) = 0, 
a2F(p + 2m) + a3 f(p + 3m) =o. 


8.251 The equation 
7. (p) sabi 


is the “indicial equation.”’ If it is satisfied ay may be chosen arbitrarily, and the 
other coefficients are then determined. , 


8.252 An equation: 
qd™ 
70) + 46) | y <0, 
may be reduced to the form 8.250, where, 
f(8) = (6 — m) (0-1) (8—2)..... (0—-m+1). 


If the degree of the polynomial / is greater than that of F the series always con- 
verges; if the degree of / is less than that of F the series always diverges. 
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ORDINARY DIFFERENTIAL EQUATIONS OF SPECIAL TYPES 


8.300 


where X is a function of x only. 
I * ss pres pee : 
2 Bea. (x —t)*"! Tat + cyx® + cox® 2 +o Cnn B+ Cn, 
where J is the same function of ¢ that X is of x. 
8.301 


where Y is a function of y only. 
If 


W(y) =2 if Ydy, 


dv . 
Iw Tw a 


the solution is: 


8.302 
d”y ay 
dx < (i=) 
Put 
Ce oo ey 
dyn) < dx SY) 
%+ 4 = Tee V(Y), 
a b(x af C1), 
a”: 


—— =o (« + C1), 


and this equation may be solved by 8.300. 
Or the equation can be solved: 


dY dY VdY 
AE I AEOR alae eee i F(Yy’ 
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where the integration is to be carried out from right to left and an arbitrary 
constant added after each integration. Eliminating Y between this result and 


Y = $(x+ a1) 
gives the solution. 


8.303 


ay 7 (t=) 
dx” “ = ‘ 
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Put 
ae 


dg ¥ 
d?V 
dx2 =F 4 ), 
which may be solved by 8.301. If the solution can be expressed: 
Y= p(x), 
n — 2 integrations will solve the given differential equation. 


Or putting 


¥(y) = 2 f'Y ay, 


av dV Y dY 
ae hee poms tas AU anette « tice: Ae) i 


where the integration is to be carried out from right to left and an arbitrary 
constant added after each integration. The solution of the given differential 
equation is obtained by elimination between this result and 


Y = (2). 


8.304 Differential equations of the second order in which the independent 
variable does not appear. General type: 


dy 2) > 
F(s, dx’ de} — 


dy dp ey 


"de Pay” at 


A differential equation of the first order results: 
dp 
F(Z) =o 


If the solution of this equation is: 


p = f(y), 


the solution of the given equation is, 


Put 


Bee ee 
tL ae 


8.305 Differential equations of the second order in which the dependent variable 
does not appear. General type: 


Put 
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A differential equation of the first order results: 


d 
F (x, p, ) = 0. 
If the solution of this equation is: 
b = f(x), 
the solution of the given equation is: 


y= + S f(«)dx. 


8.306 Equations of an order higher than the second in which either the inde- 
pendent or the dependent variable does not appear. The substitution: 

dy 

dx = 2; 
as in 8.304 and 8.305 will result in an equation of an order less by unity than the 
given equation. 


8.307 Homogeneous differential equations. If y is assumed to be of dimensions 


; ; d a ; 
m, x of dimensions 1, a of dimensions (n — 1), = of dimensions (z — 2), 


eee as then if every term has the same dimensions the equation is homogeneous. 
If the independent variable is changed to @ and the dependent variable changed 
to z by the relations, | 
| x=, y=zer9, 
the resulting equation will be one in which the independent variable does not 
appear and its order can be lowered by unity by 8.306. 
2 

ity, in = . . .. are assumed all to be of the same dimensions, and the 

equation is homogeneous, the substitution: 


y= efudz 


will result in an equation in uw and x of an order less by unity than the given 
equation. 


8.310 Exact differential equations. A linear differential equation: 


dry dry dy 
Pawn tPrigit:..- +e +Po= P, 
were Pe Pi ss P,, are functions of x is exact if: 
Of Pes ea) 3 ae 
sae = ae tone alee oe + (—1) me = 0. 
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The first integral is: 


qd q"—2 : 
Ong it Oni a + eis +Qy= [Pdvta, 
where, 3 
Qn its Py, 
oe ade 
Gs oo Fad are “dx? 
: TS a aa | Oat 
Qn-2 = Pro —- dx oH dx’ 
dP», d?P3 a4 dP, 
te Fae + ae Se 


If the first integral is an exact differential equation the process may be con- 
tinued as long as the coefficients of each successive integral satisfy the condition 
of integrability. 


8.311 Non-linear differential equations. A non-linear differential equation of 
the nth order: 


ay dey dy 
ey Base 
to be exact must contain os in the first degree only. Put 
= Ese 


dent ¥? dan dx 
Integrate the equation on the assumption that p is the only variable and 


en 
oe its differential coefficient. Let the result be Vi. In V dx — dV,, o is 
the highest differential coefficient and it occurs in the first degree only. Repeat 
this process as often as may be necessary and the first integral of the exact dif- 
ferential equation will be 
Vi oo Vo he or gs eae = ¢C. 


If this process breaks down owing to the appearance of the highest differential 
coefficient in a higher degree than the first the given differential equation was 
not exact. 
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8.312 General condition for an exact differential equation. Write: 


ETD ARE 60 alas 
—_—_ =— —- = | = n) 
lg Bo a A ee FT gal ai 
In order that the differential equation: 

Vie Vee Ne Gs nl) = 0, 


be exact it is necessary and sufficient that 


or - 2 (5) +5(F)- +(-)" 5 (55) = 
dy ax \dy')' da2\ay") 1 aan \aym) ~ © 


8.400 Linear differential equations of the second order. 


General form: 
dy dy io 
dx te dx Oe 


where P, Q, R are, in general, functions of x. 


8.401 If a solution of the equation with R = o: 
t Tiaet 
can be found, the complete solution of the given differential equation is: 


dx dx 
y = ow + caw f eS Pe —+ w f ens? — | wRef Pas dx. 
Ww Ww 
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8.402 The general linear differential equation of the second order may be 


reduced to the form: 


d*v 
_——— I= 3S Pdx 
qe t ft Re : 
where: y = ve tS Pde, 
1 4P 31 
ee re 


8.403 The differential equation: 
2. 

3 +P 2 + Oy =0, 

by the change of independent variable to 
g= fe-SPd dy, 
becomes: dy 
dz” 

By the change of independent variable. 

dz = Oce/?4 dx, 


af Det Pax ses ae 


it becomes: 


EAU a} 128 
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8.404 Resolution of the operator. The differential equation: 


dy | dy 3 
Pane gt Oe 
may sometimes be solved by resolving the operator, 


a can 5 


dx? dx 
into the product, 
d d 
? dx Td Ae dx ant 
The solution of the differential equation reduces to the solution of 
yo oy eee 
r+ sy = ce S pe. 
The equations for determining #, 7, g, s are: 
pr=4, 


dr 
Ss Ua a A a 


8.410 Variation of parameters. The complete solution of the differential 
equation: 
dy 
dx? 


+P2 


+ Oy = R, 
is 
aay oy S* pax \ 
y = Cfalx) +afi(x) +a J RE fala) fil&) — fala) fo(&) (a 
where fi(«) and f(a“) are two particular solutions of the differential equation 
with R = 0, and are therefore connected by the relation 


— Pdx 
dy é F 


C is an absolute constant depending upon the forms of f; and fe and may be 
taken as unity. 


8.500 The differential oe 


(a2 + byx) 3+ (a + nx) 2 ws (ao + box)y = 0. 


8.501 Let ; 
aa (aoby om abo) (aybe ee ab) as (adobe — aobo)?. 
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Special cases. 
8.502 be se by = bo = 0. 
The solution is: 
| yy = ce™* + coe, 
where: 
A ms — Aa ++/a; oon 402 
de 2d 


8.503 D=o0, bh =0, 
y= erdx | oe aa f cornea | R 


where: 


8.504 D=o0, bo: 


y=e a+ af ahs. a bande} 


where 


and X is the common root of: 
dad? + aA + do = 9, 
bd? + bX +- bo = O. 


8.505 D+o,h=h=0. If 7 =/(§) is the complete solution of: 


d’n 
dg + &1 = © 
a+ Bx 
y~ Os (7 
where 
yatta at gb ym. 
422 a 2d2 


8.510 The differential equation 8.500 under the condition D+ o can always 
be reduced to the form: 


gTE 4 (pt atb Get Pb =o. 


8.511 Denote the complete solution of 8.510: 
pb = Fig}. 


y = cdetutre)t Ffo(u + vx)¥, 


ay ay — 4A (322) 
aa M => <a". 5 
gbo 


8.512 b =b,=0: 
where: 


2 
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8.513 ob =0, bh: $o: 
y =e FY sae al 


20, 
where: 
bo ayb; — 2a2b) oh 
pep 5 dob, Rie 
_ 2b — ayhob: + ab? 
i 2b,3 ) 
“ey gee 
7 > - p. 
bP 
8. 514 be Pe O, by = ia: 
2 
y= eretV uty F\2Vu a vic}, 
where: | 
ae as bh paar 4Qqb—? — 2a;b,bo + dob? 
= 2b,’ een te bo4 ? 
4 40 obo? — 20;b,b2 + ard; 
oe b,3 ) 
Qybo — dob, 1 
GR a 


S55 he 6 he “t 


2 
ae f Bi (a + Box) 
y= e a) Be ; | 
where Q2 = do, Bo = be, B, = 2b. +b; and 2X is one of the roots of 
bod2 + ON + bo = 0. 


da? + aid + ao ; abe — aed, 
2 . i ees 


p a: 2bor oa bi be? 


8.520 The solution of 8.510 will be denoted: 
= F(p, q, §). 
F(p, q, £) = e+ F(q, p, — &). 
F(p, 9, — £) = & F(q, 2, &) 
F(q, p, &) =e F(p, q, — 8). 
F(p, ¢, &) = -?-* F(1 — g, 1 — #, &). 
FC $,~ @ §) = SF PUY toys ae DPE). 


F(p + m, q, &) = i ~ F(p, q, é). 


7. FG oe a, Bale pe Tip ere ‘ 5}. 


eS 


ae GP Ney th a a 
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8.521 The function F (9, g, &) can always be found if it is known for positive 
proper fractional values of p and g. 
8.522 and q positive improper fractions: 
p=mt+r, gents 
where m and n are positive integers and r and s ek Ais proper fractions. 


F(m+r,n +5, §) - ("net Fi Fra a eFC 5,8} |. 


8.523 and gq both ee 
; 7 —(m—1+7) ee (n—1+5), 
F(—m+ I —f,—-nN+ | ate S £) = (- 18 i asides ein ak are { é r(s,1,8)} } 
8.524 positive, g negative: 
foe g=-n-+S, 


F(m+r, —n+5, §) = dem a | esi ses Fiz — si —, |: 


8.525 p negative, q positive: 
PHM ETE BTSs 


F(-m+r,n+s, §) = (- ryote et | Emir a 


on EPO s, If, p} |. 


8.530 If either p or q is zero the relation D = 0 is satisfied and the complete 
solution of the differential equation is given in 8.502, 3. 


8.531 If p =m, a positive integer: 
q™—} ya a qm aden ' 
b= Fim 0,9 = dos [fet f teat] +a eee] 
8.532 If p =m, a positive integer and both g and & are positive: 
ob = F(m, gq, &) = af u(r — ute du + cet f (i + um ys e-& du, 
8.533 If g =n, a positive integer: 
b= Fen, - oct Slee fete tat] + art ies | E ret) 
8.534 If g =n, a positive integer and both p and & are positive: 
o = F(p, n, &) = af ws — u)"— e*" du + ct [i + 4)? yn e—* du. 
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8.540 The general solution of equation 8.510 may be written: 
oy) = F(p, q, é) = aM + oN, 


poo 


M - f wrG — u)te-*"dy LS oe 
N= - “(a + u) Py tteS4) dy ees 

wy lL Ol@ | (cb Se PerD S 20+ 0G 5 ae } 

pie tes a ee $ais° AS +1) ol: sls. SS a) al eS. 

S=pPrT4, 
Tes CeO ee NO Bag tae 
ie nee ile 2 IE: Se ey na 
ey Zee 96 oa RS gee te Cree eee OIC DEC ke a Sapte (¢+n-— 2) 
(n— 1) ler | 

OD Ge 2) sete O-— Mag + NO 2). OF Ha), 
niger if 


where 0 < p <1 and the real part of & is positive. 


THE COMPLETE SOLUTION OF EQUATION 8.510 IN SPECIAL CASES 


8.550 p>o, g>o, real part of E>o: 

F(p, 9, §) =a is wP(r — u)teS"du + ce us (x + 2)? 9 1e-*du, 
8.551 p>o, g>o, E<o: 

F(p, q; £) a5 af wG a u) q—le—Eudy a a f “uc + u) q—lptu dy, 
8.552 p<o, g<o, E>o0: 

F (p,q, ) = §-?-9 {a fC —u)-Punne Sedu cet ff uP (x +1) tera | . 
8.553 p<o, g<o, E<o: 

Hip, ¢, b)= gore fc (r ms u)~ Pye du + C2 “(1 + u)-ru-sert au | ‘ 


° 


8.554 p>o, g<o 


p=m-4+yr, where m is a positive integer and r a proper fraction. 


Fm +1448 = 41 Be 1, 1-4 Ot, 


Se 
Sa alte 


hee hack 
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E>o: F(r —17r, 1-4 q, &) = a fw — u)—%e-*" du 
+ cet [°C + u)u-%e-*" du, 

E<o: Far, - 4, £) = a fw — u)~%e*"du 
+ a fw + u)~%"du. _ 


8.555 p<o, g>o, 


g =n-+5, where ” is a positive integer and s a proper fraction. 


F(p, n +S, £) rg eWs ail eee F (1 — 5,1 — p, é) } 


E>o0: F(z —s,1 — p, §) = a fw — u)~ Pes" du 


+ cet ye (x + u)~*u-Pe-*" du, 


E<o: F(r1—s,1-—,§) = a [wc — u)-Pe-& du 
+ af u-*(r + u)~Pei“du. 


8.556 & pure imaginary: 
p=r, q7=5, where r and s are positive proper fractions. 
r+s1: 
F(r,s,)} =a f ‘wr — u)*e-*" du 


- gl vi u-*(1 — u)e-*" du. 
r+s=1: 


F(r, s, &) =a of ‘w(t — u)s 6" du 
+ C2 if ‘w(t — u)*—e-*" log £u(1 — u) du. 


t 
8.600 The differential equation: 


d*y 
* de 
is satisfied by the confluent hypergeometric function. The complete solution is: 


y= aM (a, Y; x) + cox!—Y M (ao ey as at es x) i M(a, Y x), 


dy iz 
(= eae ay 0 
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ne (a+x) a?) a(ats)(a+2) 
ax ala+1)x? alat+1)(a+2) x 
Ma, 7,2) = 24> -4+—-—— “7 
Cagis Tayi y(y4n al? vyt D7 +2) 3! 
The series is absolutely and uniformly convergent for all real and complex values 
of a, Y, x, except when y is a negative integer or zero. 


When y is a positive integer the complete solution of the differential 
equation is: 


| { (2 ee 
y= {atalgs| M(a, 7,3) +0 ig er 1 
2 ‘ 
+See ee T oe + -1-}) 
WY +1) 2! at Sy oy et 2 
4 eee Sree ea eer, As 19 
viy+u(y¥t+2)3!\a attri at+2 y Yt Y¥+2 He 


8.601 For large values of x the following asymptotic expansion may be used: 
M(qQ, Y, *) 


me UGIs a aye {x a(a—y+r) 1, a(att)(a- VEIN OS VF es | | 
 P(y=a) Paes yee - . 


RY) eel Oy a Uae) (2-@) (y-a) (Y-a41) 1 | 
I'(a ae ee I on 2! eee 


ob 


8.61 

‘I. M(a, vs i a e* M(y- a, Y; —x). 

2. x2-YM(a-y+1,2-Yy, x) =e%'1M(1-—a, 2-Yy, —%). 

3. Ma +1, Cae ve F x) = M(a+1, Y) x) — M(a, Y> Hy. 

4. aM (a+1, y¥+1, 4) =(a—-y)M(a, ¥ +1, x) + YM (a, 7; 4). 

5. (a+ «)M(a+1, ¥+1,%) = (a— y)M(a, ¥+1,%) + YM(a +1, 7, 2). 

6. ayM (a+ I, Y; x) ne y(a + x)M (a, Y> x) ny a(y on a)M(a, art, x). 

7, AM(a+1, Y, x) = («+ 2a- y)M(a, y, x) + (y-a@)M(a—-1, ¥, 2). 
ft brea 

8. 


“«M (a, y +1,%) = (e+ y—-1)M(a,7,%) + @- YM (a, Y-1, 9). 


8.62 


d a 
t. 7x MA y; t) = Mla +1, y +1, x). 


; (- a) fia, yi aire @ i 
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SPECIAL DIFFERENTIAL EQUATIONS AND THEIR SOLUTIONS IN TERMS OF M(aq, ¥, x) 
8.630 


dy 
4 2(p + qx) 2+ | dai + PP — gi? + agx(p + am) | y = 


y = eptame (a, : —q(x% - m)*), 


8.631 
tt (ns2)he (p-eei(oren 
y = et) Mi (a, y, 2tx). 
8.632 
d’y 
3+ 20h + qx) 2 + fatele—4a) + P+ ax? ee mi} y =o, 
y sees e~Pt—240°—3c(x—m)? M (a. . c(x om m)?) sf 
8.633 
ay \2 f s z( . \ oar 
wat (e+! Aap a dan pa-+t-2a) +,(y -a)(2-4-7) (oe 
ah Se 
y=e(rtizy 2 M (a, Y, 20x). 
8.634 
dy 2y¥ - 
oy 4) 18 cat 2(0- ox } 2 
xe { Sr = 3 + (a@ + 2by — 4ac) + 2a(b — c)x + O(b — roe} m0, 
ya ee Hla, 7, co) 
8.635 
d’y dy 


rr eae (apa + qr —r +1) 2 


+3 (eer + rly + at - 2ae +2 -@-4-1) }y- 


(p+?) r 
EE IS EE Loe Oe atx" 
y =€ r. C “ed M (a, 2 r ) 


8.640 Tables and graphs of the function M(a, y, «) are given by Webb and 
Airey (Phil. Mag. 36, p. 129, 1918) for getting approximate numerical solu- 
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tions of any of these differential equations. The range in x is 1 to 10; in 
a, +0.5 to +4.0 and —o.5 to —3.0; in y, 1 to 7. For negative values of x the 
equations of 8.61 may be used. : 


SPECIAL DIFFERENTIAL EQUATIONS 


8.700 
“3 + n’y = X(x) 


where X(x) is any function of x. The complete solution is: 


y = Gye" + Coe—™™ 4 ff x@ sinh n(a — &) dé. 


8.701 
d’y d 
<3 + Ko + ny = X(2). 
The complete solution, satisfying the conditions: 
w= 0 nase 5” 
d 
x =0 2 =, 
y = ee yo! sin o 2 + Vo (cos n'x + a sin n's) | 
+ = f ete) sin n’ (x — £)X (E) dé, 
2 
' where n' = V/n? _<. 
4 
8.702 
+) 2 + ate) (2 *y =o, 
eS f(x)dx dx 
k Aus S eS I@4 o(x) dx + C1 + Ca 
8.703 | : 
d’y 
eS flu)dy dy 
oS dy of eT Twi g(yy dyyi + 
8.704 


Tat so) + (ZB) =o 


eS au)dy dy 
hes S ef g(y)dy f (y) dy 


+ Ce. 
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8.705 
dv 
Tate) 2+ 80)(2) =o, 
a (y)dy dy = OS e~S fade dx a C2. 
8.706 
“3 + (a+ bx) 2 et abxy =o. 
y= Bed (5 fe cof ¢2%—t ot dz} - 
8.707 | ) 
73+ (a+ bx) 2 * + aby = 0, 
y = gach, +6 {xe dx}: 
8.708 


1. (a — 1)?> 4b; A= : /(a—1)?— 4b 


G5 


you 2 {0 + cox A>}- 


2. (a — 1)?<4b: =< V4b = CER, 


y= aera cos (A log x) + c sin (A log x)}- 


(a — 1)? = 4b 
y=x 2 (4 + logx). 
8.709 
dy dy C8 As us 
73 + be a + (a + bx? y =0. 
I. a<b, A= Vb ort My 
bx? 
y =e 2 (ce + coe), 
a>b, A= vVa-3, 
bx? 
y =e 2(c cos Ax + @ sin Az). 
8.710 
pte) © - (a + bx) B + by =o, 
a+ bx 
—— dx = X, 
f(x) 


y= a(atbs) +0) (a + bx) Fok de}. 
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8.711 
(@? — nt) & 3+ a(u— se — wu vy =o, 


5 awe grease (O=eSab 


8.712 
2 Oy, oe 
dat x dx | BY ye 
r f a 
Dia | 1 COS Mar + cy sin pa + og ; 
8.713 
d*y d*y d’y dy 
Gat 2d gato qat 2g tu =o, 


y = cye~P1*{ 9, sin (Wx + Qi) + a Cos (Wx + Q1)} 


+ coe—P?*{ po sin (Worx + Qe) + We Cos (Wax + a2)}, 
where: 


402 =st+co—20@+4 2/2 —4a-— 2dV2—c4+2@, 
sid ton 2d — /pogg yp haves e em 
2p1.=d+V2—c+2@, 
oh-d—~ Veet, 
and z is a root of 
2° — cz? — a(a — bd)z + 4(ac — ad? — Bb?) = o. 
(Kiebitz, Ann. d. Physik, 40, p. 138, 1913) 


IX. DIFFERENTIAL EQUATIONS 
(continued ) 


9.00 Legendre’s Equation: ge 
a? d 
(1 — a) 75 — an 7 + n(n + Dy = 0, 


9.001 If ~ is a positive integer one solution is the Legendre polynomial, or 
Zonal Harmonic, P,(x): 


ee (2n)! ae n(n — 1) meer a n(n — 1)(n — 2)(n— ee 
‘ a(n? | *2(an — 1) 2-4: (2m — 1)(2n— 3) mide 
9.002 If x is even the last term in the finite series in the brackets is: 


ae 


ion 


9.003 If 2 is odd the last term in the brackets is: 


1 (wa - 9)! 
(8G =) 1)? (en =a)" 


9.010 If ~ is a positive integer a second solution of Legendre’s Equation is the 
infinite series: 
On( ) = _2%(ni)?. [ aa (nt) ats (n + T) (n ug 2) y—(nt3) 


~ (an+1)!\ 2(2n + 3) 
_ H+ dmt 2) (n+ 3) +4) tots 4g. . .\. 
2:4+(2n + 3)(2n + 5) 
9.011 
l 
P2,(cos 8) = (1) | sin?” 9 — sur sin?” @ cos? 8 
2 “h EAS 252 
+....+(—1)" Ue at oat Seale cost | . 
9.012 
Pony (cos @) = (yee sin?” 8 cos 8 — oe sin?”-2 @ cos® 0 


(2n)?(on — 2)?... 
(21 +1)! 
(Brodetsky: Mess. of Math. 42, p. 65, 1912) 


IQI 


252 
Boca + jy de costtig } 
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9.02 Recurrence formulae for P(x): 


:. (n+ 1)Pyi t+ Pra = (20+ 1)"Po. 
OP aay: GPa 
2. (2n + 1)P, = i ae 
PP APS 
2: (n+ 1)Pa = een ae 
OP ee ar ay 
ip ; Jeol Sane dx ax 
14 eo 
5. (1 — x?) eae (n + 1) ("Pn — Pry). 
ahs 
6. (1 — x?) ee n(Pr—i — xPp). 
» aP, 
if (2n + 1)(1 — x?) = n(n + 1) (Pri — Pas). 


dx 


9.028 Recurrence formulae for Q,,(~). These are the same as those for P,(x). 


9.030 Special Values. 
Po(x) = 1, 
P,(x) = x, 
Po(x) = 3(3%7 — 1), 
P3(x) = (5x? — 3x), 
P4(x) = §(35%* — 30x + 3), 
P5(x) = 3(63x° — 7ox* + 15x), 
P(x) = pg (23148 — 31544 + 105%? — 5), 
P7(x) = Ye (42Qx" — 6934° + 315% — 354), 
Ps(x) = zh5 (643528 — 12012%° + 6930x4 — 12602? + 35). 


9.031 
ats “+1 
Qo (x) om Pel SPR 
oe: aR 
Ox(x) = x log -— =e Ms 


5 x+I 
Q2(x) = 5 P(x) log ~ nee 2 @, 


ptt 3.8. 2. | 
fe 52 3 


Qs(x) = =Pa(2) log 


SE a Re 
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9.032 
oe Ge — 1) 
“4° é. . hn 


Pry(o) = (-1)" ES 


Prn41(0) 0; 
F(t) = 2, 
P,(—«) = (—1)"Pa(a). 


9.0383 If z=r cos8@: 


oP alos 9) Pages t : P,(cos 8)Pn(cos 8) — Pn4i(cos 6) 
_ mnt) | 
Pare} P,»-1(cos 6) 
9.034 Rodrigues’ Formula: 
d” 
P,(x) = ent dx” (x? nas bag 


9.035 If z=r cos@: 


P, (cos 6) = $<" an © (:) 


9.0386 If m<n: 


P»(x)P n(x) = 


- Aesth Ans (= +2m—4k+1 


4 Anin-t an + 2m — 2k+1 
=0 


where: 


aeons poe es kOe XY 


r! 


MEHLER’S INTEGRALS 
9.040 For all values of a: 


rete 2 (9 cos (n + a)bdh 


o V2(cos d — cos 8) 


9.041 If is a positive integer: 


Ne A bs sin (n + 3)odh 
P,,(cos @) af V2(cos @ — cos $) 


LAPLACE’S INTEGRALS, FOR ALL VALUES OF % 


9.042 
P,,(x) -2 fist /x2 — 1 cos h}" dd. 


mr dp 
Qn(x) = a {x + »/x2 — 1 cosh p}"*? 


9.043 
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— Pnii(cos @) | . 


\Pntn-s: (1) 
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INTEGRAL PROPERTIES 


9.044 
+1 
a Pun(x) P(x) dx =oif me n 
4 
s 2 . 
evar if m =n. 
9.045 


(m—n)(m+n+ 1) f Pal) Pale) dx 


= 31 PmL(m + 1) Pap — Pra] — Pal(m + 1)Pmy — mPmal}: 
9.046 
(2n + df P,2(x) dx = 1 —xP,2 — ax(P2P+ Pe +... .+ Pa’) 
+ 2(PiPat PePs+ ess et Pale 


EXPANSIONS IN LEGENDRE FUNCTIONS 


9.050 Neumann’s expansion: 


foe) 


f@) = DijoePa(2), 


n=9O0 


oss AL "K(@)Pa(a) da, 


ay +1 
= a we f(x): (1 — x7)” dx. 


ny | 


9.051 Any polynomial in « may be expressed as a series of Legendre’s poly- 
nomials. If f,(x) is a polynomial of degree n: 


ful) = DyaxPr(2), 
k=o 


2k+1 
2 


ay = 


TOR te 


SPECIAL EXPANSIONS IN LEGENDRE FUNCTIONS 


9.060 For all positive real values of n: 


I. cosn@ = — a = | P,(cos 6) + —2—~ a at 3 Pa(cos 0) 
gn? (n® — 2°) I — cos nm { 
+ oe DGD Pileos 0—) Fs 5% ee GF 2) | 3P1(cos 8) 


aw — 1) Tile 1%) (4? — 37) | 
+g ae ee s 8) -+ PR: (n? = 62) P;(cos 0) > we ae 
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2. sinn@ = — : Tea { Po(cos 0) + Ceo P2(cos @) 
gn?(n? — 2?) I sin nr 
+ Ge — 3) GP — 8) P,(cos #) +. | 3 ie Weoe) 3Pi(cos @) 


11(m? — 17) (n? — 


100 ~ 1) 
‘ Pa(cos 2) + “at — a) (nF — @) 


(n? — 4’) 
9.061 If x is a positive integer: 


Uy Mere) oes Ke }. 


I age 
Selene 
n* — (n+ 1) 
+ (2n — 3) ro Gee P,-2(cos 0) 
; Ln? — (w+ 1)*] Le? — (nw — 1)7] | 
ee? in ma) La aay ewes) +. « 


: TI. 
2. sinn@ = — 
4 2° 


aoe tt (2n — 1)Pr-1(cos 8) 


+ (amt 3) Pa Pras (cos 8) 


[n? — (n — 17) [nt — (n + 07] | 
+ n+ DEE EES Ge ay] nen te | 
9.062 aa ; 


‘: 9 = 2 oes . oN, (Ess ea (28 = 2) Pan-a(Cos 0). 


= (an— 1}? O° AO it 8 
-i_* . (4n + 1) a 
: aa md (20 — 1) (2n + 2) ty we Pon(cos 0). 


pee as ae 2 
Sedu = S 2n(4n — 1) (3 Bh (on 2) Pi fous Oh 


(2n — 1) S40... 5 a8 
=I 


ow > : rss. Gra) 
4. csc@ = out < > +0) ai eee Pon(cos 8). 
9.063 


bar 


1. log =I+ Dit P,,(cos 8). 


ae ai 
2 


2. log tan 4m a —log sin? — log (: + sin 4 = D>) = Pa(cos 6). 


1 

9 Sin 0 ou 
9.064 K(k) and E(k) denote the complete elliptic integrals of the first and 
second kinds, and k = sin 6: 


ni — ays 
ee > 5 a > oan 3) ( ane : : ao |) fen 2. 
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2. BW) = 5+ TD SE (ES Np, (08 8) 


(2m —1) (2n+ 2) 2°a0 isan 
(Hargreaves, Mess. of Math. 26, p. 89, 1897) 


9.070 The differential Sap 


dy m 
mei 2 lee nee _ sz 
(1 a) © 2a 7 + + {n+ Sie O. 


‘If m is a positive fe and —1>x*> +1, two solutions of this differential 
equation are the associated Legendre functions 


Pr(x) = (x — a8) “Pal 
oF HQ), 


) 


m 
On (x) °, (x 
9.071 If, m, r are positive integers, and n>m, r>m: 


“+l om m 
| P, (x) P, (x) dx =0 if ren, 


J) 2) em)! 
 an+1(n—m)! et 


9.100 Bessel’s Differential Equation: 


9.101 One solution is: 
a i Jeong yy t2k 
yee pa (CU! aR + Raa) 


9.102 A second independent solution when » is not an integer is: 
y= gee (x). 


9.103 If v =n, an integer: 
J a(x) = (—1)*F,@)- 


9.104 A second independent solution when p = n, an integer, is: 


TY n(x) = 2F2(x): log = - : (n — a ree 63 (2 


n+2k 
-Be mia [WetD+ve+nsD} 
(see 6.61), 
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9.105 For all values of v, whether integral or not: 


(cos yaJ (x) — J» ()), 


J_»(x) = cos vmrJ,(«) — sin v7rY,(x), 


Y,(x%) = 


sin v7 


Y_,(x) = sin vrJ,(x) + cos vrY,(x). 


9. 106 Fory = n, an integer: 
V_n(%) = (—1)"Y,(*). 


9.107 Cylinder Functions of the third kind, solutions of Bessel’s differential 
equation: 


z: H, (x) = Jp(x) + iY,(a). 
. a Gey wi) 48 pa 
3. H (x) = e™ H, (x). 
* SE Gh era oe: 


; Roy 
9.110 Recurrence formulae satisfied by the functions Jy, VY», Hy, Hv, Cr 
represents any one of these functions. 


Es Cs (x) — ORE (x) = ee Cs (x). 
2. SORA) VC (0) = = Cy(x). 
d v 
3- dx — Cy, (x) = Gas (x) Tae x Cy (x). 
d v 
4. a (x) wad yor) nie Cv41(x). 
d 
5 Zw Cua | = x” Cy_y(z). 
aCy (x) I 
6 Ge EY Coys) + Coal) — 2Cr(a) } 
9.111 i 
os V 
- Jul x) e) — Y,(x) ae ie oe 2. J v4i(x) Y,(«) _ Jy(x) Vy4i(«) ig = 
ASYMPTOTIC EXPANSIONS FOR LARGE VALUES OF % 
9.120 


1. Jy(%) = Vile (x) cos (# _ vite) — Q»(x) sin (x - se r) ; 


2. Y,(x) = ve { P,(x) sin (« — r) + QO, (x) cos (x - tte) \ 
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- 2v+1 se 
3. Hy (2) = ee y/ = {Pole + iQo(2) \ 


co : plas BE RSSERS 

k (qv? — 17) (qv? — 32). 2.2... (4v? —a4k —1) 

P(x) = 1+ ya (—1) Coby) ook , 
foe) Bs Eo ENE 

a =F) lA Se ee (4v — 4k — 3) 

Qy(x) = 2 (—1)**1 (2k — 1)! 206-8 y2k—1 as. 
SPECIAL VALUES 

9.130 


dJj(x) xf 1 /x\ t (x\* 1 /x\ : 
BO) ae a) aN) to 


+ Ero) (or +9) 40+ (J -aeale) 


I 


+omp(t +2 +3)(2) -. = 


= (log = + 7) Fula) +44 Ere) 2100) +20). a 


4. = V(x) = (log : + ”) J3(x) — : te Oe . {= oe (: + *) (=) 


sal + +2)(2) 
* ia! a 2144 


= (es + 1) Fala) ~ ~ Jo(2) a Ja (2) stg rei) 


Y = 0.5772157 (6.602). 
9.131 Limiting values for x =o: 
Jo(x) = 1, 
Ji(x) = 0, 


Vo(x) = 2 (log = + 7) 


2 
VY (x) “ as pean 
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9.132 Limiting values for x = o: 
T T 
COS (x “ie =) sin (x ~ =) 
J -_ en ’ i aera ’ 
o(x) ee Y (x) jaa 
2 


9.140 Bessel’s Addition Formula 


Jol +) = (FE*) > (yee (AE) trast. 
k=0 


9.141 Multiplication formula: 


so t= 7y2)\h k 
Iy(ax) = a >) fae (*) SORE EN 
k=o 
9.142 


foe) 


J y(ax)J (Bx) = he (—2)*A, aa 


>] 
2 
k=o 
where 
k 


re > oi2k—2s 32s 


ad sik—-s)ToO+k—-s+yT(utst 1) 


9.143 
| : foe) Fn 89 wM+v+ 2k a 
Iv(x)Ju(®) - resis at@siea| k 2 
DEFINITE INTEGRAL EXPRESSIONS FOR BESSEL’S FUNCTIONS 
9.150 (= 
Be Sk . 
Jy(x) = — : : fF cos (x sin d) cos” ddd. 
/ 7I(v + *) s 
9.151 


og) 


eo foo (x cos p) sin” b-dg. 
VaT(v +5) - 
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9.152 (2 
Jy(x) = : ue ECs sinh. dd, 
VJ TI» + ) . 


If is an integer: 


9.153 
J an(%) = = af ce (x sin d) cos (2nd)dd = = 
9.154 
Jon(x) = ue sou (x cos d) cos (2nd)dd = aur 7. 
9.155 
Jonti(x) = Ef sin (« sin @) sin (22 + 1) ddd = 2 fi. 
9.156 
Joni (") = Co (sn (x cos @) cos (2n + 1)bdd = aCe fs 
9.157 


I ats 1 27 E ; 
J n(x) = a e—inhtiz sing dob = af e—ingtizsin b dd. 
—7 


INTEGRAL PROPERTIES 
9. ies If C,(ux) is any one of the cee nitsees 


Jy(ux), Vr(ux), H(ux), Hl (ux), 
of the differential equation: 


4184 (2) 
Tataet(e pee 
b 
if Cy (Mix) Cy (pix) xd 


b 
ares ; 3] ) MiCy(Mex)Cy’ (Mix) — MkCyv (mix) Cy’ (uy) 5 Mk E oa. 
Mk — Mi a 


9.161 If uw, and mw are two different roots of 


‘ Cy (ub) my 
7 Cr (Max) Cr(mix)ax da = ae Mir (Mia) Cy’ (Mea) — pCr(pxa)Co’ (wa) ; 
9.162 If wu, and mw are two different roots of 
Cy'(ua) _ 
© Cua), Pa 
and Cy(ub) = 0, 


li Co(ui)Cy (uix)adx = pCy(upa)Cy>(pma). 
Th pee= por: 


b , 2 
4 Cy( ux) Cy(mix)xdx = — : BPC’? (Unb) — a®Cy/?(u,a) — G = 7 )Co(ua) } 
k 
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EXPANSIONS IN BESSEL’S FUNCTIONS 


9.170 Schlémilch’s Expansion. Any function f(*«) which has a continuous 
differential coefficient for all values of x in the closed range (0, 7) may be expanded 
in the series: 


f(a) = ao+ Dy avFo(kex), 
k=1 


where 
ay = f(0) ae fe ufos (u sin 0)d@du, 
KE = as u COS bu f 2s" sin 0) d@du. 
9.171 | ; : 
f(%) = aox” +>) Ord n(x) o<x<I, 
k=1 
where 
J nti (x) = 0, 
ayo = 2(n + df f{(x)un** da, 
2 z 
a, = a af (B)J nh Cent ae, 
(Bridgman, Phil. Mag. 16, p. 947, 1908) 
9.172 
f(x) = DyAvTo( mic) a<x<b, 
k=1 
where: on 
yf ya - a. 
| “To( uaa) sn Mi 
and Jo(Uxb) = 0, 
f. xf (x) Fo(waat)dxe — pf(a)Fo( una) 
(Ab = 2 97 8( ub) — P07 (una) — (+ 2p) (Mma) 
(Stephenson, Phil. Mag. 14, p. 547, 1907) 
SPECIAL EXPANSIONS IN BESSEL’S FUNCTIONS 
9.180 


co 
I. sinx = 2), (—1x)* Jon 41 (x), 
ke 0 


BOS x mw To(x) + 2») (—1)'on (x). 


ket 
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9.181 


I. cos (x sin 8) = Jo(x) + 2», J x(x) cos 2k8, 
pana 


2. sin (x sin 8) = py Jo 41(%) sin (2k + 1) 0. 


9.182 
n as ae ! 
u (*) : (n+ 2k) (n+k ney 
2 k! 
k=0 
5) (4b +1) (28)! 

2. = = pe ZBI? Jon 4.4 (4). 
9.183 


= | tog — ot} re) De pF EE Teal) 


: 2) Vee a 
= Jy(x) log = mr as otk 6%) (*) (see 6.61) 


9.200 The differential equation: 


dy | 2dy » nn+1) 
tapt(!- x oS 
with the substitution: 
= yvVx, Mx = p 
becomes: 
@z 1 dz (n + 3)? 
dp a p? )s=0 


which is Bessel’s equation of order » + 


9.201 Two independent solutions are: 


- = In43(p). 
% = J_n_4(p). 7 
The former remains finite for p = 0; the latter becomes infinite for p=0. 


ews 
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9.202 Special values. 


Ji(x) = \V — sina, 
J (x) = oon : (= — cos x), 
wx \ x 
Jy(x) = ian _ :) sin x — Zoos}, 


{ (25-9) sine - (33 - 1) cose | 


x 


Jy(x) = VAI 


J3(x) = ve (25-4 2 45 4 :) sin x — (733 es 2) 


9.203 nee 
J_3(«) a COS x, 
J-s(a) = oN oe (sin « + 2), 
J_4(x) = V = 2 {3sine + (S-x)eose 
J_3(«) = —- 2 { (5 1) sina + (3§ - $) cos 
J.9(%) = vz (225 - “2) sin x + i _ = +1 
9.204 Ss 
H, (x) aaeeid GP =k 
I suse ee cS ix pat 
H, (x) = ze (: ay +) 
I Faces 3 en he ss = \ 
H,(*) = xe +i r) | 
9.205 


ed 


203 
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9.210 The differential equation: 


yi hs), 
de ede AST Be)? T 
with the substitution, 


becomes Bessel’s equation. 


9.211 Two independent solutions of 9.210 are: 
Ih (x) = Sad Jy (ix), 


v+t1 
K” (x) =e 2 


iT WD (ix). 
2 


9.212 If v =n, an integer: 


nO= Darwen)’ 


K, (x) = ie 2 A (a). 


9.213 | 
I, (x) = Vata D (2)? f cosh (x cos ) sin?” ddd, 
os V1 % of . 2” de—z cos 
Ky (x) = Tore (*) if son ge he dd. 


9.214 If x is large, to a first approximation: 
In (%) = (27x cosh B)-} e* (cosh 8 — B sinh 8) 
K,, (%) = 1 (27x cosh B)—te-# (cosh B — B sinh By 


n = x sinh B. 


9.215 Ber and Bei Functions. 
ber x + ibeix = I (xv/i), 
ber « — 7 bei x = Ip(ix-/12), 


bees Fo a 


bie () - aml) + gm) -- + 
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9.216 Ker and Kei Functions: 
kerx +ikeix = Ko(xv/i), 
ker x —ikeix = Ko(ixv/i), 


ker x = (log? 7) bere += bei x — cae (2 +2) (2) 
toplrt erst G)— 


2 , 
keix = (1og2 — +7) bei x © ber ® + (3) - ome ig. L(y. ay 


9.220 The Bessel-Clifford Differential Equation: 
dy 
aoe t Ps) Bryno. 

With the substitution: 

Z = aly u = 2x, 


the differential equation reduces to Bessel’s equation. 


9.221 Two independent solutions of 9.220 are: 


(oe) 
k 


Cie) = 23S» (V2) = a (—1)" Tr : k +1)’ 


k=0 


Dy(«) = 273 Yi (2V2). 
9.222 
d 
Cyyi(x) = — de C,(x), 


vCyio(x) = (V+ 1)Cr41(x) — Cr(a). 


9.223 If v =n, an integer: 
Cala) = (—1)" £5 Cola), 


Cola) = De 
k=0 


9.224 Changing the sign of v, the corresponding solution of: 


3 agra 
x (v ty O, 


dx? 
y = x’Cp(x). 
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9.225 If v is half an odd integer: 
sin (20/x + €) 

? 


Cy(x) = 7 
C(x) = — é Cra) = 2 ae +€) _ cos Re Ee) 
C(x) = — 2 Ci(2) = SH sin @Ve +) 2S (ave + €) 


4x” 


C_3(x) = —cos (2Vx + €), 
Ca) = eC), 
C_s(x) = «°C,(zx). 


€ is arbitrary so as to give a second arbitrary constant. 


9.226 For x negative, the solution of the equation: 


dy 
r+ (vty Z-y=o, 


when » is half an odd integer, is obtained from the values in 9.225 by changing 
sin and cos to sinh and cosh respectively. 


9.227 
(m +n + 1) af Cpr (x)C nga (x) dae = — Cm (%)Cn4i (a) — Cm(x)Cn(x), 


(m+m+1) J x™Cn(x)Ca(x) dx = anton xCm41(%)Cn41(%) + Cm(%)Cu(x) | 


9.228 : 
:, i C slr cost o) deb = aCe: 

2. f "Cale cos? @) db = 1Ci(2). 

3. ee Crle dot d) sie db = Ce). 

4. Me Ci(x sin? b) sin? b dd = Cy(2). 

5. 4 vee sin? d) sin @ dd = — | ave 


—————————— a ee 
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9.229 Many differential equations can be solved in a simpler form by the use 
of the C,, functions than by the use of Bessel’s functions. 
(Greenhill, Phil. Mag. 38, p. 501, 1919) 


9.240 The differential equation: 
dy | 2(n+1) dy 
dx” x dx 


with the change of variable: 


+y=0, 


y = 2a, 
becomes Bessel’s equation 9.200. 
9.241 Solutions of 9.240 are: 
r. ye BOE Ti (a), 
2. y= at VY,.3(x). 
z: y=an? Hi i3(x). 
4. y= ant AY 3 (a). 
9.242 The change of variable: E 

x = 27/32, 


transforms equation 9.240 into the Bessel-Clifford differential equation 9.220. 
This leads to a general solution of 9.240: 

Bs (=) 

S wLAee f 

When 1 is an integer the equations of 9.225 may be employed. 

C, (=) © sin (x + €) 


x 


? 


x2 2sin(x+e) cos(*+e) 
Cyi—)= - : 
4 x x 
9.243 The solution of 
@y  2ntndy_ 
dx? Pg ae tic 
may be obtained from 9.242 by writing sinh and cosh for sin and cos 
respectively. 


9.244 The differential equation 9.240 is also satisfied by the two independent 
functions (when 1 is an integer): 


x 


= : _ k ’ 
OR CEE ok t) a) er) eee (2n + 2k +1) 
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x2 k 


e eal 2a 2) TG —2n) (3—2n)....(2k —2m—1) 


9.245 The general solution of 9.240 may be written: 
(: oy ae + Be-‘* 
yy ot P= 


~~ \y dx x 


¢ 
9.246 Another particular solution of 9.240 is: 


y = falt) = (-2 £) = WnG)- a) 
te n(n + 1) _ —1)n(n+1) (m+ 2) 
ful) = gent { agp 2-4: (ix)? 
PR ee oe 2n 
a 4:6 ; aa} 


9.247 The functions Wn(x), Vn(x), fa(x) satisfy the same recurrence formulae: 


oe mee «Wn4i(x), 


ae + (20 + 1)Wnlx) = Wna(e). 


9.260 The differential equation: 
Py n(n +1) = 
ac ee ee 
with the change of variable: 4 
y= UuVvx 


, : I 
is transformed into Bessel’s equation of order 2 + = 


9.261 Solutions of 9.260 are: 


prrl m 1 d\"sinx 
I. Sn(x) = Jz J n43(x) = xrtl (- tz) % 
: hee ‘ty d\"cosx 
rt AN i ata Ny = gntl( — —-—]- 8 
2. Cr(x) = (—1) \/ z J-n4(u) = ( | x 
a Bare ne n+1{_ I ad : ee ° 
3. E(x) = Ca(x) —7S,(x) = x ( x 4 x 


9.262 The functions Sn(x), Cn(«), E,(x) satisfy the same recurrence formulae: 


: dS n(x) 
Ree 


= 22> s(x) — Snas(2). 
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dS » 
2. Se) al nO} 
3- Snii(x) = ** 5, (2) — S,a(@). 


9.30 The ae differential equation: 


x(x — 2) Z+ f= (a+ B+} - aBy =o. 


9.31 The equation 9.30 is satisfied by the hypergeometric series: 


F(a, 6, y,2)-14+5 ae aoe 
4, (a + 1) (a + 2) BB +1) (B+2) 
+253 a eee 


The series converges absolutely when «<1 and diverges when x>1. When 
«= +1 it converges only when a+ 6 — y<o, and then absolutely. When 
*=-1 it converges only when a+ $8-—y-—1<o, and absolutely if 
a+B-y<o. 


9.32 
d aB 
qu fm Bs Y> 2) =) Gai 1,B+ Fe lle By): 


[(y)(y - a - 6) 
ORF — oh (y= BD. 


9.33 Representation of various functions by hypergeometric series. 
(a no a)” = F(—n, B, B, —x), 
log (1 + x) = she I, 2, —x), 


= ii 23) 
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Beth aghae: 


ee ae 
= 
log —— = 2xF |- 1, 3, 2°), 
—% “2 
tk 
cos nx = F(-, — -, -, sin? x}, 
ey ae 


oe I-un 
sin mx = nsin xF (m : es 9) 


ara oF (a, B, =) 
cosh x = . 
9 > aa) 
sin- ne ae a ) 
oot 
tan = ere (1 I, 2 ), 
2 2’ 


2 


Pa(x) = F(— 1,0 +4, 1 4), 


Val (n +1) a ee J). 
(n+ 3) 


2 2 ae 
9.4 Heaviside’s Operational Methods of Solving Partial Differential Equations. 


On(x) = 


9.41 The partial differential equation, 


ou _ ou 
On GE 
where a is a constant, may be solved by Heaviside’s operational method. 
ee Gl * = p, and : = g’, the equation becomes, 
24 
ax2 Ce, gu, 


whose complete solution is u = eA + e~“B, where A and B are integration 
constants to be determined by the boundary conditions. In many applications 
the solution u = e~%B, only, is required: and the boundary conditions will 
lead to u = e-“f(q)uo, where uw is a constant. If e~%f(g) be expanded in an 
infinite power series in g, and the integral and fractional, positive and negative 
powers of p be interpreted as in 9.42, the resulting series will be a solution of 
the differential equation, satisfying the boundary conditions, and reducing to 
u=oatt=o. The expansion of e~“/(7) may be carried out in two or more 
ways, leading to series suitable for numerical calculation under different 
conditions. 
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9.42 Fractional Differentiation and Integration. 


211 


In the following expressions, 1 stands for a function of ¢ which is zero up 


to ¢= 0, and equal to 1 for #>o. 


9.421 
See ce 
P V Tt 
2n+1 
fo a ka 5. 0°. (9h 2B) 
Ya poke 2 2"t"\/ rt 
“eae ane 
P 222 4/ Tt 
9.422 
pi=o0o 
pi =o p"l =0 
pr=o0 
9.423 
praay/t 
T 
2 e} art 2n—1fn Br 
ea! t Coe ae 2 t t 
P aE ae I°3°5 2.04 (QN+T)Y F 


9.424 
Rae tpe drat 
oo Lire): 
where v may have any real value, except a negative integer. 
9.425 
Pp — gat 
55 I=€ 
: oe ar eihee 
ag seg (ett — r) 


9.426 With p = a9’, 


(Conjectural.) 
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9.427 


ge-V I = € ‘4at 
Tat 
$498 if 5 = 3 
e = pre vcid 
2Vat 
er = —— e~”dv 
tod a: rn poeple eae is 


9.43 Many examples of the use of this method are given by Heaviside: Electro- 
magnetic Theory, Vol. II. Bromwich, Proceedings Cambridge Philosophical 
Society, XX, p. 411, 1921, has justified its application by the method of contour 
integration and applied it to the solution of a problem in the conduction of heat. 


9.431 Herlitz, Arkiv for Matematik, Astronomi och Fysik, XIV, 1919, has 
shown that the same methods may be applied to the more general partial 
differential equations of the type, 


Bu 
Dy0.00) Farag 


and the relations of 9.42 are valid. 

9.44 Heaviside’s Expansion Theorem. | 
The operational solution of the differential equation of 9.41, or the more 

general equation, 9.431, satisfying the given boundary conditions, may be 

written in the form, 


where F(p) and A(p) are known functions of p = <. Then Heaviside’s 


Expansion Theorem is: 


F(o) F(a) 
w= wl G+ ala) ° | 


where @ is any root, except 0, of A(p) = 0, A’(p) denotes the first derivative of 
A(p) with respect to p, and the summation is to be taken over all the roots of 
A(p) =0. This solution reduces to u = 0 at t =o. 

Many applications of this expansion theorem are given by Heaviside, 
Electromagnetic Theory, II, and III; Electrical Papers, Vol. II. Herlitz, 9.431, 
has also applied this expansion theorem to the solution of the problem of the 
distribution of magnetic induction in cylinders and plates. 


9.45 Bromwich’s Expansion Theorem. Bromwich has extended Heaviside’s 
Expansion Theorem as follows. If the operational solution of the partial 
differential equation of 9.41, obtained to satisfy the boundary conditions, is 
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where G is a constant, then the solution of the differential equation is 
( 
“u=G | Not + N, + 


where Ny and JN, are defined by the expansion, 


F(p) 
A(p) 
a is any root of A(p) = 0, A’(f) is the first derivative of A(p) with respect to p, 
and the summation is over all the roots, a. This solution reduces to u = 0 at 
t=o. Phil. Mag. 37, p. 407, 1919; Proceedings London Mathematical Society, 


I5, p- 401, 1916. 


=No+Nip+ Nop?+. 


9.9 References to Bessel Functions. 
Nielsen: Handbuch der Theorie der Cylinder Funktionen. 
Leipzig, 1904. 


The notation and definitions given by Nielsen have been adopted in the pres- 
ent collection of formulae. The only difference is that Nielsen uses an upper 
index, J"(«), to denote the order, where the more usual custom of writing J,,(x) 
is here employed. In place of H,” and H,” used by Nielsen for the cylinder 
functions of the third kind, H,! and H," are employed in this collection. 


Gray and Mathews: Treatise on Bessel Functions. 
London, 1895.! 


The Bessel Function of the second kind, Y, (), employed by Gray and 
Mathews is the function 


: = Y,(x) + (log 2 — y)Jn(x), 
of Nielsen. 
Schafheitlin: Die Theorie der Besselschen Funktionen. 
Leipzig, 1908. 
Schafheitlin defines the function of the second kind, Y,,(x), in the same way 
as Nielsen, except that its sign is changed. ; 


N ON A Treatise on the Theory of Bessel Functions, by G. N. Watson, Cambridge 
University Press, 1922, has been brought out while this volume is in press. This Treatise gives 
by far the most complete account of the theory and properties of Bessel Functions that exists, 
and should become the standard work on the subject with respect to notation. A particularly 
_ valuable feature is the Collection of Tables of Bessel Functions at the end of the volume and 
the Bibliography, giving references to all the important works on the subject. 


9.91 Tables of Legendre, Bessel and allied functions. 
P,(x) (9.001). 


.1 A second edition of Gray and Mathews’ Treatise, prepared by A. Gray and T. M. 
MacRobert, has been published (1922) while this volume is in press. The notation of the first 
edition has been altered in some respects. 
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B. A. Report, 1879, pp. 54-57. Integral values of m from 1 to 7; from x = 0.01 
to x = 1.00, interval 0.01, 16 decimal places. 


Jahnke and Emde: Funktionentafeln, p. 83; same to 4 decimal places. 


P (cos @) 


Phil. Trans. Roy. Soc. London, 203, p. 100, 1904. Integral values of m from 
1 to 20, from 8 = 0 to @ = go, interval 5, 7 decimal places. 

Phil. Mag. 32, p. 512, 1891. Integral values of m from 1 to 7, 9=0 to 
6 = go, interval 1; 4 decimal places. Reproduced in Jahnke and Emde, p. 85. 

Tallquist, Acta Soc. Sc. Fennicae, Helsingfors, 33, pp. 1-8. Integral values 
of nm from 1 to 8; 8 = o to 8 = go, interval 1, ro decimal places. 

Airey, Proc. Roy. Soc. London, 96, p. 1, 1919. Tables by means of which 
zonal harmonics of high order may be calculated. 

Lodge, Phil. Trans. Roy. Soc. London, 203, 1904, p. 87. Integral values of 
n from 1 to 20; 8 =0 to @ = go, interval 5, 7 decimal places. Reprinted in 
Rayleigh, Collected Works, Volume V, p. 162. 


dP,(cos 8) 
00 


Farr, Proc. Roy. Soc. London, 64, 199, 1899. Integral values of m from 1 to 7; 
6 = o to 8 = go, interval 1, 4 decimal places. Reproduced in Jahnke and Emde, 
p. 88. 


J o(x), i (x) (9.101). 


Meissel’s tables, x = 0.01 to % = 15.50, interval o.o1, to 12 decimal places, 
are given in Table I of Gray and Mathews’ Treatise on Bessel’s Functions. 

Aldis, Proc. Roy. Soc. London 66, 40, 1900. x = 0.1 to x = 6.0, interval 
0.1, 21 decimal places. : 

Jahnke and Emde, Funktionentafeln, Table III. x = 0.01 to x = 15.50, 
interval o.o1, 4 decimal places. 


Jn(x) (9.101). 


Gray and Mathews, Table II. Integral values of from 1 = 0 to n = 60; 
integral values of x from « = 1 to x = 24, 18 decimal places. 

Jahnke and Emde, Table XXIII, same, to 4 significant figures. 

B. A. Report, 1915, p. 29; ” = 0 to m = 13. 


*%*=0.2 tox= 6.0 interval o.2 ‘6 decimal places, 
% =.6.0 to * = 16.0 interval 0.5 1o decimal places. 


Hague, Proc. London Physical Soc. 29, 211, 1916-17, gives graphs of J,(x) 
for integral values of 7 from 0 to 12, and m = 18, x ranging from o to 17. 


od = Yo(x) = Go(x);  — = Yi(x) = Gi(x). 


B. A. Report, 1913, pp. 116-130. x= 0.01 to x = 16.0, interval o.o1, 7 
decimal places. 


DIFFERENTIAL EQUATIONS 215 


B. A. Report, 1915, x = 6.5 to x = 15.5, interval 0.5, ro decimal places. 

Aldis, Proc. Roy. Soc. London, 66, 40, 1900: «=0.1 to x = 6.0. Interval 
0.1, 21 decimal places. 

ahuee and Emde, Tables VII we VIII, functions denoted Ko(x) and K,(x), 
x = 0.1 to x = 6.0, interval 0.1; x =0.01 to x = 0.99, interval 0.01; %= 1.0 
to x = 10.3, interval 0.1; 4 earl places. 


A = V(x) = G(x). 


B. A. Report, 1914, p. 83. Integral values of 2 from 0 to 13. x = 0.01 to 
«x = 6.0, interval 0.1; « = 6.0 to x = 16.0, interval 0.5; 5 decimal places. 


= Yo(x) + (log 2 — y)Jo(x), Denoted Yo(«) and Yi(x) 
= Yi(x) + (log 2 — )Ji(x). respectively in the tables. 


B. A. Report, 1914, p. 76, x = 0.02 to ¥ = 15.50, interval 0.02, 6 decimal 
places. 

me. As Meer, 1015, p- 33,°% = 0.1 to:*% = 6.0, interval 0.1; x = 6.0 to 
x = 15.5, interval 0.5, ro decimal places. 

Jahnke and Emde, Table VI, x = 0.01 to x = 1.00, interval 0.01; x = 1.0 
to x = 10.2, interval 0.1, 4 decimal places. 
Yo(x), Vix). Denoted No(x) and N(x) respectively. 


Jahnke and Emde, Table IX, x = 0.1 to x = Io.2, interval 0.1, 4 decimal 
places. 


= Y,(x) + (log 2 — y) Jn(x). Denoted Y,(x) in tables. 


B. A. Report, 1915. Integral values of m from 1 to 13. x =0.2 to x = 6.0, 
interval 0.2; x = 6.0 to x = 15.5, interval 0.5, 6 decimal places. 


In+4(x). 


Jahnke and Emde, Table II. Integral values of from n = 0 to n = 6, and 
n=-—1ton = —7; x =0 to x = 50, interval 1.0, 4 figures. 


Jy(x), J-4(@). 
Watson, Proc. Roy. Soc. London, 94, 204, 1918. 


x = 0.05 to x = 2.00 interval 0.05, 


*%= 2.0 to x= 8.0 interval o.2, 
4 decimal places. 


Tala), Ja1(&) 


— “Ya(a), -= Voi(Q). Denoted Ga(@) and Ga_i(@) respectively. 
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7 Vala) + (og 2— y)Ja(a), 


ra 


: Voi(a@) + (log 2 — Y)Ja_1(a@). Denoted —Ya(a) and —YVq_i(a). 
Tables of these six functions are given in the B. A. Report, 1916, as follows: 
From @ toa Interval 
I 50 I 
50 100 . 
100 200 ie) 
200 400 20 
400 TO0O 50 
IOO0O 2000 IO0O 
2000 5000 500 
5000 20000 1000 
20000 30000 IOO0O0 
100,000 
500,000 
1,000,000 


T(x), i(%) (9.211). 


Aldis, Proc. Roy. Soc. London, 64, pp. 218-223, 1899; x = 0.1 to x = 6.0, 
interval 0.1; x = 6.0 to x = 11.0, interval 1.0, 21 decimal places. 
Jahnke and Emde, Tables XI and XII, 4 places: 


e = 0.01 tO = 5.16 interval o.or, 
% = 5.10 to x =, 6.0 interval o.1, 
£0.00 tO £ 2,270 interval 1.0. 


Iy(x) (9.211). 

B. A. Report, 1896;- « = 0.001 to x = 5.100, interval 0.001, 9 decimal 
places. 
I,i(«) (9.211). 

B. A. Report, 1893; % = 0.001 to x = 5.100, interval 0.001, 9 decimal 
places. 

Gray and Mathews, Table V, x = 0.01 to x = 5.10, interval o.o1, 9 decimal 
places. | 
In(x).. (9.211): 


B. A. Report, 1889, pp. 28-32; integral values of m from o to 11, « = 0.2 
to x = 6.0, interval o>2, 12 decimal places. These tables are reproduced in 
Gray and Mathews, Table VI. 

Jahnke and Emde, Table XXIV; same ranges, to 4 places. 


Jo (xVi) aX oy, 
V 2J1 (xV i) = X, +i; 


ere 


setts 


4 


ni 


Mich a eat 
rien 
oe. 


~ c = yar ‘a 
ee 


a 
eae oe 
ah att 


ass) 


2 had Es 
sesh ae 
i a « 
3 se 
es woe rie ‘ 
ee 


ee 


Pin 
ha 


ee 
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Aldis, Proc. Roy. Soc. London, 66, 142, 1900; x = 0.1 to x = 6.0, interval 
0.1, 21 decimal places. | 
Jahnke and Emde, Tables XV and XVI, same range, to 4 places. 


Gray and Mathews, Table IV; x = 0.2 to x = 6.0, interval 0.2, g decimal 
places. 


Yo(xvVi) (9.104) Denoted No(xvV/i) in table. 
Hy(wVi), H\(xvi). 


Jahnke and Emde, Tables XVII and XVIII; x =0.2 to x = 6.0, interval 
0.2, 4-7 figures. 


© Hix) = Ko(x), 
E | (9.212). 
— © Hy(ix) = Ki), 


_ Aldis, Proc. Roy. Soc. London, 64, 219-223, 1899; x =0.1 to x = 12.0, 
interval o.1, 21 decimal places. 
‘ Jahnke and Emde, Table XIV; same, to 4 places. 


iH\(ix), —Hj(ix) (9.107). | 
Jahnke and Emde, Table XIII; x = 0.12 to x = 6.0, interval 0.2, 4 figures. 


ber x, ber’ x, (9.215). 


bei x, bei’ x, 


B. A. Report, 1912; « = 0.1 to x = 10.0, interval o.1, 9 decimal places. 
Jahnke and Emde, Table XX; « =0.5 to x = 6.0, interval 0.5, and x = 8, 
10, 15, 20, 4 decimal places. 


ker x, ker’ x, 
kei x, kei’ x, were 

B. A. Report, 1915; *« = 0.1 to x = 10.0, interval 0.1, 7-10 decimal places. 
ber? « + bei? x, 
ber”? x + bei? x, 
ber x bei’ « — bei x ber’ x, and the corresponding ker and kei 
ber x ber’ x + bei x bei’ x, functions. 

B. A. Report, 1916; « = 0.2 to x = 10.0, interval 0.2, decimal places. 
Sn(x), S’n(x), log Sn(x), log S’,(x), 
C,(x), C’n(x), log Ca(x), logC’n(x), (9.261). 
E,(x), E’n(x), log En(x), log E’,(x), 

B. A. Report, 1916; integral values of m from 0 to 10, x = 1.1 to x = 1.0, 
interval o.1, 7 decimal places. 
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G(x) = -V2Il (*) a~* Jy (=) wo on ats () 


D(x) = Fu (- =) cide. () afar ie Ma; ) 


Table I of Jahnke and Emde gives these two functions to 3 decimal places 
for x = 0.2 to x = 8.0, interval 0.2, and x = 8.0 to x = 12.0, interval 1.0. 


Roots of Jo(x) = o. 


Airey, Phil. Mag. 36, p. 241, 1918: First 40 roots (p) with corresponding 
values of Ji(p), 7 decimal places. 
Jahnke and Emde, Table IV, same, to 4 decimal places. 


Roots of Ji(x) = 0. 


Gray and Mathews, Table III, first 50 roots, with corresponding values 
of Jo(x), 16 decimal places. 

Airey, Phil. Mag. 36, p. 241: First 40 roots (7) with corresponding values 
of Jo(r), 7 decimal places. 

Jahnke and Emde, Table IV, same, to 4 decimal places. 


Roots of J,(x) = 0. 


B. A. Report, 1917, first 10 roots, to 6 figures, for the following integral 
values of 7: O—10, 15, 20, 30, 40, 50, 75, 100, 200, 300, 400, 500, 750, 1000. 

Jahnke and Emde, Table XXII, first 9 roots, 3 decimal places, integral 
values of 1 0-9. 


Roots of: 
(log 2-— y)Jn(x) + - Y,(x) =0. Denoted Y,(x) = o in table. 


Airey: Proc. London Phys. Soc. 23, p. 219, 1910-11. First 4o roots for 
" = 0, I, 2, 5 decimal places. 7 

Jahnke and Emde, Table X, first 4 roots for 7 = 0,1. decimal places. 
Roots of: 


sf =O, : 

Ne) Denoted No(x) and N(x) in tables. 
Yi (x) = Oo. 

Airey: l. c. First 10 roots, 5 decimal places. 

Roots of: 

Jo(x) + (log 2 — Y)Jo(x) + . Yo(x) = 0. Denoted Jo(x) + Yo(x) =0. 

Ji(x) + (log 2 — y)Ji(x) + _ Y,(x) =0. Denoted Ji(x) + Vila) =0. 
Jo(x) — 2(log 2 — Y)Jo(x) + - Yo(x) =0. Denoted Jo(x) — 2V(x) =0. 


toJo(x) + (log 2 — Y)Jo(x) + + Y.(x) = 0. Denoted 10Jo(x) + Yo(x) =0. 


ay ae ae ware we 
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Airey, l. c. First to roots, 5 decimal places. 
Roots of’ 
Tnti(x) | Inti(x) ae 
J n(x) Fats) : 
Airey, l. c. First 10 roots: = 0, 4 decimal places, m = 1, 2, 3, 3 decimal 


places. 

Jahnke and Emde, Table XXV, first 5 roots for n = 0, 3 for # = 1, 2 for 
n = 2: 4 figures. 

Airey, l. c. gives roots of some other equations involving Bessel’s functions 
connected with the vibration of circular plates. 


Roots of: 


Jy (x) Y,(x) = Jy (kx) Y (kx). 
Jahnke and Emde, Table XXVI, first 6 roots, 4 decimal places, for 
Pm 6. 0/8, 1, 3/2; 2, 5/22 k= ¥-2, 1.5, 2.0. 
Table XXVIII, first root, multiplied by (& — 1) for k = 1, 1.2, 1.5, 2-11, 
19, 39, ©: Vv same as above. 
Table XXIX, first 4 roots, multiplied by (& — 1) for certain irrational values 
of k, and v-=o0, I. 


X. NUMERICAL SOLUTION OF 
DIFFERENTIAL EQUATIONS 


| By F. R. Moutron, Pu.D., 
Professor of Astronomy, University of Chicago ; 
Research Associate of the Carnegie Institution of Washington. 


INTRODUCTION 


Differential equations are usually first encountered in the final chapter of 
a book on integral calculus. The methods which are there given for solving 
them are essentially the same as those employed in the calculus. Similar methods 
are used in the first special work on the subject. That is, numerous types of 
differential equations are given in which the variables can be separated by | 
suitable devices; little or nothing is said about the existence of solutions of 
other types, or about methods of finding the solutions. The false impression 
is often left that only exceptionally can differential equations be solved. What- 
ever satisfaction there may be in learning that some problems in geometry and 
physics lead to standard forms of differential equations is more than counter- 
balanced by the discovery that most practical problems do not lead to such 
forms. 


10.01 The point of view adopted here and the methods which are developed 
can be best understood by considering first some simpler and better known 
mathematical theories. Suppose 

i F(x) =a" + ax™'!4..... + AGniX + Gn =O 

is a polynomial equation in x having real coefficients a, d2,...,@n. If m is 
I, 2, 3, or 4 the values of x which satisfy the equation can be expressed as explicit 
functions of the coefficients. If m is greater than 4, formulas for the solution 
can not in general be written down. Nevertheless, it is possible to prove that 
solutions exist and that at least one of them is real if m is odd. If the coefficients 
are given numbers, there are straightforward, though somewhat laborious, 
methods of finding the solutions. That is, even though general formulas for 
the solutions are not known, yet it is possible both to prove the existence of the 
solutions and also to find them in any special numerical case. 


10.02 Consider as another illustration the definite integral 


b 

i I= Pe f(x) dx, 

where f(«) is continuous for a<a<b. If F(x) is such a function that 
dF 

2. dx oh i (x), 
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then J = F(b) — F(a). But suppose no F(x) can be found satisfying (2). It 
is nevertheless possible to prove that the integral J exists, and if the value of 
(x) is given for every value of x in the interval a< x <3, it is possible to find the 
numerical value of J with any desired degree of approximation. That is, it is 
not necessary that the primitive of the integrand of a definite integral be known 
in order to prove the existence of the integral, or even to find its value in any 
particular example. 

10.03 The facts are analogous in the case of differential equations. Those 
having numerical coefficients and prescribed initial conditions can be solved 
regardless of whether or not their variables can be separated. They need to 
satisfy only mild conditions which are always fulfilled in physical problems. 
It is with a sense of relief that one finds he can solve, numerically, any particular 
problem which can be expressed in terms of differential equations. 


10.04 This chapter will contain an account of a method of solving ordinary 
differential equations which is applicable to a broad class including all those 
which arise in physical problems. A large amount of experience has shown that 
the method is very convenient in practice. It must be understood that there is 
for it an underlying logical basis, involving refinements of modern analysis, 
which fully justifies the procedure. In other words, it can be proved that the 
process is capable of furnishing the solution with any desired degree of accuracy. 
The proofs of these facts belong to the domain of pure analysis and will not be 
given here. 
10.10 Simpson’s Method of Computing Definite Integrals. The method of 
solving differential equations which will be given later involves the computation 
of definite integrals by a special process which will be developed in this and the 
following sections. 

Let ¢ be the variable of inte- sf 
gration, and consider the definite 
integral 


I. he - 4(t) di. 


This integral can be interpreted 
as the area between the f-axis and / | 
¥ My 


the curve y = f(t) and bounded siaelt 
by the ordinates? = a and ¢ = 0, 
figure 1. | . 
Let to = a, tn = 6, yi = f(t), and 9 h t 
divide the interval a <¢ <6 up into a ores 


n equal parts, each of length h = Fic. 1 


(6 — a)/n. Then an approximate value of F is 
2 Fo = h(i tyet+.- + +n). 
This is the sum of rectangles whose ordinates, figure 1, are y1, yo, ~~. + 5 Vn 


10.11 A more nearly exact value can be obtained for the first two intervals, 
for example, by putting a curve of the second degree through the three points 
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Vo, V1, 2, and finding the area between the /-axis and this curve and bounded 
by the ordinates ¢) and &. The equation of the curve is 


.: y = Ao t+ at — to) + aot — to)’, 
where the coefficients a, a, and a, are determined by the conditions that y 
shall equal yo, 1, and y2 at ¢ equal to éo, 4; and é respectively; or 


( Vo = a0, 
2. 4 Vi = do + ih — bo) + ah — b)?, 
| yo = do + (te — to) + da(he — bo)’. 


It follows from these equations and #-#4=4—=h that 
ao = Yo, 


BE 
aie 57 6300 ~ 401 + 92)» 
I 
a= rien) — 291 + 42). 
te 
The definite integral af ydt is approximately 
0 


i) 
1 i: E + a(t — to) + a(t — 1) di = 2h E + aht+ : aa|, 
lo 


which becomes as a consequence of (3) 


wl~> 


4. I = — (yo + 491 + 42). 


10.12 The value of the integral over the next two intervals, or from & to és, 
can be computed in the same way. If m is even, the approximate value of the 
integral from fp to ¢, is therefore 


h F 
F, = - [yo + 401 + 2y2+ 493+ 2¥at...-. + 4yn-1 + Yn]. 


This formula, which is due to Simpson, gives results which are usually remarkably 
accurate considering the simplicity of the arithmetical operations. 

10.13 Ifa curve of the third degree had been passed through the four points 
Yo, Vi, Ye, and y3, the integral corresponding to (4), but over the first three 
intervals, would have been found to be 


h 
[= . [yo + 3% + 392 + 9s]. 


10.20 Digression on Difference Functions. For later work it will be necessary 
to have some properties of the successive differences of the values of a function 
for equally spaced values of its argument. 


As before, let y; be the value of f(¢) for #= 4. Then let 
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Ai: my YO; 
Arye = V=-— V1; 


These are the first differences of the values of the function y for successive values 
of t. All the successive intervals for ¢ are supposed to be equal. 


10.21 In a similar way the second differences are defined by 


Aoys im Avy3 cp Avy, 


10.22 In a similar way third differences are defined by 
As3y3 - Aoys _ Acye, 
Asy4 * Avy, is Aoys, 


and obviously the process can be repeated as many times as may be desired. 
10.23 The table of successive differences can be formed conveniently from the 
tabular values of the function and can be arranged in a table as follows: 


TABLE I 
y Aw Avy Asy 
Yo 
v1 Aw: 
2 Avye Aoye 
¥3 Avys Aoys Asys 


In this table the numbers in each column are subtracted from _ those 
immediately below them and the remainders are placed in the next column to 
the right on the same line as the minuends. Variations from this precise arrange- 
ment could be, and indeed often have been, adopted. 

10.24 A very important advantage of a table of differences is that it is almost 
sure to reveal any errors that may have been committed in computing the yi. 
If a single y; has an error €, it follows from 10.20 that the first difference A1y; 
will contain the error +€ and Ajy;+; will contain the error —¢€. But the second 
differences Aoy;, Aoy;4i1, and Asy;+2 will contain the respective errors +€, —2€, 
+e. Similarly, the third differences Asy;, Asy;41, Asyi+2, and Asyi+s3 will contain 
the respective errors +€, —3€, +3€, —€. An error in a single y; affects 7+ 1 
differences of order j, and the coefficients of the error are the binomial coeffi- 
cients with alternating signs. The algebraic sums of the errors in the affected 
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numbers in the various difference columns are zero. Now in such functions 
as ordinarily occur in practice the numerical values of the differences, if the 
intervals are not too great, decrease with rapidity and run smoothly. If an 
error is present, however, the differences of higher order become very irregular. 
10.25 As an illustration, consider the function y = sin ¢ for ¢ equal to 10°, 
1S ete cs The following table gives the function and its successive differ- 
ences, expressed in terms of units of the fourth decimal:! 


TABLE II 

t sin ¢ A, sin ¢ As sin ¢ A; sin ¢ 
10° 1736 
15 2588 852 
20 3420 832 —20 
25 4226 806 — 26 —6 
30 5000 774 —32 oO 
35 5730 730 —38 0 
40 6428 692 —44 —6 
45 7071 643 —49 sms 
5° 7660 589 $4 as 
55 SIOI 531 —58 ah 
60 8660 469 —62 —4 
65 9063 403 —66 es. 
7° 9397 334 —69 +3 


| 

Suppose, however, that an error of two units had been made in determining 

the sine of 45° and that 7073 had been taken‘in place of 7071. Then the part 
of the table adjacent to this number would have been the following: 


TABLE III 

t sin f A, sin Ay sin t As sin ¢ 
25° 4226 
30 5000 774 
35 5736 730 —38 
40 6428 692 —44 — 6 
45 7°73 645 al wae 
50 7660 587 —58 —II 
55 8191 531 —56 + 2 
60 8660 469 —62 — 6 
65 9063 403 — 66 ee. 


The irregularity in the numbers of the last column shows the existence of an 
error, and, in fact, indicates its location. In the third differences four numbers 


1 Often it is not necessary to carry along the decimal and zeros to the left of the first 
significant figure. 


} 
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will be affected by an error in the value of the function. The erroneous numbers 
in the last column are clearly the second, third, fourth, and fifth. .The algebraic 
sum of these four numbers equals the sum of the four correct numbers, or —18. 
Their average is —4.5. Hence the central numbers are probably —5 and —4. 
Since the errors in these numbers are —3€ and +3¢e, it follows that € is probably 
+2. The errors in the second and fifth numbers are +€ and —e respectively. 
On making these corrections and working back to the first column, it is found 
that 7073 should be replaced by 7071. 


10.30 Computation of Definite Integrals by Use of Difference Functions. 


Suppose the values of f(¢) are known for ¢ = tno, tn, tn, and tn4i. Suppose 


it is desired to find the integral 
tn+1 


! Li f(t) dt. 


The coefficients bo, b;, b2, and 63 of the polynomial can be determined, as above, 
so that the function 


2: y = bo + Oy (t — tn) + bo(t — tn)? + O3(t — tn)? 


shall take the same values as f(#) for = tn_s, tn, én, and tn. 
With this approximation to the function /(é), the integral becomes (since 


tnt 8558 bn = h) 
Sin-+1 


: In = [bo + b(t — tn) + bo(t — tn)? + b3(¢ — tn)? ] dt 


a AGEs + — bik + = bh? + — by], 
2 3 4 
The coefficients bo, 61, b2, and 63 will now be expressed in terms of yn41, Avni, 
Aoynu, and Agyn41. It follows from (2) that 


tig by — abA a abel ~ Shah, 
Vat = bo — bih + bah? sont bsh*, 

as : Tae bo, 

L nga = bo + bik + beh + dsh*. 


Then it follows from the rules for determining the difference functions that 


( Aint = bih <r 3boh? + 7bsh*, 


5. | Ain = dyh — boh® + dsh’, 
Avynsa = byt + doh? + dh’. 
6 7 Aon = 2beh? — 6b3h3, 
d Aoynti LS 2beh*. 


7- Asyn41 = 6b3h'. 
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It follows from the last equations of these four sets of equations that 


by: = Varn Ans; 


bh = Anyi os) : AoVntt ty r AsVnt, 


a 


boh? = : AoVast, 


bsh3 = 5 Asynts- 
Therefore the integral (3) becomes 


I IT I 
Q. I, = abe *: An rs pleat w yeaa Weg wg | 


The coefficients of the higher order terms Ayyny; and Asynyi are — 39 and 


pe respectivel 
48 p y. 


10.31 Obviously, if it were desired, the integral from ¢,_» to ¢n-1, or over any 
other part of this interval, could be computed by the same methods. For example, 
the integral from ¢,_; to ¢, is 


joe "io dt, 


tnt 


2s eng) 5 Ay 
= Hl on SAvyngs + ene! + vena asthe ee | 


NUMERICAL ILLUSTRATIONS 


10.32 Consider first the application of Simpson’s method. Suppose it is required 


to find 
Is fs sin t dt = - | cos ic = 0.3327. 


On applying 10.12 with the numbers taken from Table I, it is found that 


di e > [.4226 + 2.0000 + 1.1472 + 2.5712 + 1.4142 + 3.0640 + .81o1 |, 


which becomes, on reducing 5° to radians, 


I, = 0.3327, 
agreeing to four places with the correct result. 
10.33 On applying 10.11 (4) and omitting alternate entries in Table II, it is 
found that 


I= fs sin t dt = = [4226 + 2.2944 + .7071 | = 0.1902, 


which is also correct to four places. These formulas could hardly be surpassed 
in ease and convenience of application. 
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10.34 Now consider the application of 10.30 (9). As it stands it furnishes the 
integral over the single interval ¢, to ¢tn4:. If it is desired to find the integral 
from t, to tnim, the formula for doing so is obviously the sum of m formulas 
such as (9), the value of the subscript going from n+ 1 ton +m-+1, or 


I 
oe n= Hl (yas i ee aes + Jnimts] nae a (Avvo ye ay eee ee + Asynim) 


ey ~ (Ant oe a Aayntm) - 7 (Asynss 2 ee Asynim) +. |} 


On applying this formula to the numbers of Table I, it is found that 

l= fisin t dt = 5°[(.5000 + .5736 + .6428 + .7071 + .7660 + .8101) 
_ ~ (074 + .0736 + .0692 + .0643 + .0589 + .0531) 
+ - (.0032 + .0038 + .0044 + .0049 + .0054 + .0058) 


ate a (.0006 + .0006 + .0006 + .0005 + .0005 + .0004) ] 


= 0.3327) 
agreeing to four places with the exact value. When a table of differences is at 
hand covering the desired range this method involves the simplest numerical 
operations. It must be noted, however, that some of the required differences 
necessitate a knowledge of the value of the function for earlier values of the 
argument than the lower limit of the integral. 


10.40 Reduced Form of the Differential Equations. Differential equations 
which arise from physical problems usually involve second derivatives. For 
example, the differential equation satisfied by the motion of a vibrating tuning 
fork has the form 


where & is a constant depending on the tuning fork. 


10.41 The differential equations for the motion of a body subject to gravity 
and a retardation which is proportional to its velocity are 


f 2y a 
dt? dt’ 

3 
de. ae 


where ¢ is a constant depending on the resisting medium and the mass and shape 
of the body, while g is the acceleration of gravity. 
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10.42 The differential equations for the motion of a body moving subject to 
the law of gravitation are 


( dx ne 
FT eee 
ey See 
aes: r?? . 
dz me : 
de ee 
Log = 4 


10.43 These examples illustrate sufficiently the types of differential equations 
which arise in practical problems. The number of the equations depends on 
the problem and may be small or great. In the problem of three bodies there 
are nine equations. The equations are usually not independent as is illustrated 
in 10.42, where each equation involves all three variables x, y, and z through r. 
On the other hand, equations 10.41 are mutually independent for the first does 
not involve y or its derivatives and the second does not involve x or its deriva- 
tives. The right members may involve x, y, and z as is the case in 10.42, or 
they may involve the first derivatives, as is the case in 10.41, or they may 
involve both the codrdinates and their first derivatives. In some problems 
they also involve the independent variable ¢. 


10.44 Hence physical problems usually lead to differential equations which are 


included in the form 
dx dx dy 
ae (® ap apt) 


ah a 
dE. ‘aa (1, y; dt ? dt ’ ) 


where f and g are functions of the indicated arguments. Of course, the number 
of equations may be greater than two. 
10.45 If we let 
pe eh aay 
di’ be i di’ 


equations 10.44 can be written in the form 


fd 
dx’ 

‘dt on {: y; ce ee t), 
d 
ee w y, 


/ 


dy 
: dt sy g(x, y) x’, y'; t). 
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10.46 If we let «=m, x’ =m, y= %, y =%,..... equations 10.45 are 


included in the form 
d 
= = filt1, 2). . +, Xn; 2), 


dX, 
eg = f(x, XQ, 2 2 © y Xn; t). 


This is the final standard form to which it will be supposed the differential 
equations are reduced. 


10.50 Definition of a Solution of Differential Equations. For simplicity in 
writing, suppose the differential equations are two in number and write them in 


the form 
dx 


Brag y; t), 
dy 
| di nay g(x, y; t), 


where f and g are known functions of their arguments. Suppose x = a, y = b 


at ¢=0o. Then 
fais p(i), 
y= V0), 
is the solution of (1) satisfying these initial conditions if @ and w are 
such functions that 


7 


p(o) ~~ a) 
} W(o) ena b, 
3° “¢ + ae f(, Y, t), 


~ > g(?, Y, t), 


the last two equations being satisfied for allo < ¢#< T, where T is a positive con- 
stant, the largest value of ¢ for which the solution is determined. It is not neces- 
sary that @ and w be given by any formulas — it is sufficient that they have 
the properties defined by (3). Solutions always exist, though it will not be 
proved here, if f and g are continuous functions of t and have derivatives with respect 
to both x and y. 

10.51 Geometrical Interpretation of a Solution of Differential Equations. 
Geometrical interpretations of definite integrals have been of great value not 
only in leading to an understanding of their real meaning but also in suggesting 
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practical means of obtaining their numerical values. The same things are true 
in the case of differential equations. 
For simplicity in the geometrical representation, consider a single equation 


dx 


I. dt ue f(x, t), 
where x = a att=o0. Suppose the solution is 
2; iid p(t), 


Equation (2) defines a curve whose codrdinates are x and¢. Suppose it is repre- 
sented by figure 2. The value of the tangent to the curve at every point on it 

x is given by equation (1), for there 
is. corresponding to each point, a 


pair of values of « and ¢ which gives 
dx 


dt’ 
' substituted in the right member of 
a. equation (1). 

Consider the initial point on the 
curve, viz. * = @,t=o0. The tan- 
gent at this point is f(a,0). The 
O + c curve lies close to the tangent for a 

t, t short distance from the initial point. 
Hence an approximate value of « 
at ¢ =, 4, being small, is the ordinate of the point where the tangent at a 
intersects the line ¢ = &, or 


the value of the tangent, when 


Fic. 2 


x1 = f(a, o)h. 

The tangent at «1, 4, is defined by (1), and a new step in the solution can be made 
in the same way. Obviously the process can be continued as long as x and ¢ 
have values for which the right member of (1) is defined. And the same process 
can be applied when there are any number of equations. While the steps of this 
process can be taken so short that it will give the solution with any desired 
degree of accuracy, it is not the most convenient process that may be employed. 
It is the one, however, which makes clearest to the intuitions the nature of the 
solution. 


10.6 Outline of the Method of Solution. Consider equations 10.50 (1) and their 
solution (2). The problem is to find functions @ and y having the properties 


(2). If we integrate the last two equations of 10.50 (3) we shall have 


(o=a+ fib, dt, 


y= 0+ [9(d,¥,0 at 


The difficulty arises from the fact that @ and w are not known in advance and 
the integrals on the right can not be formed. Since ¢@ and w are fhe solution 
values of x and y, we may replace them by the latter in order to preserve the 
original notation, and we have 
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t 
vaat | f(y, dt, 


t 
y= b+ f g(x,y, dt 


If x and y do not change rapidly in numerical value, then f(x, y, ¢) and g(x, y, #) 
will not in general change rapidly, and a first approximation to the values of x 
and y satisfying equations (2) is 


t 
M1 = at | f(a, 6,0 dt, 


t 
he < b+ f(a, 0 dt, 


at least for values of ¢ near zero. Since a and 6 are constants, the integrands in 
(3) are known and the integrals can be computed. If the primitives can not be 
found the integrals can be computed by the methods of 10.1 or 10.3. 

After a first approximation has been found a second approximation is given by 


t 
x. noes [ic M15 t) dt, 
4. 1 
[2 =b+ fee Viy t) dt. 


The integrands are again known functions of ¢ because x; and y; were determined 
as functions of ¢ by equations (3). Consequently a, and y, can be computed. 
The process can evidently be repeated as many times as is desired. The mth 
approximation is 


t 
tn = a+ [fens Yn—1) t) dt, 


t 
Je b+ felons, Yn-1) t) dt. 


There is no difficulty in carrying out the process, but the question arises whether 
it converges to the solution. The answer, first established by Picard, is that, 
as nm increases, x, and y, tend toward the solution for all values of ¢ for which all 
the approximations belong to those values of x, y, and ¢ for which f and g have 
the properties of continuity with respect to ¢ and differentiability with respect 


toxandy. If, for example, f = ey and the value of x, tends towards zero 


for ¢ = T, then the solution can not be extended beyond ¢ = T. 

It is found in practice that the longer the interval over which the integration 
is extended in the successive approximations, the greater the number of approxi- 
mations which must be made in order to obtain a given degree of accuracy. In 
fact, it is preferable to take first a relatively short interval and to find the solution 
over this interval with the required accuracy, and then to continue from the end 
values of this interval over a new interval. This is what is done in actual work. 
The details of the most convenient methods of doing it will be explained in the 
succeeding sections. 
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10.7 The Step-by-Step Construction of the Solution. Suppose the differential 
equations are 


dx 

e = {(x, y; t), 
: 

dy 

Vs g(x, y, 4), 


with the initial conditions x = a, y= 0b att=o. It is more difficult to start a 
solution than it is to continue one after the first few steps have been made. There- 
fore, it will be supposed in this section that the solution is well under way, and 
it will be shown how to continue it. Then the method of starting a solution will 
be explained in the next section, and the whole process will be illustrated 
numerically in the following one. 

Suppose the values of « and y have been found for ¢ = hh, #,.... 4%. Let 


them be respectively a1, yi; %2, Yo} . . -3 Yn, Yn, Care being taken not to confuse 
the subscripts with those used in section 10.6 in a different sense. Suppose the 
intervals ¢#, —h, tj —t, . . . , fn — tn_s are all equal to / and that it is desired 


to find the values of « and y at tn4yi, where tnyi — tn = h. 
It follows from this notation and equations (2) of 10.6 that the desired 


quantities are 
f tn I 


a 
Xnp1 = Xn + Ps (x, y; t) dt, 
tn, 
2. 


tn+1 
é Vnti = Va + g (x, y, #) dt. 


The values of x and y in the integrands are of course unknown. They can be 
found by successive approximations, and if the interval is short, as is supposed, 
the necessary approximations will be few in number. 3 

A fortunate circumstance makes it possible to reduce the number of approxi- 
mations. The values of x and y are known até = tn, tri, tno, . . . From these 
values it is possible to determine in advance, by extrapolation, very close approxi- 
mations to x and y for ¢ = tn4:. The corresponding values of f and g can be 
computed because these functions are given in terms of x, y, and t. They are 
also given for ¢ = tn, try... Consequently, curves for f and g agreeing 
with their values at t = tnii, tn, tro, . . . - can be constructed and the integrals 
(2) can be computed by the methods of 10.1 and 10.3. 

The method of extrapolating values of Xn41 and Yni1 must be given. Since 
the method is the same for both, consider only the former. Since, by hypothesis, 
x% is known for ¢=%a, t+, t2, .... the values of 2n, Aivn, Asta, and 
A;x, are known. If the interval / is not too large the value of Ajw,4: is very 
nearly equal to A,x,. As an approximation A,«,,; may be taken equal to Asp, 
or perhaps a closer value may be determined from the way the third differences 
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Astn—s, Ag¥n~2, As¥nr, and A;x, vary. For example, in Table IT it is easy to see 
that A; sin 75° is almost certainly —3. It follows from 10.20, 1, 2 that 


Av%n41 one AsXn41 ms A:xn, 
3. Aitn41 ” Aevnt1 2% Aixn, 
{ Xn+1 — Aitnys + Xn- 


After the adopted value of A;«,;: has been written in its column the successive 
entries to the left can be written down by simple additions to the respec- 
tive numbers on the line of ¢,. For example, it is found from Table II that 
A, sin 75° = —72, Ai sin 75° = 262, sin 75° = 9659. This is, indeed, the correct 
value of sin 75° to four places. 

Now having extrapolated approximate values of ¥,4: and y,4: it remains to 
compute f and g for x = %n4i, V = Ynti, = tnyi. The next step is to pass curves 
through the values of f and g for ¢ = thi, tn, tnt, . . . . and to compute the inte- 
grals (2). This is the precise problem that was solved in 10.30, the only difference 
being that in that section the integrand was designated by y. On applying 
equation 10.30 (9) to the computation of the integrals (2), the latter give 


4 I 
Xn = Xn + hl fins oe sant pe va Aofnss me = Asfnyt oe mF 


4. : 
I I I 
Vnt1 = Wnt hl gn4a a8 pA et rr a Acgn41 ane 24 Asgn41 gs GP 
where 
{ Frur = f (Cnty Yaga, Engr); 
5- 
Snir = ¥(Xn41, Vat, ey). 


The right members of (4) are known and therefore #n4: and yn,1 are 
determined. 

It will be recalled that f,4; and g,4: were computed from extrapolated values 
of Xn41 and yn4:1, and hence are subject to some error. They should now be re- 
computed with the values of ¥,41 and y,+41 furnished by (4). Then more nearly 
correct values of the entire right members of (4) are at hand and the values of 
Xn41 and yYn4i Should be corrected if necessary. If the interval / is small it will 
not generally be necessary to correct #4: and yn4:. But if they require correc- 
tions, then new values of fn4: and gn;; should be computed. In practice it is 
advisable to take the interval / so small that one correction to fn4i and gn41 is 
sufficient. 

After %n41 and yn41 have been obtained, values of x and y at ény. can be found 
in precisely the same manner, and the process can be continued to ¢ = fnys, tas, 

If the higher differences become large and irregular it is advisable to 
interpolate values at the mid-intervals of the last two steps and to continue with 
an interval half as great. On the other hand, if the higher differences become 
very small it is advisable to proceed with an interval twice as great as that used 
in the earlier part of the computation. 

The foregoing, expressed in words, seems rather complicated. As a matter of 
fact, it goes very simply in practice, as will be shown in section 10.9. 
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10.8 The Start of the Construction of the Solution. Suppose the differential 
equations are again 
f dx 
dt mt f (x, y) t), 


dy 
| —— La 
| dt g(x, y, t), 


with the initial conditions x = a, y = batt =0. Only the initial values of x and 
y are known. But it follows from (1) that the rates of change of « and y att = 0 
are f (a, 6, o) and g (a,b, 0) respectively. Consequently, first approximations to 
values of « and y att = 4 =/ are 


[ m = a + hf(a, 6, 0), 
\ yi) =6b+ hg(a, b, O). 


Now it follows from (1) that the rates of change of x and y at x = 11, y = yn, 
t = tf; are approximately f(«:, y., 4) and g(a, y:., 4). These rates will be 
different from those at the beginning, and the average rates of change for the 
first interval will be nearly the average of the rates at the beginning and at the 
end of the interval. Therefore closer approximations than those given in (2) to 
the values of « and y at ¢ = ¢, are 


3. | x°) oe i a gh Es, b, O) + f(a, yi), ty) |, 
\ yi@) = 6b a gh Lg(a, b, o) 2 g(a, yi, ty) |. 


The process could be repeated on the first interval, but it is not advisable when 
the interval is taken as short as it should be: 

The rates of change at the beginning of the second interval are approximately 
f(a, ©, tr) and g(x, y,°), t,) respectively. Consequently, first approxima- 
tions to the values of « and y at ¢ = tz, where  — 4; = h, are 


me f x) = 2,2 + h(a, y,%, tr), 
| | 92 = + hg(a™, y.®, t). 


With these values of « and y approximate values of f2 and g. are computed. Since 
fo, go; fi, g: are known, it follows that Aifs, Aig.; Avf,, and A.g, are also known. 
Hence equations (4) of 10.7, for 7 + 1 = 2, can be used, with the exception of 
the last terms in the right members, for the computation of a, and yp». 

At this stage of work x = a, Yo = 0; 41, 13 %2, V2 are known, the first pair 
exactly and the last two pairs with considerable approximation. After f, and gs 
have been computed, x: and y; can be corrected by 10.31 for 2 = 1. Then ap- 
proximate values of x; and y; can be extrapolated by the method explained in 
the preceding section, after which approximate values of /; and g; can be com- 
puted. With these values and the corresponding difference functions, x, and yz 
can be corrected by using 10.31. Then after correcting all the corresponding 
differences of all the functions, the solution is fully started and proceeds by the 
method given in the preceding section. 


2. 


10.9 Numerical Illustration. In this section a numerical problem will be treated 
which will illustrate both the steps which must be taken and also the method of 
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arranging the work. A convenient arrangement of the computation which pre- 
serves a complete record of all the numerical work is very important. 
Suppose the differential equation is 


d2 

[= —(r + K*)x + 2K?x3 

dt? ‘ 
Cre at t 

eae a 


The problem of the motion of a simple pendulum takes this form when expressed 
in suitable variables. This problem is chosen here because it has an actual physi- 
cal interpretation, because it can be integrated otherwise so as to express ¢ in 
terms of x, and because it will illustrate sufficiently the processes which have 
been explained. 

Equation (1) will first be integrated so as to express ¢ in terms of x. 
On multiplying both sides of (1) by 2 x and integrating, it is found that the 


integral which satisfies the initial conditions is 

dx\? 

natiset Seam > ae et ee 
2. (=) (1 — x7) (1 — K*x?), 


On separating the variables this equation gives 


; f . dx 
3: Jo VG — 2) 1 — ee) 
Suppose x? <1 and that the upper limit « does not exceed unity. Then 


4 <n AEA Ee ree Pera © BT 
° acy pa e 8 6 e2Acteue 


where the right member is a converging series. On substituting (4) into (3) and 
integrating, it is found that 


5. ¢=sin' x + fL-#vV 1 — 2? + sin x]? + 3[—-a8V'1 — 2? — 3x(2 — 2°)! 


+ gaVi1 — 2? 4+ 3sin 3 v]Ki+....... a: 


When « = 1 this integral becomes 


2 s 2 ee 2 
6. = Br + (S)e+ (Es) (ESS) e+... |. 
2 2 2°4 2°4°6 


Equation (5) gives ¢ for any value of x between —1 and +1. But the problem 
is to determine « in terms of ¢. Of course, if a table is constructed giving ¢ for 
many values of x, it may be used inversely to obtain the value of « corresponding 
to any value of ¢. The labor involved is very great. When x’ is given numerically 
it is simpler to compute the integral (3) by the method of 10.1 or 10.3. 

In mathematical terms, ¢ is an elliptical integral of x of the first kind, and the 
inverse function, that is, « as a function of #, is the sine-amplitude function, which 
has the real period 47. 


1 BOs 
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Suppose kK? = 2 and let y = a Then equation (1) is equivalent to the 


two equations 


[t= y, 
7° \4 Sear ae 
which are of the form 10.50 (1), where 

(f=, 
8. fae 3 age 


SN: @ = O,9 = at t=O, 


The first step is to determine the interval which is to be used in the start of 
the solution. No general rule can be given. The larger fo and go the smaller 
must the interval be taken. A fairly good rule is in general to take h so small 
that hf) and /g, shall not be greater than tooo times the permissible error in the 
results. In the present instance we may take / = 0.1. 

First approximations to « and y at ¢ = o.1 are found from the initial conditions 
and equations 10.8 (2) to be 


ay) 


9. 1 


(1) 
> 


I 
O-- — I = 0.2000, 
ite) 


I 
I + — 0'= 1.0000: 
IO 


It follows from (8) and these values of x; and y, that 


f(a™, y., t:) = 1.0000, 
g(a, n.™, th) = —0.1490. 


Hence the more nearly correct values of x; and 4;, which are given by 10.8 (3), are 


PaO) 


Orr 
acer [1.0000 + 1.0000] = 0.1000, 


L yi) = 1+ oe [0.0000 — 0.1490] = 0.9925. 

Since in this particular problem « = fy dé, it is not necessary to compute 
both f and g by the exact process explained in section 10.8, for after y has been 
determined x is given by the integral. It follows from (7), (8), (10), and (11) 
that a first approximation to the value of y at ¢t = & = 0.2 is 


12. yo) = .0025 — ie 1490 = .9776. 


With the values of y at 0, .1, .2 given by the initial conditions and in equations 
(9) and (12), the first trial y-table is constructed as follows: 
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First Trial y-Table 


t y Ay Avy 
° I .0000 

ee .9925 — .0075 

He .9776 — .O149 — .0074 


Since y = f it now follows from the first equations of (11) and 10.7 (4) for n = 1 
that an approximate value of x is 


ea x2 = 0.1000 + — =| 0776 +3 + 5.0149 + — “0074 = .1986. 


With this value of x, it is found from the second of (8) that g. = .2901. Then 
the first trial g-table constructed from the values of g at ¢ = 0, 0.1, 0.2, is: 


First Trial g-Table 


l g Aig A.g 
fe) 7 . OOOO 

a “~~. 490 — .1490 

v2  2Q0E oe SEARS + .0079 


Then the second equation of 10.7 (4) gives for m = 1 the more nearly correct 
value of ys, 


I I I 
14. Ve = .9925 + 2 | ~.2901 + ELS Ser 0079 = .9705. 


This value of y. should replace the last entry in the first trial y-table. When 
this is done it is found that Avy, = —.0220, Axyz = —.0145. Then the first equa- 
tion of 10.7 (4) gives 


15. | %_ = .1000 + — +]. 9705 + : 0220 + = or45| = .1983. 

The computation is now well started although 1, y:, 2, and y2 are still subject 
to slight errors. The values of x, and 4, can be corrected by applying 10.31 for 
n = 1. Itis necessary first to compute a more nearly correct value of g. by using 


the value of x: given in (15). The result is g. = —.2896, Aig, = —.1406, 
Aogs = +.0084. Then the second equation of 10.7 (4) gives 


I I I 
16. Vo = .9925 + pn | --2806 ar .1406 — oe 0084 | =°,9705, 


agreeing with (14). This value of y. is therefore essentially correct. An applica- 
tion of 10.31 then gives , 


4 X%1 = .0000 + 7m | 0705 ae 0880 ie o4s| .0997;, 
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after which it is found that g, = —.1486, Aig; = —.1486. Now the first trial y-table 
can be corrected by using the value of y, given in (14). The result is: 


Second Trial y-Table 


t y Avy Avy 
fo) 1.0000 

= 9925 — .0075 

£2 ig7es — .0220 — .O145 


In order to correct «, and y, by the same method, which is the most convenient 
one to follow, it is necessary first to obtain approximate values of g; and y;. The 
trial g-table can be corrected by computing g with the values of « given by (17) 
and (15). Then the line for g; can be extrapolated. The results are: 


Second Trial g-Table 


t g je a, Ag 
O . 0000 
ot — .1486 — .1486 
ye: — .28096 — .14I10 + .0076 
ae — .4230 — .1334 + .0076 


Then the second equation of 10.7 (4) gives for m = 2, 


8 ys = 19708 eo Snck 06 6| os 8 
To. V3 = 30799 Fh aa aoe: 1 2 tn ane 
When this is added to the second trial y-table, it is found that 


IQ. ys = .9348, Arvys = —.0357, Avys = —.0137, Asys = +.0008. 


Now x; and y2 can be corrected by applying 10.31 to these numbers and those 
in the last line of the second trial g-table. The results are 


ie 6 I 
X2 = 10997 + ae 9348 + : 0357 °— 2. 0137 + a 0008 | = .1980, 


20. 4 


—.4230 + 2 1334 + > 


I2> 


I 
Yo = .9Q25 + = 0076 | = .9705. 


The preliminary work is finished and « and y have been determined for ¢ = 0, 
.I, and .2 with an error of probably not more than one unit in the last place. As 
the process is read over it may seem somewhat complicated, but this is largely 
because on the printed page preliminary values of the unknown quantities can 
not be erased and replaced by more nearly correct ones. As a matter of fact, the | 


————————— ee wee oe’ = es 
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first steps are very simple and can be carried out in practice in a few minutes if 
the chosen time-interval is not too great. 

The problem now reduces to simple routine. There are an x-table, a y-table 
(which in this problem serves also as an f-table), a g-table, and a schedule for 
computing g. It is advisable to use large sheets so that all the computations 
except the schedule for computing g can be kept side by side on the same sheet. 
The process consists of six steps: (1) Extrapolate a value of g,4: and its 
differences in the g-table; (2) compute y,4, by the second equation of 10.7 (4); 
(3) enter the result in the y-table and write down the differences; (4) use these 
results to compute X41 by the first equation of 10.7 (4); (5) with this value of 
Xn41 compute gn41 by the g-computation schedule; and (6) correct the extrapolated 
value of gn4: in the g-table. 

Usually the correction to gn4: will not be great enough to require a sensible 
correction to Yn4:. But if a correction is required, it should, of course, be made. 
It follows from the integration formulas 10.7 (4) and the way that the difference 
functions are formed that an error € in gn 4: produces the error $e in yn41, and 
the corresponding error in %p41 1s = he. It is never advisable to use so large 
a value of /# that the error in x,,; is appreciable. On the other hand, if the differ- 
ences in the g-table and the y-table become so small that the second differences 
are insensible the interval may be doubled. 

The following tables show the results of the computations in this problem 
reduced from five to four places. 


Final «-Table 


t x Aix Ax Asx 
fo) 0000 

-I -0997 -0997 

a . 1980 .0983 — .OO0I4 

a - 2034 -0954 — .0029 — .OO15 

4 3847 .O913 — .0041 — .0012 

Ae .4708 .o861 — .0052 —.OOII 

.6 5508 .0800 — .0o61 — .0009 

7 .6243 .0735 | —.0065 — .0004 

8 .6909 © .0666 — .0069 — .0004 

.9 ~7505 .0596 — .0070 — .OOOI 
1.0 . 8030 10525 — .0071 — .OOOI 
1 .8486 .0456 — .0069 + .0002 
ce .8877 .03Q1 — .0065 + .0004 
ae .9205 .0328 — .0063 + .0002 
1.4 .9472 .0267 — .0o61 + .0002 
1.5 .9682 .O210 — .0057 + .0004 
1.6 .9837 .O155 — .0055 + .0002 
ay -9940 -O103 = 0052 + .0003 
1.8 .9993 .0053 — .0050 + .0002 
1.9 .9995 .0002 — .O0O051 — .OOOI 
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Final y-Table 
t y Avy Avy Asy 
° I .0000 
= .9925 — .0075 x 
3 .9705 — .0220 — .O145 
aK .9352 — .0353 ~—.O133 + .0012 
4 .8882 — .0470 —.O1I7 + .0016 
“5 .8320 — .0562 — .0092 + .0025 
6 . 7687 — .0633 — .007I + .00o19g 
e) . 7009 — .0678 — .0045 + .0016 
8 .6308 — .O701 — .0023 + .0022 
9 . 5602 — .0706 — .0005 + .0008 
£50) .4906 — .0696 + .0010 + .O0015 
G4 -4231 — .0075 + .0021 + .OO1I 
| 3584 — .0647 + .0028 + .0007 
1.3 2968 — .0616 + .0031 + .0003 
gy | 2382 — .0586 + .0030 — .OOOI 
Lek 1824 — .0558 + .0028 — .0002 
£0 1290 — .0534 + .0024 — .0004 
t7 0775 — .O515 + .OOI9 — .0005 
1.8 0271 — .0504 + .oorl — .0008 
T70 — .0230 — .O501 + .0003 — .0008 
Final g-Schedule 
t I Pe 2 4 3 .6 8 Re) 
log « | 8.9989 | 9.2967 | 9.4675 | 9.5851 | 9.6728 | 9.7410 | 9.7954 | 9.8304 | 9.8753 
log x? | 6.9967 | 7.8901 | 8.4025 | 8.7553 | 9.0184 | 9.2230 | 9.3862 9.5182 9.6259 
3x .2992 5941 .8802 | 1.1541 | 1.4124 | 1.6524 | 1.8729 2.0727 2.2515 
wee —.1496 | —.2970 | —.4401 | —.5770 | —.7062 | —.8262 | —.9365 | —1.0364 | —1.1257 
2 
Cog .OO10 0077 .0252 .0569 .1044 1671 2434 -3298 4227 
g —.1486 | —.2893 | —.4149 | —.5201 | —.6018 | —.6591 | —.6931 | — .7066 | — .7030 
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Final g-Table 
t g Avg Axg Asg 
° 0000 
Pe — .1486 — .1486 
Be — .2893 — .1407 + .0079 
3 — .4149 — .1256 + .O151 + .0072 
4 — .5201 — .1052 + .0204 + .0053 
5 — .6018 — .0817 + .0235 + .0031 
6 — .6591 — .0573 + .0244 + .0009 
ay — .6931 — .0340 + .0233 — .OOII 
8 — .7066 — .0135 + .0205 — .0028 
9 — .7030 + .0036 + .O171 — .0034 
1.0 — .6867 + .0163 + .0127 — .0044 
I.I — .6618 + .0249 + .0086 — .O0O4I 
4 — .6320 + .0298 + .0049 — .0037 
ee — .6008 + .0312 + .0014 — .0035 
1.4 —.5710 + .0298 — .OO14 — .0028 
5 — .5447 + .0263 — .0035 — .0021 
1.6 — .5236 +.02I11 — .0052 — .0017 
Sa — .5088 +.0148 — .0063 — .OOII 
1.8 — .5011 + .0077 —.0o7I — .0008 
1.9 — .5008 + .0003. — .0074 — .0003 
Final g-Schedule — Continued 
1.0 Yue I.2 a 1.4 1.5 1.6 17 1.8 1.9 
9-:9047 | 9.9287] 9.9483] 9.9640] 9.9764] 9.9860] 9.9929] 9.9974] 9.9997] 9.9998 
9.7141 | 9.7861) 9.8449] 9.8920] 9.9292} 9.9580] 9.9787] 9.9922] 9.9991} 9.9904 
2.4090] 2.5458] 2.6631] 2.7615] 2.8416] 2.9046] 2.9511] 2.9820] 2.9979] 2.9985 
—1.2045 | —1.2729 ~1.3316 —1.3807 | —1.4208 | —1.4523 | —1.4756 | —1.4910 | —1.4989 | —1.4992 
.5178 .OIII .6996 -7799 .8498 .9076 .9520 .9822 .9978 .9984 
— .6867|— .6618|— .6320|— .6008|— .5710|— .5447|— .5236}— .5088|— .5o011|— .5008 
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As has been remarked, large sheets should be used so that the «, y, and g-tables 
can be put side by side on one sheet. Then the ¢-column need be written but once 
for these three tables. The g-schedule, which is of a different type, should be on 


a separate sheet. 


I 


The differential equation (1) has an integral which becomes for x? = = 
2 


3 
2 
and which may be used to check the computation because it must be satisfied at 
every step. It is found on trial that (21) is satisfied to within one unit in the 
fourth place by the results given in the foregoing tables for every value of ¢. 

The value of ¢ for which « = 1 and y = o is given by (6). When k&? = $ it is 
found that T = 1.8541. It is found from the final «-table by interpolation based 
on first and second differences that x rises to its maximum unity for almost exactly 
this value of ¢; and, similarly, that y vanishes for this value of ¢. 


ra 2 ear 
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ae LIP TIC FUNCTIONS 


By Str GeorcE GREENHILL, F.R.S. 


INTRODUCTION TO THE TABLES OF ELLIPTIC 
FUNCTIONS 


By Str GEORGE GREENHILL 


In the integral calculus, . ial and more generally, f M +N VX dx 
vx PLOVE 

where M, N, P, Q are rational algebraical functions of x, can always be expressed 
by the elementary functions of analysis, the algebraical, circular, logarithmic or 
hyperbolic, so long as the degree of X does not exceed the second. But when 
X is of the third or fourth degree, new functions are required, called elliptic 
functions, because encountered first in the attempt at the rectification of an 
ellipse by means of an integral. 

To express an elliptic integral numerically, when tequired in an actual 
question of geometry, mechanics, or physics and electricity, the integral must 
be normalised to a standard form invented by Legendre before the Tables can 
be employed; and these Tables of the Elliptic Functions have been calculated 
as an extension of the usual tables of the logarithmic and circular functions of 
trigonometry. The reduction to a standard form of any assigned elliptic integral 
that arises is carried out in the procedure described in detail in a treatise on the 
elliptic functions. 


x, 


11.1. Legendre’s Standard Elliptic Integral of the First Kind (E. I. I) is 


’ dd ae Se dx iB 
ss : V1 — K sin? d . VJ (1 — x2)(1 — Kx?) - 


defining @ as the amplitude of u, to the modulus x, with the notation, 


o@=am u 
x = sin @d = sin am u 


abbreviated by Gudermann to, 


% = sn t 
cos @ = cn u 
Ag= V(r — «sin? d) = Aamu = dny, 


and sn u, cn u, dn w are the three elliptic functions. Their differentiations are, 


dp _ dam u _ 

4 Ad akan eas dn u 
dsing _ dsnu _ 

oy = cos d:Ad 7 =cnudnu 
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dcos @ . dcnu 

= —sing@ Ad or —7— = — snudnu 
dAd a ddnu _ ‘ 

aoe ee nD COB D or —7— = — Ksnucns 


11.11. The complete integral over the quadrant, o< $< =, o< 4 <1, defines 
the (quarter) period, K, 


1 Imdb 
meer 
making 
sn K =1 
cn K=o0 
dn K = x’. 


kK’ is the comodulus to x, Kk? + «x = 1, and the coperiod, K’, is, 


Ke f ACE - sin? d) 
11.12. 


sn? 4+ cn? u = 1 

cn? 4+ K?sn?4=1 

dn? 4 — kK? cn? u = x”, 
sn 0 =0, cn O = an; Oe F: 
snK=1, cK <0, dn K = xk’. 


11.13. Legendre has calculated for every degree of 0, the modular angle, 
k = sin 0, the value of F@ for every degree in the quadrant of the amplitude @, 
and tabulated them in his Table IX, Fonctions elliptiques, t. II, 90 x 90 = 8100 
entries. 

But in this new arrangement of the Table, we take u = F@ as the independent 
variable of equal steps, and divide it into go degrees of a quadrant K, putting 


r° 


sigs cae Y= Oo 8, 


As in the ordinary trigonometrical tables, the degrees of r run down the left of 
the page from o° to 45°, and rise up again on the right from 45° to 90°. Then 
columns II, III, X, XI are the equivalent of Legendre’s Table of F@ and ¢, 
but rearranged so that F@ proceeds by equal increments 1° in 7°, and the incre- 
ments in @ are unequal, whereas Legendre took equal increments of ¢ giving 
unequal increments in uw = Fd. 

The reason of this rearrangement was the great advance made in elliptic 
function theory when Abel pointed out that F@ was of the nature of an inverse 
function, as it would be in a degenerate circular integral with zero modular 
angle. On Abel’s recommendation, the notation is reversed, and ¢ is to be | 
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considered a function of u, denoted already by $ = am wu, instead of looking 
at u, in Legendre’s manner, as a function, F¢, of ¢. Jacobi adopted the idea 
in his Fundamenta nova, and employs the elliptic functions 


sin @ = sinam u, cos @ = cos am u, A¢g = Aamyu, 
single-valued, uniform, periodic functions of the argument wu, with (quarter) 


period K, as @ grows from o to 37. Gudermann abbreviated this notation to 
the one employed usually today. 


11.2. The E. I. I is encountered in its simplest form, not as the elliptic arc, 
but in the expression of the time in the pendulum motion of finite oscillation, 
unrestricted to the small invisible motion of elementary treatment. 

The compound pendulum, as of a clock, is replaced by its two equivalent 
particles, one at O in the centre of suspension, and the other at the centre of 
oscillation, P; the particles are adjusted so as to have the same total weight as 
the pendulum, the same centre of gravity at G, and the same moment of inertia 
about G or O; the two particles, if rigidly connected, are then the kinetic equiva- 
lent of the compound pendulum and move in the same way in the same field of 
force (Maxwell, Matter and Motion, CXXI). 

Putting OP = 1, called the simple equivalent pendulum length, and P starting 
from rest at B, in Figure 1, the parti- 
cle P will move in the circular arc 
BAB’asifsliding downasmooth curve; 
and P will acquire the same velocity 


E 


as if it fell vertically KP = ND; this $ 
is all the dynamical theory required. ol 
B D K B 
(velocity of P)? = 2g-KP, i C41\\ 
(velocity of N)?= 2g-ND-sin?AOP . a \/ 
- RE s 
= 2g:-ND: 5 - & -ND-NA-NE, NS 


and with AD=h, AN=y, ND 
=h—y, AE =2l, NE = a2l-—y, 


Lad ee! 7) ae ee 
(F) - $y - 9) G- 9 = By, 


where Y isacubicin y. Then /¢is given T 
by an elliptic integral of the form Fic. 1 
dy 


This integral is normalised to Legendre’s standard form of his 
E. I. I by putting y= sin? $, making AOQ=9¢, h-y=h cos ¢, 
al — y = 21 (1 — K* sin? ®), | 


ie 4 i a a Sint hen. 


x is called the modulus, AEB the modular angle which Legendre denoted 
by 6; V(a — k*sin®? d) he denoted by Ad. 
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With g = /m’, and reckoning the time ¢ from A, this makes 
$ dd 
nt = ic kane FQ, 


in Legendre’s notation. Then the angle @ is called the amplitude of nt, to be 
denoted am né, the particle P starting up from A at time ¢ = 0; and with uw = nt, 


pee AQ eg 
ee eB AD 8 9 
_ DO Rat 8 
OF aD) Cr bead 
EP ol WE 
dnu= 7 dn’ u = 7 


Velocity of P = n-AB-cn u = VBP: PB’, with an oscillation beat of T seconds 
in u = eK, e = 2t/T. 


11.21. The numerical values of sn, cn, dn, tn (uw, kK) are taken from a table 
to modulus x = sin (modular angle, @) by means of the functions Dr, Ar, Br, 
Cr, in columns V, VI, VII, VIII, by the quotients, 


Vk’ sn eK = f 
B 
cn eK = D 
dneK C 
ve D 
a/ Kk’ tn eK = a 
¥° = 90° 
u= eK, 
These D, A, B, C are the Theta Functions of Jacobi, normalised, defined by 
Ou Hu 
D(r) = raey A(r) = HK 
B(r) = A(go° — 7) C(r) = D(go° — 7). 


They were calculated from the Fourier series of angles proceeding by multiples 
of r°, and powers of qg as coefficients, defined by 
¢oe5 
Ou = 1 — 2q¢ cos 27 + 2¢' cos 4r — 2g cos6r +. . 
Hu = 2q' sinr — 2g' sin 37 + 2g sin5r—:... 


11.3. The Elliptic Integral of the Second Kind (E. I. II) arose first historically 
in the rectification of the ellipse, hence the name. With BOP = ¢ in Figure 2, 
the minor eccentric angle of P, and s the arc BP from B to P at x =a sin @, 


y = bcos@, 


ROR Tuber 
rae 


ie 


ce 


ah 
Mie 
* : 


et Y, 
eld 
ee: 
Hg, 
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ds 
dp 


to the modulus «, the eccentricity of the ellipse. 


Then s =a E®, where ang Ad -d®@ is denoted by Ed 

in Legendre’ s notation of his standard E.I. II; nN 

it is tabulated in his Table IX alongside of Fo 

for every degree of the modular angle 6, and to 

every degree in the quadrant of the amplitude ¢. —o 
But it is not possible to make the inversion 

and express @ as a single-valued function of Ed. 


= V@ cos’ @ + b sin? d = aA(¢d, «), 


FIG. 2 


-11.31. The E. I. UT, E@, arises also in the expression of the time, #, in the oscil- 
lation of a particle, P, on the arc of a parabola, as F@ was required on the arc 
: L ofa circle. Starting from B along the parabola 


BAB’, Figure 3, and with AO=h, OB = 8, 
BOQ = ¢, AN = y=h cos? ¢, NP = x=5b cos 
: : @ and with OS = 2h = 6 tan a, OA’ =SB 
é : ° = 0b sec a, the parabola cutting the horizontal 
iL We | at Bat an angle a, the modular angle, BRA’B’ 
; is a semi-ellipse, with focus at S, and eccen- 
A tricity K = sina. 
: dx\? /dy\? 
7” aa putea mat A 
(Velocity of P)? = ( 7 ) a" ( 3) 
St 
Oe = (0? cos? @ + 4h? sin? cos? d) (F) 
,— dt 
FIG. 3 
; do\? 
= a?(1 — sin? @ sin? d) cos? Pg) Belek $e 2gh cos? 
: = V* cos? d, 
if V denotes the velocity of Pat A, and OA’ = a. Then with s the elliptic arc BR, 
dt 
sas Ses eS t 
oer ahd os V s, 


and so the point K moves round the ellipse with constant velocity V, and ac- 
companies the point P on the same vertical, oscillating on the parabola from B 
to B’. 

In the analogous case of the circular pendulum, the time # would be given 
by the arc of an Elastica, in Kirchhoff’s Kinetic Analogue, and this can be placed 
as a bow on Figure 1, with the cord along AE and vertex at B. 

Legendre has shown also how in the oscillation of R on the semi-ellipse BRB’ 
in a gravity field the time ¢ is expressible by elliptic integrals, two of the first 
and two of the second kind, to complementary modulus (Fonctions elliptiques, 


I, p. 183). 
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11.32. In these tables, E@ is replaced by the columns IV, IX, of E(r) and 
G(r) = E(go — r), defined, in Jacobi’s notation, by 

E(r) = zn eK = Ed — cE 

G(r) = zn (1 — e)K, r= goe. 


This is the periodic part of E@ after the secular. term eE = ou has been set 


aside, E denoting the complete E. I. I, 
E = Ehm = {""Ad-do. 
The function zn u, or Zu in Jacobi’s notation, or E(r) in our notation, is 
calculated from the series, 


Er = Zu=2 psi pi Ee + gm 4 gma... .) sin mr. 
sinh mar © 


m1 m=tr1 


This completes the ae of the twelve columns of the tables. 


11.4. The Double Periodicity of the Elliptic Functions. 

This can be visualised in pendulum motion if gravity is supposed reversed 
suddenly at B (Figure 1) the end of a swing; as if by the addition of a weight 
to bring the centre of gravity above O, or by the movement of a weight, as in the 
metronome. The point P then oscillates on the arc BEB’, and beats the elliptic 
function to the complementary modulus x’, as if in imaginary time, to imaginary 
argument nti = fK'i: and it reaches P’ on AX produced, where tan AEP’ 
= tan AEB-cn (nti, x), or tan EAP’ = tan EAB-cn (nt’, x’); or with nt’ = 2, 
DR’ = DB-cn (iv, x’), DR = DB-cn (2, k’), with DR- DR’ = DB?, EP’ crossing 
DB in R’. | 


cn (iv, K) = : 


cn (v, Kk’) 
sn (i, K) = ‘ene 5 = 7 tn (9, x’) 
dn Gere dn (v, x’) I 


cn (v, K’) sn (K’—», kK) 
7 


where K’ denotes the complementary (quarter) period to comodulus x’. 
If m, m’ are any integers, positive or negative, including o, 


sn (4 + 4mK + 2m’iK’) =snu 
cn [wu + 4mK + 2m’(K +iK’)] = cnu 
dn (a + 2mK + 4m'iK’) = dnu 


11.41. The Addition Theorem of the Elliptic Functions. 


snucnyvdnyv+snyvcenudnu 


sn (4+) = 
I — K*sn?usn?v 
cn ucnv+ sn 
cn (vt 4) = udnusnvdnv 
I — K*?sn2usn?v 
dnudnv Fx 
dn (0 4%) = snucnusnvcny 


I — K* sn? usn2v 


ge ee PO Ce ee Ee ee ee ee Ee One ee 


OCR Oe 
~ Nhl 


‘sade 


Sk Meee PS a Re a ee 


Ee 
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11.42. Coamplitude Formulas, with v = + K, 
cn u 
sn (K — uw) = =— =sn(K+u4 
(K -u)=S¥ on (K+u) 


K's , 
tk owe sa on CE 4a) wo ee 


dn u 


dn (K —u) = 7 ~— = dn(K +) 


tn (K — 4) = tn (K +4) =- 


«x tnu kK tnu 
11.43. Legendre’s Addition Formula for his E. I. II, 
Eo = fAd-db = fdru-duy b= fSdnu-du = amu. 
E¢+ Ey — Eo = & sing siny sino, y = amv, o = am (v + uv) 
or, in Jacobi’s notation, — 
mu+znv—zn(u+v) = K*snusnvsn(v+ yn), 


the secular part cancelling. 
Another form of the Addition Theorem for Legendre’s E. I. II, 


— 2k’sin Y cos p Ay sin? 


1 — kK’ sin’ ¢ sin? p ete 5-4) 


Eo — E@ — 2Ey = 


or, in Jacobi’s notation, 


— 2K*?snvcnvdnvsn?u 
zn (v+u) +z2n(v— u“) — 2znv= goa . . 
( I — K’sn?usn?v 


11.5. The Elliptic Integral of the Third Kind (E. I. IIT) is given by the next 
integration with respect to u, and introduces Jacobi’s Theta Function, Ou, 
defined by, 


ee = 24 = MU 
oe a zn u-du 
Bo — 0 


Integrating then with respect to u, 
log 8 (v + u) — log O (v — u) — 2uznv = } 


and this integral is Jacobi’s standard form of the E. I. III, and is denoted by 
— 2II (mw, v); thus, 
snycnvdnysn?u , 11.,.9@- 
neces As I — K* sn? 4 sn? 9 oe Mane 2 log @ 4 w) 
Jacobi’s Eta Function, Hz, is defined by 


Hv — 
ae /K sn J, 


— 2K? snvcnvdnvsn?u 
I — K*sn?usn?v 


du, 


and then 
dlog Hv cnvdnv 


dv sn v 


+ zn v, denoted by zs 2; 
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so that 
cnvdnv 
<r AE 
sn v _  cnvdny ie) 
ol—Ksmusny “sno + ek 
0 (v — 4) 
=UzSv+ — a8 6 Gra) 
. 0 O (v — uw) u) 2U *ZSVv 
2 me sy Cr 0 (v+4u) : 
This gives Legendre’s standard E. I. III, 
ieeey re 
| r+nsin?d Ad’ 
where we put » = — k*sn?v = — k?sin?y, 
K? co? PAW cn?vdn?v 
pheecue sired es bh ; 
ae (x + = Sat sin? y gntg:'? 


the normalising multiplier, /. 

The E. I. III arises in the dynamics of the gyroscope, top, spherical pendulum, 
and in Poinsot’s herpolhode. It can be visualized in the solid angle of a slant 
cone, or in the perimeter of the reciprocal cone, a sphero-conic, or in the mag- 
netic potential of the circular base. 


11.51. We arrive here at the definitions of the functions in the tables. Jacobi’s 
Ou and Huw are normalised by the divisors 80 and HK, and with r = goe, 


Oek Hek 
D(r) denotes ~— OR’ A(r) denotes —— HK 


while B(r) = A(go— 17), C(r) = D(go — 17), and B(o) = A(go) = D(o) = C(go) 


= 1, C(o) = D(go) = Fe 


Then in the former definitions, 


Aly) __ Algo) sn u= Vk’ sneK 


D(r) ~ Do) 
Be = ae cn uw = cneKk 
Di” Be) 4p 
Then, with 4 = eK, v = fK, r = goe, s = gof, 
(u,v) = eK znfK + ~ log - fe hey 
= eK Bs) + Flog P= 


mfK=E(s), wm(1—f)K =E(9o-s)=G(s). 
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The Jacobian multiplication relations of his theta functions can then be 
rewritten 
D(r + s)D(r — s) = D*rD*s — tan? 0A?rA?s, 


A(r+s)A(r — s) = A*rD*s — D*rA?s, 
Bir + s)B(r — s) = B’rB’s — A*rA?s. 


But unfortunately for the physical applications the number s proves usually 
to be imaginary or complex, and Jacobi’s expression is useless; Legendre calls 
this the circular form of the E. I. III, the logarithmic or hyperbolic form corre- 
sponding to reals. However, the complete E. I. III between the limits o<@ <$7, 
or o<u<K, 0 <e <1, can always be expressed by the E. I. I and II, as Legendre 
pointed out. 


11.6. The standard forms are given above to which an elliptic integral must be 
reduced when the result is required in a numerical form taken from the Tables. 
But in a practical problem the integral arises in a general algebraical form, and 
theory shows that the result can always be made, by a suitable substitution, to 
depend on three differential elements, of the I, Hl, LI kind, 


ds. 
VS 
II (s—a) ne 
I ds 
III ear, 5 


where SS is a cubic in the variable s which may be written, when resolved into 


three factors, 
S = 4°S — S'S — Sa°S — $3 


in the sequence «>5s;>52>s3> — o, and normalised to a standard form of 
zero degree these differential elements are 
V/s; — 83 ds 
VS 
saa ds 
Vs — 83 Vv. S 
m vz 
s—o VS 


I 


II 


> denoting the value of S when s =o. 
The relative positions of s and o in the intervals of the sequence require 
preliminary consideration before introducing the Elliptic Functions and their 


notation. : 
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11.7. For the E. I. I and its representation in a tabular form with 


a pas D5 bee et K!2 51 — S2 
pe Ne eee ba necro 
AY ees 53 Si a8 
K ©O, Se VAT Se ds K! RG 53 ed Se oa == $2 ds 
= 2o8 3 es 
$1, $3 V/S§ $2, — © 4/ cu RS 


and utilizing the inverse notation, then in the first interval of the sequence, 


C>S>S, 


PN Sara fez 
K= f V/s Ssds_ oi /1=8 : en/$=5 = an 5 — Se 
Fs V/S S — S3 S— $3 S— S83 
ae = Sioa shi Shoe. ie S31 = 893. 08 
(1 -—e)K = es = Sh as y/o Vi 
So B iSorece Ps AE Peon BEN gate bdo 


indicating the substitutions, 


uinake Be sin? @ = sn’? eK, cheats sin? Y = sn? (1 — e)K. 
Sa Acari 


In the next interval S is negative, and the comodulus x’ is required. 


Sy eS > Se 
oe ae SUS aay Sie Ss een 1/5 = 83 
ee Ss 51 — 52 Se sg $1 — Sg 


as a 44 | 1 = Sa°S = Se ie t= Sess 
= sn = cn 


Si. OT Oe Of he Sotd ao ae 


it an-iy/2= 5 
A Yikes) 


S is positive again in the next interval, and the modulus is xk. 


ey) K' = 


Sg >S >S3 


ae _4¢ [Si — 53°S2 — S S1 — So°S — $3 
(1 —e)K = whe = sn 1/ = cn? 
Ss 


Soy. seat Soe Sa eS 59 et a 


eK = 1 eee Voi = 85 ae cs ep ype ie ey tae ns an-y/2= 5 ms 
32. — “Se Saree Of oe 


indicating the ae 


Si — S s-—S ‘ 
to? = A = dn? (1 — e)K, * = sin? @ = sn? eK 
ao SD PY) Sgt 


.5 = So sin? d + s3 cos? db. 
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S is negative again in the last interval, and the modulus x’. 


S$3>S>— © 
(1— f)K’ -{ a ae oe as sil ae = sae = dn-y/* me Sgr ag “8 
s V-S ms So—S + Hh =e 
s/s; — s3 ds a 
TK: = = sn- n- $2 — S x 
-o VW—S 1 —s Stes oy Si—s 


11.8.. For the notation of the E. I. II and the various reductions, take the 
treatment given in the Trans. Am. Math. Soc., 1907, vol. 8, p. 450. The Jacobian 
Zeta Function and the Er,Gr of the Tables, are defined by the standard integral 


ae ars -[° Ad-db = Ed = = | ant(ek): -d(eK) = Eam eK = eH +zneKk, 
or, 
—_ : f , , , 
ae a = 'd08 (JK")-d( JK") = Bam jk = fH + zn fk’, 


where zn is Jacobi’s Zeta Function, and H, H’ the complete E. I. IT to modulus 
kK, kK’, defined by, 


He af INT k) db = af ‘dn? (eK) -d(eK) 


‘ ; 
H! = {7 A(d, x’) dp = (dn? ( fK’)-d(fK’). 
The function zn u is derived by logarithmic differentiation of Ox, 


d log Ou 
du 


zu = , or concisely, 


Ou = exp. fan u-du, 
and a function zs u is derived similarly from 


d log Hu 


ZSUu = 
du 


_ dlog Ou , dlog sn x 
ae ee du 


cn udnu 
sn u 


=mut+ 


For the incomplete E. I. II in the regions, 


© >S$ >S, >S2>S >S3 
and 
— $3 5S — S3 
sn? eK = ———— or ———? 
$2 3s So — Sg 
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Sy on d “S250 — Be | 
ee ene dss «Go OH eek 


s V5 — 53 VS Sit ie /S 

s—S% ds ‘pai 

Ea piicsinpined! Ie Lee: ee Saw woes eS i 19 
SAR Be ears VS oe ae KOK) + 2s eK 


= (1—e)(K —H)+2seK 


{== BSE te VS 
Vs — 53 VS A re 
the integrals being © at the upper limit, s = , or at the lower limit, s = 53 


where € = 0 and zseK = o, 
So also, 


i RS a Spey fete Sons ds eH +2neK 
34 S = Ss - VSS $5 1/5, — 53 VS (1 —e)H —zneK 
freee fee ds — eH — K?K) +aneK 

S— Ss +S Vs — $3 Ses (1 — e)(H — x?K) — zneK 


(eee s—ss ds. eK —H)—-meK 


S—S3 +fS Wa ee (1 —e\/K — H)+2neK 


Similarly, for the variable o in the regions 


Su>0 >Sg>S3>T0> — © 
= negative, and 
7 51 —- CO S51 — Sg 
——— or ——— 
31> Se A Gama 
ee ee eee f 1 — 8. V1 — 53 7g _ SK’ — HH’) — an fK’ 
a2 V5 —3 V—-Z d-w05—- TF Vf—-D (1 — f)(K'— H’) + zn fK’ 


| pe do = pane a 


sn? f{K’ = 


Vs — 53 V- si-G Y-2 (x — f)(H’ — x?K’) — an fK’ 
Joo do es i= $3 _ SH + mf’ 
Vi—-3sV—-2 i-T /-% (1 — f)H’ — zn fK’ 
Oy, os ge 9G he if Si: — CO 
do = a P eave / , 
j= cay Re. Apis aes = (1 f)( H’) + zs fK 
19 3-6 VS Sg —- 0 do wes , 9y7! ; 
at eae T= Jo] = —(1-f)(H’ - shi fc 
a= OV S— Ss; i do 
do = ot at ! , 
ip oe V—-2 4 N/Si = Sead * Ze ee ee 


these last three integrals being infinite at the upper limit, o = s;, or lower limit 
o = — », where f =0, zs fK’ = 

Putting e = 1 or f= 1 any of these forms will give the complete E. I. II, 
noticing that zn K’ and zs K’ are zero. 


ee ne ee 
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11.9. In dealing practically with an E. I. III it is advisable to study it first 
in the algebraical form of Weierstrass, 


} 1./> ds ; 
a)y/S 


where S = 4:5 — S\:S — Sg*S — 53, Z the same function of o, and begin by ex- 
amining the sequence of the quantities s, 0, 1, Sa, Ss 
Then in the region ; 


$>5,>82>0 >53, 


put 
| eae | Sg — S3 
S— 53 = —5—, O — Sg = (S2 — 53) Sn? 0, K? = ———» 
Si — S3 V/s; — $3 ds 
s-— 0 =—,— (1 - kK’ sn? u sn? 0), = = du, 
sn u /S 


Vd = V5, — 53 (S. — 53) snvcnvdnyv, making 


eH 2 2 ; 
frees. f: snvcnzvdnyvsn © ae Titus). 


I — K?sn?usn?v 


But in the region, 


CT >S1'>Sa >5'>S3, 
Si— Ss I eS cnzvdnyv 
: 3 
S — S3 = (Se — S3) SD U, O — 83 = -W/ = $1 — $3)! ——— 
( ) as ( eae 
ea ive “geet 2 
G-S= I — kK’ sn°usn*v 
sn? v ( ); 
making, 
cnvdnyv is 
5V > ds we sn v YE Gi Nuk yoo 
7. ae 2 int 2 1 ) ce ees 
Gg a/S I— K*sn’usn’v sn v 


In a dynamical application the sequence is usually 


S$ >S,>0 >S2>5 >53 
or 

S$ >S1 >Sg>S >53>0, 
making D negative, and the E. I. III is then called circular; the parameter v 
is then imaginary, and the expression by the Theta function is illusory. 

The complete E. I. III, however, was shown by Legendre to be tractable 

and falls into four classes, lettered (J’) (m’), p. 138, (7’), (R’), pp. 133, 134 (Fonc- 
tions elliptiques, I). 


5, >0 >So 
Sj —- Sg 
O — So 
cn? fK’ = 2 = 
Sy — Se 
dn? {K’ = rn. 


Sy = Sg 
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A. a 8 Hee a 
o>s >of, 2 see Us = A(fK’) = $m(2 — f) — K zn fK’ 
B. aV x ds ! : | / 
sosonf ro ys = B( fK’) = amf + K an fK 
A+B=it 
53>T > — © 
2 , 54> Se 
sn? fK pa 
9 pig Se 
cn? fK ane 
9 ’ 39 — 0. 
dn? fK ree 
Cc = 
© >S$>5y = C(fK’) = K zs fK' — 4n(1 — f) 
Sy os 
D av — 2 ds 
Sa>s>ss J ae UR = D( fK’) = K 2s fK’ + 3af 


Tau OF ELLIPTIC- FUNCTIONS 
By Cot. R. L. HippisLey 


: 


ELLIPTIC FUNCTION 
K = 1.5737921309, K’ = 3.831742000, E = 1.5678090740, E’ = 1.012663506, 


260 


4 Fo co) E(r) D(r) A(r) 
) 0.00000 00000 nage te 0.00000 00000 I.00000 00000 | 0.00000 00000 | 
I 0.01748 65792 ea 0.00006 64649 I.00000 05812 | 0.01745 23906 
2 0.03497 31585 oe 0.00013 28485 I.00000 23240 | 0.03489 94650 
3 0.05245 97377 eee 0.00019 90699 I.O00000 52264 | 0.05233 59088 
4 0.06994 63169 yee? 0.00026 50480 I.00000 92847 | 0.06975 64107 
5 0.08743 28962 | eee | 0.00033 07023 I.O000I 44942 | 0.08715 56642 
6 0.10491 94754 oe 2 0.00039 59525 I.00002 08483 | 0.10452 83693 
7 0.12240 60546 me tee 0.00046 07190 1.00002 83393 | 0.12186 92343 
8 0.13989 26338 a | 0.00052 49226 1.00003 69582 | 0.13917 29770 
9 0.15737 92131 ae | 0.00058 84849 1.00004 66945 | 0.15643 43264 
10 0.17486 57923 10: @% 0.00065 13283 1.00005 75362 | 0.17364 80247 
II 0.19235 23716 II I 0.0007I 33760 1.00006 94702 | 0.19080 88283 
12 0.20983 89508 Ge iene 0.00077 45523 1.00008 24819 | 0.20791 I5I0I1 
13 0.22732 55300 eee | 0.00083 47824 1.00009 65555 | 0.22495 08603 
14 0.24481 21092 1, ee 2 0.00089 39929 I.O00II 16738 | 0.24192 16887 
15 0.26229 86885 15. 2 0.00095 21114 1.00012 78184 | 0.25881 88257 
16 0.27978 52677 1G). 52 0.00100 90670 1.00014 49696 | 0.27563 71244 
ig 0.29727 18469 Lune 0.00106 47903 1.00016 31066 | 0.29237 14618 
18 0.31475 84262 Less O.OOIII 92132 1.00018 22072 | 0.30901 67404 
19 0.33224 50054 19> 2 O.OOII7 22694 1.00020 22482 | 0.32556 78900 
20 0.34973 15846 20. ae 0.00122 38941 I.00022 32051 | 0.34201 98690 
o 0.36721 81639 oi" 2 0.00127 40244 1.00024 50525 | 0.35836 76658 
22 0.38470 47431 we. @ 0.00132 25992 I .00026 77636 | 0.37460 63009 
23 0.40219 13223 Bat? 0.00136 95594 1.00029 13109 | 0.39073 08277 
24 0.41967 -79016 2aN*: 2 0.00141 48476 I .0003I 56657 | 0.40673 63347 
2 0.43716 44808 Qe. 23 0.00145 84087 1.00034 07982 | 0.42261 79464 
26 0.45465 10600 20 mt 0.00150 01897 I .00036 66779 | 0.43837 08251 
27 0.47213 76393 yy am, 0.00154 01398 I .00039 32731 | 0.45399 01723 
28 0.48962 42185 2. aaa 0.00157 82103 I .00042 05516 | 0.46947 12303 
29 0.50711 07977 29°38 O.OOI6I 43549 1.00044 84801 | 0.48480 92833 
30 0.52459 73770 a 0.00164 85297 I.00047 70246 | 0.49999 96593 
31 0.54208 39562 at. 3 0.00168 06931 I.00050 61502 | 0.51503 77311 
32 0.55957 05354 aaa 0.00171 08062 1.00053 58215 | 0.52991 89180 
33 0.57705 71147 aa 0.00173 88322 I.00056 60024 | 0.54463 86870 
34 0.59454 36939 34 3 0.00176 47373 1.00059 66561 | 0.55919 25543 
35 0.61203 02731 35° 3 0.00178 84901 I .00062 77451 | 0.57357 60867 
36 0.62951 68524 36°. "3 0.00181 OO617 1.00065 92318 | 0.58778 49028 
37 0.64700 34316 i, 2 any 0.00182 94261 1.00069 10776 | 0.60181 46744 
38 0.66449 OO108 See 0.00184 65599 I.00072 32438 | 0.61566 11280 
39 0.68197 65900 Ye li 0.00186 14423 I .00075 56912 | 0.62932 00458 
40 | 0.69946 31693 | 40 3 0.00187 40556 | 1.00078 83803 | 0.64278 72670 
41 0.71694 97485 4h. * 4 0.00188 43845 I.00082 12712 | 0.65605 86895 
42 | 0.73443 63278 | 42 4 0.00189 24166 | 1.00085 43239 | 0.66913 02706 
43 0.75192 29070 43 4 0.00189 81424 1.00088 74981 | 0.68199 80287 
44 0.76940 94862 44 4 0.00190 15552 1.00092 07533 | 0.69465 80439 
45 78689 60655 45 4 0.00190 26510 1.00095 40492 | 0.70710 64600 
90°r Fy y G(r) C(r) ; B(r) 


SMITHSONIAN TABLES 


oes oy ea te, 


TABLE 6 = 5° 7 261 
q= 0.000476569916867, 0 0 = 0.9990468602, H(K) = 0.2955029021 

B(r) C(r) G(r) V7 Fy $0-r 
1.00000 00000 I.00190 80984 | ©.00000 00000 | go° 0’ 1.57379 21309 | 90 
0.99984 76949 1.00190 75172 0.00006 63384 89 Oo 1.55630 55517 | 89 
0.99939 08259 I.00190 57743 0.00013 25961 88 oO 1.53881 89724 | 88 
0.99862 95323 I.00190 28720 0.00019 86928 87 oO 1.52133 23932 | 87 
0.99756 40458 1.00189 88136 0.00026 45481 86 Oo 1.50384 58140 | 86 
0.99619 46912 1.00189 36042 0.00033 00820 ara 1.48635 92347 | 85 
0.99452 18855 1.00188 72501 0.00039 52149 a 1.46887 26555 | 84 
0.99254 61382 I.00187 97590 | 0.00045 98676 Ok, Ee 1.45138 60763 | 83 
0.99026 80513 1.00187 II40I 0.00052 39616 aes | I.43389 94971 | 82 
0.98768 83186 1.00186 14039 0.00058 74190 ) eee I.41641 29178 | 81 
0.98480 77260 1.00185 05621 0.00065 01626 RD 1.39892 63386 | 80 
0.98162 71510 | 1.00183 86282 | 0.00071 21163 | 79 1 1.38143 97593 | 79 
0.97814 75623 1.00182 56165 0.00077 32046 ae 1.36395 31801 | 78 
0.97437 00200 1.00181 15429 0.00083 33534 yf Se I.34646 66009 | 77 
0.97029 56747 1.00179 64246 0.00089. 24894 96.) a 1.32898 00217 | 76 
0.96592 57675 1.00178 02800 0.00095 05409 rae 1.31149 34424 | 75 
0.96126 16296 1.00176 31288 0.00100 74371 SA a I.29400 68632 | 74 
0.95630 46817 1.00174 49918 0.00106 31089 6 AE I.27652 02840 | 73 
0.95105 64338 1.00172 58912 O.OOIII 74885 wo ROS 1.25903 37047 | 72 
0.94551 84846 1.00170 58502 0.00117 05097 7s aie 1.24154 71255 | 71 
0.93969 25209 1.00168 48932 0.00122 21081 FON 8 1.22406 05463 | 70 
0.93358 03176 1.00166 30459 0.00127 22208 69 2 1.20657 39670 | 69 
0.92718 37364 1.00164 03347 0.00132 07868 68 2 1.18908 73878 | 68 
0.92050 47258 I.00161 67874 0.00136 77470 OF 230 I.17160 08086 | 67 
0.91354 53203 1.00159 24327 0.00141 30440 66° <3 I.15411 42293 | 66 
0.90630 76400 I.00156 73002 0.00145 66228 OS: +4 1.13662 76501 | 65 
0.89879 38894 I.00154 14205 0.00149 84301 oF a I.11914 10709 | 64 
0.89100 63574 I.OOI5I 48252 0.00153 84151 63):8 I. 10165 44916 | 63 
0.88294 74161 1.00148 75467 0.00157 65289 62 <3 1.08416 79124 | 62 
0.87461 95204 1.00145 96182 0.00161 27250 Sb. <3 1.06668 13332 | 61 
0.86602 52071 1.00143 10738 0.00164 69592 60...: 4 1.04919 47539 | 60 
0.85716 70941 1.00140 19481 0.00167 91897 a6: 1.03170 81747 | 59 
0.84804. 78798 I.00137 22768 0.00170 93771 58 3 I.01422 15955 | 58 
0.83867 03419 I .00134 20959 0.00173 74846 7 epee 0.99673 50162 | 57 
0.82903 73370 I.0013I 14423 0.00176 34776 BO:.52 0.97924 84370 | 56 
0.81915 17995 1.00128 03532 0.00178 73244 55 3 0.96176 18578 | 55 
0.80901 67404 1.00124 88666 0.00180 89958 54.004 0.94427 52785 | 54 
0.79863 52473 I.O00I2I 70208 0.00182 84651 oe 0.92678 86993 | 53 
0.78801 04823 1.00118 48546 0.00184 57085 52°43 0.90930 21201 | 52 
0.77714 56818 I.00115 24072 0.00186 07047 4 ee 0.8918I 55409 | 51 
0.76604 41556 | I.OOIII 97181 0.00187 34353 50-43 0.87432 89616 | 50 
0.75470 92851 1.00108 68272 0.00188 38846 45°33 0.85684 23824 | 49 
0.74314 45232 1.00105 37745 0.00189 20395 43> .33 0.83935 58031 | 48 
0.73135 33926 I .00102 06003 0.00189 78900 PY ae | 0.82186 92239 | 47 
0.71933 94850 1.00098 73450 0.00190 14287 46 4 0.80438 26447 | 46 
0.70710 64600 1.00095 40492 0.00190 26510 45 4 0.78689 60655 | 45 

A(r) D(r) E(r) p Fé r 


SMITHSONIAN TABLES 


/ a 


262 ° ELLIPTIC FUNCTION 3 
K = 1.5828428043, K’ = 3.153385252, E = 1.5588871966, E’ — 1.040114396, 


r Fo wy) E(r) D(r) A(r) 
fe) 0.00000 00000 ro agees od 0.00000 00000 I .00000 00000 | 0.00000 00000 
I 0.01758 71423 I oO 0.00026 61187 I.00000 23404 | 0.01745 21509 
2 0.03517 42845 2 I 0.00053 19095 I.00000 93587 | 0.03489 89861 
| 0.05276 14268 3 I 0.00079 70448 I.00002 10463 | 0.05233 51918 
4 0.07034 85691 P ama 0.00106 11979 I.00003 73890 | 0.06975 54570 
5 0.08793 57113 see 0.00132 40433 1.00005 83670 | 0.08715 44758 ; 
6 0.10552 28536 a 0.00158 52573 1.00008 39546 | 0.10452 69489 F 
7 0.12310 99959 - ei} 0.00184 45182 I.OOOII 41206 | 0.12186 75849 i 
8 0.14069 71382 ee | 0.00210 15066 1.00014 88284 | 0.13917 I1019 
9 0.15828 42804  Nearge | 0.00235 59064 1.00018 80356 | 0.15643 22298 
10 0.17587 14227 Io) (5 0.00260 74044 I .00023 16945 | 0.17364 57109 3 
II 0.19345 85650 II 5 0.00285 56913 1.00027 97518 | 0.19080 63023 é 
12 0.21104 57072 1 9 5 0.00310 04619 I .00033 21491 | 0.20790 87771 ‘ 
13 0.22863 28495 3) 6 0.00334 14153 1.00038 88224 | 0.22494 79261 : 
14 0.24621 99918 14: -6 0.00357 82555 1.00044 97028 | 0.24191 85595 
15 0.26380 71340 ey J 0.00381 06920 I.0005I 47160 | 0.25881 55080 3 
16 0.28139 42763 os Sa J 0.00403 84394 1.00058 37829 | 0.27563 36252 : 
17 0.29898 14186 17: <9 0.00426 12186 1.00065 68193 | 0.29236 77883 
18 0.31656 85609 ip 23 0.00447 87567 I .00073 37362 | 0.3090I 29003 
19 0.33415 57031 19 8 0.00469 07873 1.00081 44399 | 0.32556 38912 § 
20 0.35174 28454 907.8 0.00489 7O5II 1.00089 88322 | 0.34201 57197 § 
21 0.36932 99877 ral 9 0.00509 72961 1.00098 68100 | 0.35836 33745 ; 
22 0.38691 71299 O72 3 0.00529 12778 I.00107 82664 | 0.37460 18764 . 
a3 0.40450 42722 7 ee 0.00547 87596 I.00117 30898 | 0.39072 62791 ; 
24 0.42209 14145 24 10 0.00565 95131 1.00127 11647 | 0.40673 I67II 
25 0.43967 85568 25 10 0.00583 33185 1.00137 23717 | 0.42261 31771 
26 | 0.45726 56990 | 26 10 0.00599 99643 | 1.00147 65874 | 0.43836 59597 
24 0.47485 28413 277 3s 0.00615 92485 1.00158 36848 | 0.45398 52206 q 
28 0.49243 99836 os. it 0.00631 09780 1.00169 35336 | 0.46946 62019 4 
29 | 0.51002 71258 20. 4% 0.00645 49693 1.00180 59998 | 0.48480 41881 ; 
30 0.52761 42681 30 II 0.00659 10484 I.OOI92 09464 | 0.49999 45073 
31 0.54520 14104 44: 82 0.00671 90513 I .00203 82334 | 0.51503 25321 i 
aa 0.56278 85526 39 ie 0.00683 88242 1.00215 77178 | 0.52991 36820 ; 
33 0.58037 56949 es 0.00695 02232 1.00227 92542 | 0.54463 34239 1 
34 | 0.59796 28372 a4: (32 0.00705 31150 1.00240 26944 | 0.55918 72740 4 
a 
35 0.61554 99795 i nen 0.00714 73769 1.00252 78880 | 0.57357 07990 ; 
36 0.63313 71217 36 13 0.00723 28968 1.00265 46826 | 0.58777 96173 3 
37 0.65072 42640 $7 333 0.00730 95735 1.00278 29236 | 0.60180 94008 3 
38 0.66831 14063 28° 44 0.00737 73166 1.00291 24548 | 0.61565 58756 ; 
39 | 0.68589 85485 39° 35 0.00743 60469 I .00304 31183 | 0.62931 48239 ; 
40 | 0.70348 56908 | 40 13 0.00748 56962 1.00317 47551 | 0.64278 20847 ‘ 
41 0.72107 2833! 4f 438 0.00752 62073 1.00330 72046 | 0.65605 35555 4 
42 | 0.73865 99754 | 42 13 0.00755 75345 | 1.00344 03056 | 0.66912 51936 |} 
43 | 0.75624 71176 | 43 13 0.00757 96433 | 1.00357 38959 | 0.68199 30169 ; 
44 | 0.77383 42599 | 44 13 0.00759 25102 1.00370 78127 | 0.69465 31055 E 
gs 
45 0.79142 14022 $5.-%3 0.00759 61235 1.00384 18928 | 0.70710 16026 E 
90-r Fy y G(r) C(r) B(r) 


SMITHSONIAN TABLES 


TABLE @ = 10° 263 
gq = 0.00191359459017, 0 0 = 0.9961728108, HK = 0.418305976553 

B(r) C(r) G(r) v Fy 90-r 
I .00000 OO0000 1.00768 37857 0.00000 00000 go° O’ 1.58284 28043 | 90 
0.99984 76907 1.00768 14453 0.00026 40908 89 0 1.56525 56621 | 89 
0.99939 08092 1.00767 44270 0.00052 78635 88 OCI 1.54766 85198 | 88 
0.99862 94947 1.00766 27394 0.00079 10004 ye | 1.53008 13775 | 87 
0.99756 39792 1.00764 63966 0.00105 31846 86 2 1.51249 42353 | 86 
0.99619 45873 1.00762 54187 | 0.00131 41001 eee 1.49490 70930 | 85 
0.99452 17362 1.00759 98311 0.00157 34327 84 3 1.47731 99507 | 84 
0.99254 59357 1.00756 96650 | 0.00183 08697 ae | 1.45973 28084 | 83 
0.99026 77878 1.00753 49572 0.00208 61008 > aia 1.44214 56662 | 82 
0.98768 79866 1.00749 57500 | 0.00233 88183 5 Sea 1.42445 85239 | 81 
0.98480 73181 1.00745 20912 0.00258 87173 S04 1.40697 13816 | 80 
0.98162 66600 1.00740 40338 0.00283 54962 79 «655 | ~=1.38938 42394 | 79 
0.97814 69814 1.00735 16366 0.00307 88572 78 «5 1.37179 70971 | 78 
0.97436 93426 | 1.00729 49632 | 0.00331 85063 | 77 6 1.35420 99548 | 77 
0.97029 48945 1.00723 40828 0.00355 41538 76 6 1.33662 28125 | 76 
0.96592 48785 I.00716 90696 0.00378 55150 Y £3 I.31903 56703 | 75 
0.96126 06262 I.00710 00027 0.00401 23098 ‘eae 1.30144 85280 | 74 | 
0.95630 35586 I .00702 69663 0.00423 42636 v5, Sea 1.28386 13857 | 73 
0.95105 51861 I.00695 00494 0.00445 11077 ye ee 1.26627 42435 | 72 
0.94551 71076 1.00686 93457 0.00466 25790 ‘fh ooee 1.24868 7IOI2 | 71 
0.93969 IOI07 1.00678 49535 0.00486 84209 , ee I.23109 99589 | 70 
0.93357 86703 I .00669 69756 0.00506 83836 69 9 I.21351 28167 | 69 
0.92718 19488 1.00660 55192 0.00526 22237 68 9 I.19592 56744 | 68 | 
0.92050 27950 1.00651 06958 0.00544 97055 67: 9 1.17833 85321 | 67 | 
0.91354 32440 1.00641 26209 0.00563 06006 66 10 1.16075 13898 | 66 
0.90630 54160 1.00631 14139 0.00580 46884 65 10 1.14316 42476 | 65 
0.89879 15164 I .00620 71982 0.00597 17561 64 10 1.12557 71053 | 64 
0.89100 38343 I .00610 OI1007 0.00613 15997 63 II 1.10798 99630 | 63 
0.88294 47424 I .00599 02520 0.00628 40232 62 II 1.09040 28208 | 62 
0.87461 66961 1.00587 77858 0.00642 88398 Gr ax 1.07281 56785 | 61 
0.86602 22325 1.00576 28392 0.00656 58716 60 12 1.05522 85362 | 60 
0.85716 39703 1.00564 55522 0.00669 49498 aa 1.03764 13940 | 59 
0.84804 46080 1.00552 60678 0.00681 59154 58 12 1.02005 42517 | 58 
0.83866 69240 1.00540 45314 0.00692 86187 S722 I .00246 71094 | 57 
0.82903 37754 1.00528 10912 0.00703 29201 56 12 0.98487 99671 | 56 
0.81914 80969 1.00515 58975 0.00712 86900 Se -22 0.96729 28249 | 55 
0.80901 29003 I .00502 91030 0.00721 58089 Ba 24 0.94970 56826 | 54 
0.79863 12733 I .00490 08620 0.00729 41679 ae i 0.93211 85403 | 53 
0.78800 63786 1.00477 13308 0.00736 36683 52 13 0.91453 13981 | 52 
0.77714 14532 1.00464. 06672 0.00742 42224 St. 23 0.89694 42558 | 51 
0.76603 98071 1.00450 90305 0.00747 5753! ~ 0.87935 71135 | 50 
0.75470 48222 1.00437 65809 0.00751 81941 49 13 0.86176 99712 | 49 
0.74313 99518 1.00424 34799 0.00755 14902 48 13 0.84418 28290 | 48 
0.73134 87191 | 1.00410 98897 | 0.00757 55973 | 47 13 0.82659 56867 | 47 
0.71933 47160 1.00397 59729 | 0.00759 04823 46 13 0.80900 85444 | 46 
0.70710 16026 1.00384 18928 | 0.00759 61235 | 45 13 0.79142 14022 | 45 

A(r) D(r) E(r) p Fo r 


SMITHSONIAN TABLES 


264 


K = 1.5981420021, 


K’ = Kv3 =2. 


7680631454, E=1. 


iF 


ELLIPTIC FUNCTION ~ 


5441504959, 


E’ = 1.076405113, 


- 


Fo 


6 


E(r) 


D(r) 


A(r) 


45 
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00000 OOOO0O 
01775 71334 
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05327 I4001 
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.08878 56668 
.10654 28002 
-12429 99335 
.14205 70669 
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-17757 13336 
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.24859 98670 


.26635 70004 
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-33738 55338 
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.37289 98005 
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.40841 40672 
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.01584 79628 


OO -Er Oo 


.O1605 72204 
.01624 67429 
.O1641 63146 
.O1656 57446 
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O°O-'0:. 0. 0 


.O1680 35433 
.O1689 16569 
.O1695 QIIQI 
.01700 58662 
.01703 18597 
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° 


.01703 70869 
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.00000 00000 
.00000 53258 
.00002 12966 
.00004. 78929 
.00008 50825 


.0O00I3 28199 
.OOOI9 10470 
.00025 96929 
.00033 86738 
.00042 78937 


.00052 72438 
.00063 66031 
.00075 58383 
.00088 48041 
00102 33434 


.OOII7 12875 
.00132 84561 
-00149 46577 
.0O166 96898 


.00185 33392 


.00204. 53820 
.00224 55845 


.00245 37025 
.00266 94826 


.00289 26619 


.00312 29684 
.00336 OI217 
.00360 38326 
.00385 38044 
.00410 97324 


-00437 13049 
.00463 82031 
.0049I O1O0I9 
.00518 66701 


.00546 75706 


.00575 24612 
.00604 09949 
.00633 28201 
.00662 75813 
.00692 49193 


.00722 44718 
.00752 58740 
.00782 87587 
.00813 27567 
.00843 74977 


.00874 26104 


° Gr O:-O°D OO) 0.0: -O o.-9 O10 © OO: Ox-0 OO O+-O: O02 @ SD RD MD C0: Oro 0.00 0-6 


2 ES Bn > ae a 


io) 


.00000 00000 
-O1745 10959 
.03489 68785 
-05233 20359 
.06975 12596 


.08714 92460 
.10452 06976 


12186 03254 
13916 28498 
15642 30024 


-17363 55278 
.19079 51850 
.20789 67491 
.22493 50127 
-24190 47877 


.25880 09068 
.27561 82249 
.29235 16211 


-30899 59997 
.32554 62922 


-34199 74584 
-35834 44886 
37458 24043 
.39070 62603 
.40671 11462 


.42259 21874 
-43834 45471 
-45396 34276 
-46944 40717 
.48478 17640 


-49997 18327 
.51500 96510 
.52989 06380 
.54461 02607 
-55916 40350 


-57354 75273 
58775 63556 
.60178 61912 
.61563 27596 


62929 18421 


64275 92769 
.65603 09607 
.66910 28494 
.68197 09600 


.69463 13711 


.70708 02248 


90-r 


FY 


G(r) 


C(r) 


B(r) 
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TABLE @ = 15° 
q = 0.004333420509983, O00 = 0.9913331597, HK = 0.5131518035 
B(r) C(r) G(r) v FY 
I .00000 00000 1.01748 52237*| 0.00000 00000 CO 1.59814 20021 
0.99984 76723 1.01747 98979 0.00058 94801 89 I 1.58038 48688 
0.99939 07356 1.01746 39271 0.00117 82606 2 eae 1.56262 77354 
0.99862 93293 1.01743 73307 0.00176 56424 yA 1.54487 06021 
0.99756 36857 1.01740 OI412 0.00235 09281 86 4 1.52711 34687 
0.99619 41297 1.01735 24037 0.00293 34228 sh ae T.50935 63353 
0.99452 10792 1.01729 41766 0.00351 24342 84 6 1.49159 92020 
0.99254 50444 I.01722 55307 | .0.00408 72741 B32. 9 1.47384 20686 
0.99026 66280 1.01714 65496 | 0.00465 72589 $2...8 1.45608 49353 
0.98768 65251 1.01705 73297 | 0.00522 I7102 8r #9 1.43832 78019 
0.98480 55225 I.01695 79795 0.00577 99557 80 10 1.42057 06685 
0.98162 44990 1.01684 86202 0.00633 13300 79 ‘#‘'II 1.40281 35352 
0.97814 44248 1.01672 93849 0.00687 51750 78 +42 1.38505 64019 
0.97436 63613 I.01660 04190 0.00741 08412 MY ee § 1.36729 92685 
0.97029 14608 1.01646 18796 0.00793 76880 76 14 1.34954 21352 
0.96592 O9661 I.01631 39354 0.00845 50845 75 15 1.33178 50018 
0.96125 62102 I.O01615 67668 0.00896 24102 74 16 1.31402 78684 
0.95629 86158 I.01599 05651 0.00945 90560 fi Se 4 1.29627 07351 
0.95104 96947 1.01581 55329 0.00994 44245 72, As 1.27851 36017 
0.94551 10478 1.01563 18834 0.01041 79308 FU 48 1.26075 64684 
0.93968 43642 1.01543 98405 0.01087 90033 70 19 I.24299 93350 
0.93357 14207 1.01523 96380 0.01132 70844 69 20 1.22524 22016 
0.92717 40815 1.01503 15198 0.01176 16310 68 20 1.20748 50683 
0.92049 42975 1.01481 57396 0.01218 21151 GF: 25 1.18972 79349 
0.91353 41057 1.01459 25602 0.01258 80246 66 22 1.17197 O8016 
0.90629 56284 1.01436 22536 0.01297 88640 65 23 1.15421 36682 
0.89878 10728 I.O1412 51003 0.01335 41547 64 23 1.13645 65348 
0.89099 27303 1.01388 13892 0.01371 34359 63 24 1.11869 94015 
0.88293 29756 1.01363 14174 0.01405 62649 Rar 2S 1.10094 22681 
0.87460 42661 1.01337 54893 0.01438 22180 61 25 1.08318 51348 
0.86600 91414 I.O1311 39167 0.01469 08906 60 26 1.06542 80014 
0.85715 02219 1.01284 70184 0.01498 18982 59 26 1.04767 O8681 
0.84803 02085 1.01257 51195 0.01525 48767 58 27 1.02991 37347 
0.83865 18817 1.01229 85512 0.01550 94825 Ly eae 7 4 1.01215 66014 
0.82901 81005 1.01201 76507 0.01574 53939 56 28 0.99439 94680 
0.81913 18020 1.01173 27599 0.01596 23105 55 28 0.97664 23346 
0.80899 59997 I.O1144 42262 0.01615 99545 54 28 0.95888 52013 
0.79861 37836 I.OI1II5 24009 0.01633 80704 53 29 0.94112 80679 
0.78798 83184 1.01085 76397 0.01649 64258 52 29 0.92337 09346 
0.77712 28430 1.01056 03017 0.01663 48119 at? ae 0.90561 38012 
0.76602 06691 I.01Q26 07491 0.01675 30432 50 29 0.88785 66678 
0.75468 51808 1.00995 93468 0.01685 09584 49 29 0.87009 95345 
0.74311 98330 1.00965 64622 0.01692 84205 48 30 0.85234 24011 
0.73132 81506 1.00935 24642 0.01698 53170 47 30 0.83458 52678 
0.71931 37274 1.00904 77232 0.01702 15600 46 30 0.81682 81344 
0.70708 02248 1.00874 26104 0.01703 70869 45 30 0.79907 IOOII 
A(r) D(r) E(r) i) Fo 


SMITHSONIAN TABLES 


266 ELLIPTIC FUNCTIO 
K = 1.6200258991, K’ = 2.5045500790, E = 1.5237992053, E’ = 1.118377738 


r Fo p E(r) D(r) A(r) 
) 0.00000 00000 Rani 5 0.00000 00000 |+ I.00000 00000 | 0.00000 00000 
I 0.01800 02878 eae 0.00106 89581 I.00000 96218 | 0.01744 81883 
2 0.03600 05755 2 0.00213 65522 I .00003 84757 | 0.03489 10694 
3 0.05400 08633 <a 0.00320 14202 1.00008 65263 | 0.05232 33377 
ee 0.07200 II5II "eae 0.00426 22042 1.00015 37152 | 0.06973 96909 
1 
5 0.09000 14388 5 9 0.00531 75519 | 1.00023 99605 | 0.08713 48313 
6 0.10800 17266 ae 8 i 0.00636 61189 1.00034. 51572 | 0.10450 34678 
7 0.12600 20144 7 33 0.00740 65708 1.00046 91770 | 0.12184 03169 
8 0.14400 23021 8 15 0.00843 75848 1.00061 18689 | 0.13914 OI05I 
9 0.16200 25899 9 17 0.00945 78515 1.00077 30591 | 0.15639 75697 
10 0.18000 28777 Io 19 0.01046 60772 1.00095 25510 | 0.17360 74610 
II 0.19800 31655 II 20 0.01146 09855 I.OOII5 01262 | 0.19076 45434 
12 0.21600 34532 12 22 0.01244 13188 1.00136 55438 | 0.20786 35973 
13 0.23400 37410 £4. 24 0.01340 58406 I.00159 85414 | 0.22489 94205 
14 0.25200 40288 14 25 0.01435 33370 1.00184 88351 | 0.24186 68298 
15 0.27000 43165 15 27 0.01528 26180 I.002II 61200 | 0.25876 06626 
16 0.28800 46043 16 28 0.01619 25197 I.00240 00704 | 0.27557 57786 
17 0.30600 48921 17. 220 0.01708 19057 I .00270 03405 | 0.29230 70609 
18 0.32400 51799 IS .42 0.01794 96683 I.00301 65642 | 0.30894 94182 
19 | 0.34200 54676 | 19 33 0.01879 47304 | 1.00334 83565 | 0.32549 77855 
20 0.36000 57554 20 35 0.01961 60466 1.00369 53131 | 0.34194 71266 
21 0.37800 60431 21° 336 0.02041 26046 1.00405 7OII2 | 0.35829 24349 
22 0.39600 63309 py Tagse ¥ f 0.02118 34268 I .00443 30101 | 0.37452 87349 
23 0.41400 66187 23 149 0.02192 757II 1.00482 28518 | 0.39065 10844 
24 0.43200 69064. 24 40 0.02264 41321 1.00522 60614 | 0.40665 45753 
25 0.45000 71942 25 4I 0.02333 22426 1.00564 21475 | 0.42253 43354 
26 0.46800 74820 26 42 0.02399 10740 1.00607 06033 | 0.43828 55296 
27 0.48600 77697 27 44 0.02461 98378 1.00651 09067 | 0.45390 33618 
28 0.50400 80575 28 45 0.02521 77862 1.00696 25243 | 0.46938 30761 
29 0.52200 83453 29 46 0.02578 42130 1.00742 48968 | 0.48471 99582 
30 | 0.54000 86330 30 46 0.02631 84541 1.00789 74700 | 0.49990 93370 
31 0.55800 89208 31 47 0.02681 98888 1.00837 96651 | 0.51494 65858 
32 0.57600 92086 32 48 0.02728 79396 1.00887 08946 | 0.52982 71240 
33 | 0.59400 94963 | 33 49 0.02772 20732 | 1.00937 05600 | 0.54454 64181 
34 0.61200 97841 34 50 0.02812 18009 1.00987 80525 | 0.55909 99835 
35 0.63001 00719 35 50 0.02848 66791 1.01039 27539 | 0.57348 33858 
36 0.64801 03597 36 «651 0.02881 63091 I.O10QI 40371 | 0.58769 22416 
x7 0.66601 06474 37 «S51 0.029II 03382 1.01144 12669 | 0.60172 22208 
38 0.68401 09352 38 52 0.02936 84591 I.O1197 380II | 0.61556 90470 
39 0.70201 12230 39 52 0.02959 04103 I.O01251 09908 | 0.62922 84994 
40 | 0.72001 I5107 40 53 0.02977 59763 I.01305 21815 | 0.64269 64140 
41 0.73801 17985 ce ee 0.02992 49874 1.01359 67138 | 0.65596 86845 
42 0.75601 20863 42°83 0.03003 73198 1.01414 39245 | 0.66904 12642 
43 0.77401 23740 Ag es 0.03011 28953 1.01469 31466 | 0.68191 O1665 
44 | 0.79201 26618 44 53 0.03015 16811 1.01524 37112 | 0.69457 14668 
45 0.81001 29496 45 53 0.03015 36896 1.01579 49474 | 0.70702 13033 
90-r Fy 7 G(r) C(r) B(r) 


SMITHSONIAN TABLES 


TABLE @ = 20° 267 
q = 0.007774680416442, 00 = 0.9844506465, HK = 0.5939185400 

B(r) C(r) G(r) y Fy 90-r 
I .00000 00000 1.03158 99246 0.00000 00000 | 90° oO I.62002 58991 | 90 
0.99984 76215 1.03158 03027 0.00103 62474 2 aa 1.60202 56113 | 89 
0.99939 05327 1.03155 14488 0.00207 12902 88 4 1.58402 53236 | 88 
0.99862 88734 1.03150 33980 0.00310 39250 af .§ I.56602 50358 | 87 
0.99756 28767 1.03143 62088 0.00413 29509 a i..7 1.54802 47480 | 86 
0.99619 28686 I .03134 99632 0.00515 71704 85 9 1.53002 44603 | 85 
0.99451 92682 I.03124 47661 0.00617 53910 84 II I.51202 41725 | 84 
0.99254 25876 1.03112 07458 0.00718 64259 63°53 1.49402 38847 | 83 
0.99026 34315 1.03097 80534 0.00818 90957 82 15 I.47602 35970 | 82 
0.98768 24970 1.03081 68627 0.00918 22293 81 16 1.45802 33092 | 81 
0.98480 05736 1.03063 73701 O.OI1OI6 46651 80 18 1.44002 30214 | 80 
0.98161 85429 I .03043 97942 O.OI1II3 52523 79 20 I.42202 27337 | 79 
0.97813 73781 I .03022 43759 0.01209 28519 7a: 32 I.40402 24459 | 78 
0.97435 81442 1.02999 13775 0.01303 63381 o7 ae I.38602 21581 | 77 
0.97028 19968 1.02974 10829 | 0.01396 45994 76 25 1.36802 18704 | 76 
0.96591 01827 1.02947 37972 0.01487 65396 95. 27 1.35002 15826 | 75 
0.96124 40390 1.02918 98458 0.01577 10793 74°28 I.33202 12948 | 74 
0.95628 49924 1.02888 95748 0.01664 71568 i Saee I.31402 10070 | 73 
0.95103 45595 1.02857 33501 0.01750 37292 ye mex 9 | I.29602 07193 | 72 
0.94549 43456 | 1.02824 15568 | 0.01833 97739 | 71 33 1.27802 04315 | 71 
0.93966 60449 1.02789 45992 0.01915 42895 70 34 I .26002 01437 | 70 
0.93355 14391 I .02753 28994 0.01994 62967 69 36 I.24201 98560 | 69 
0.92715 23977 1.02715 69001 0.02071 48399 68 37 I.22401I 95682 | 68 
0.92047 08768 1.02676 70574 0.02145 89881 67 38 1.20601 92804 | 67 
0.91350 89187 | 1.02636 38468 0.02217 78360 66 40 1.18801 89927 | 66 
0.90626 86515 1.02594 77596 0.02287 05049 65 41 1.17001 87049 | 65 
0.89875 "22880 1.02551 93029 0.02353 61442 64 42 1.15201 84171 | 64 
0.89096 21252 1.02507 89985 0.02417 39320 63 43 1.13401 81294 | 63 
0.88290 05436 1.02462 73829 0.02478 30767 62 44 I.11601 78416 | 62 
0.87457 00067 1.02416 50064 0.02536 28172 61 45 1.09801 75538 | 61 
0.86597 30595 1.02369 24323 0.02591 24248 60 46 1.08001 72661 | 60 
0.85711 23285 I .0232I 02363 0.02643 12037 59 47 I.06201 69783 | 59 
0.84799 05205 I .02271 90060 0.02691 84920 58 48 1.04401 66905 | 58 
0.83861 04218 I .02221 93398 0.02737 36626 57 49 I.02601 64028 | 57 
0.82897 48973 1.02171 18465 0.02779 61243 56 49 I.0080I 61150 | 56 
0.81908 68896 1.02119 71444 | 0.02818 53227 55 50 0.99001 58272 | 55 
0.80894 94182 1.02067 58606 0.02854 07409 54 51 0.97201 55395 | 54 
0.79856 55784 1.02014 86302 0.02886 IQOOI 1 ee 8 0.95401 52517 | 53 
0.78793 85407 I.O1961 60955 0.02914 83611 Cy ae & 0.93601 49639 | 52 
0.77707 15491 I.01907 89054 | 0.02939 97245 51 52 0.91801 46761 | 51 
0.76596 79209 1.01853 77143 0.02961 56313 50 53 0.QOOOI 43884 | 50 
0.75463 10450 1.01799 31816 0.02979 57642 49 53 0.88201 41006 | 49 
0.74306 43814 1.01744 59707 0.02993 98477 48 53 0.86401 38129 | 48 
0.73127 14598 1.01689 67484 0.03004 76489 47 53 0.84601 35251 | 47 
0.71925 58784 1.01634 61837 0.03011 89783 46 53 0.82801 32373 | 46 
0.70702 13033 1.01579 49474 0.03015 36896 45 53 0.81001 29496 | 45 

A(r) D(r) E(r) g Fo r 


SMITHSONIAN TABLES 


268 ELLIPTIC FUNCTION ~ 
K = 1.6489952185, K’ = 2.3087867982, E = 1.4981149284, E’ = 1.1638279645, 
4 Fé E(r) Dr) A(r) 
0 | 0.00000 00000 0° oO 0.00000 00000 I .00000 00000 | 0.00000 00000 
I 0.01832 21691 eet 0.00167 60815 1.00001 53565 | 0.01744 I8591 
2 0.03664 43382 2 > 0.00334 99667 I.00006 14074 | 0.03487 84245 
3 0.05496 65073 ea 0.00501 94629 1.00013 80964 | 0.05230 44041 
4 0.07328 86764 4 12 0.00668 23842 1.00024 53303 | 0.06971 45088 
5 0.09161 08455 5 15 0.00833 65551 I .00038 29783, 0.08710 34544 
6 | 0.10993 30145 6 18 0.00997 98139 1.00055 08728 | 0.10446 59627 
7 0.12825 51836 7 2% O.OII6I OO163 1.00074 88092 | 0.12179 67635 
8 0.14657 73527 8 24 0.01322 50382 1.00097 65463 | 0.13909 05958 
9 0.16489 95218 Q 26 0.01482 27797 I.00123 38067 | 0.15634 22095 
10 0.18322 16909 IO 29 0.01640 I1677 I.00152 02770 | 0.17354 63669 
II 0.20154 38600 Li:2:32 0.01795 81596 1.00183 56081 | 0.19069 78446 
12 0.21986 60291 §2 85 0.01949 17458 1.00217 94159 | 0.20779 14345 
13 0.23818 81982 1 Sele 0.02099 99533 1.00255 12815 | 0.22482 19454 
14 0.25651 03673 14 40 0.02248 08485 I.00295 07519 | 0.24178 42052 
I5 | 0.27483 25364 | 15 43 0.02393 25396 | 1.00337 73404 | 0.25867 30615 
16 0.29315 47055 16 45 0.02535 31798 I .00383 05272 | 0.27548 33838 
17 0.31147 68746 | hy Ace. 0.02674 09700 1.00430 97603 | 0.29221 00649 
18 0.32979 90437 18 50 0.02809 41609 1.00481 44557 | 0.30884 80221 
I9 | 0.34812 12128 10:53 0.02941 10555 1.00534 39986 | 0.32539 21991 
20 | 0.36644 33819 20 56 0.03069 OOI118 1.00589 77438 | 0.34183 75673 
21 0.38476 55510 2h 57 0.03192 94445 1.00647 50167 | 0.35817 91274 
22 0.40308 77201 22. 50 0.03312 78272 1.00707 51140 | 0.37441 I9107 
23 0.42140 98892 2h. S 0.03428 36945 1.00769 73046 | 0.39053 09808 
24 | 0.43973 28582 | 25 3 0.03539 56434 | 1.00834 08304 | 0.40653 14352 
25 0.45805 42273 26 «65 0.03646 23352 I.00900 49074 | 0.42240 84064 
26 0.47637 63964 oy Saeaey / 0.03748 24970 1.00968 87266 | 0.43815 70635 
27 0.49469 85655 25. 2-9 0.03845 49232 1.01039 14548 | 0.45377 26140 
28 0.51302 07346 29 II 0.03937 84764 I.OI1III 22358 | 0.46925 03045 
29 0.53134 29037 30 I2 0.04025 20886 1.01185 O1916 | 0.48458 54231 
30 0.54966 50728 5 Oey 0.04107 47627 I.01260 44231 | 0.49977 32999 
31 0.56798 72419 SF 35 0.04184 55726 1.01337 40113 | 0.51480 93092 
32 0.58630 94110 A4° £0 0.04256 36643 1.01415 80186 | 0.52968 88703 
33 0.60463 15801 Mane yy 0.04322 82564 1.01495 54899 | 0.54440 74492 
34 | 0.62295 37492 35 19 0.04383 86406 1.01576 54535 | 0.55896 05600 
35 0.64127 59183 36 20 0.04439 41821 1.01658 69227 | 0.57334 37662 
36 0.65959 80874 Ke ae 0.04489 43196 1.01741 88967 | 0.58755 26819 
37 0.67792 02565 38 22 0.04533 85655 1.01826 03617 | 0.60158 29737 
38 0.69624 24256 30.23 0.04572 65058 I.OIQII 02927 | 0.61543 03611 
39 0.71456 45947 40 23 0.04605 78000 I.01996 76540 | 0.62909 06189 
40 0.73288 67638 hy Se 0.04633 21809 1.02083 14013 | 0.64255 95777 
41 0.75120 89328 | 42 24 0.04654 94543 1.02170 04820 | 0.65583 31255 
42 0.76953 IIOI9 43 24 0.04670 94981 1.02257 38374 | 0.66890 72089 
43 0.78785 32710 44 24 0.04681 22622 1.02345 04035 | 0.68177 78347 
44 | 0.80617 54401 45 24 0.04685 77678 1.02432 Q1122 | 0.69444 10704 
45 0.82449 76092 46 24 0.04684 61065 1.02520 88930 | 0.70689 30463 
90-r Fy G(r) C(r) B(r) 
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TABLE 06 = 25° 269 
q = 0.012294560527181, 900-0. 975410924642, HK = 0.666076159327 

B(r) C(r) G(r) y Fy 90-r 
I .00000 00000 1.05041 79735 0.00000 00000 go" oO’ 1.64899 52185 | 90 
0.99984 75III 1.05040 26167 0.00159 57045 tee 1.63067 30494 | 89 
0.99939 OO0QI2 1.05035 65652 0.00318 96046 88 6 1.61235 08803 | 88 
0.99862 78812 I .05027 98750 0.00477 98977 87° \9 1.59402 87112 | 87 
0.99756 II158 1.05017 26395 0.00636 47840 86 12 1.57570 65421 | 86 
0.99619 O1235 I .05003 49895 0.00794 24686 85 15 1.55738 43730 | 85 
0.99451 53263 1.04986 70926 0.00951 11627 CA. 37 1.53906 22039 | 84 
0.99253 -72400 1.04966 91533 0.01106 90855 83 20 1.52074 00348 | 83 
0.99025 64734 1.04944 14129 0.01261 44653 82 23 1.50241 78657 | 82 
0.98767 37287 1.04918 41489 0.01414 55416 81 26 1.48409 56966 | 81 
0.98478 98010 1.04889 76746 } 0.01566 05663 80 29 1.46577 35275 | 80 
0.98160 55779 | 1.04858 23391 | 0.01715 78054 | 79 31 1.44745 13584 | 79 
0.97812 20395 1.04823 85265 0.01863 55407 78 34 I.42912 91893 | 78 
0.97434 02576 1.04786 66559 0.02009 20712 ss ee | I.41080 70202 | 77 
0.97026 13962 1.04746 71802 0.02152 57149 76 39 1.39248 48511 | 76 
0.96588 67101 1.04704 05862 0.02293 48102 7 42 1.37416 26821 | 75 
0.96121 75452 | 1.04658 73936 | 0.02431 77177 | 74 44 I.35584 05130 | 74 
0.95625 53377 1.04610 81546 0.02567 28218 73° 47 1.33751 83439 | 73 
0.95100 16139 1.04560 34530 0.02699 85322 yp tees 1.31919 61748 | 72 
0.94545 79893 1.04507 39038 0.02829 32857 71 52 I.30087 40057 | 71 
0.93962 61686 I.04452 01522 0.02955 55477 70 54 1.28255 18366 | 70 
0.93350 79444 1.04394 28728 0.03078 38140 69 56 1.26422 96675 | 69 
0.92710 51976 1.04334 27690 0.03197 66123 68 58 1.24590 74984 | 68 
0.92041 98958 1.04272 05719 0.03313 25038 A 1.22758 53293 | 67 
0.91345 40932 1.04207 70396 0.03425 00853 cp eee I.20926 31602 | 66 
0.90620 99299 1.04141 29561 0.03532 79902 66 4 I.19094 OQQII | 65 
0.89868 96309 1.04072 91305 0.03636 48907 65 6 1.17261 88220 | 64 
0.89089 55058 I .04002 63960 0.03735 94992 64 8 1.15429 66529 | 63 
0.88282 99477 1.03930 56088 0.03831 05700 63 I0 1.13597 44838 | 62 
0.87449 54326 1.03856 76470 0.03921 69009 62 II I.11765 23147 | 61 
0.86589 45184 1.03781 34098 0.04007 73349 61 13 1.09933 01456 | 60 
0.85702 98444 1.03704 38161 0.04089 07619 60 14 I.08100 79765 | 59 
0.84790 41300 1.03625 98035 0.04165 61200 59 16 1.06268 58075 | 58 
0.83852 01744 I .03546 23272 0.04237 23976 58 17 1.04436 36384 | 57 
0.82888 08549 1.03465 23588 0.04303 86345 57 18 1.02604 14693 | 56 
0.81898 91269 1.03383 08852 0.04365 39236 56 19 1.00771 93002 | 55 
0.80884 80221 1.03299 89073 0.04421 74127 55 20 0.98939 7I3II | 54 
0.79846 06482 1.03215 74386 0.04472 83056 54 21 0.97107 49620 | 53 
0.78783 01874 1.03130 75044 0.04518 58637 53.22 0.95275 27929 | 52 
0.77695 98956 1.03045 O1401 0.04558 94076 52 22 0.93443 06238 | 51 
0.76585 31015 1.02958 63905 0.04593 83183 51 23 0.91610 84547 | 50 
0.75451 32053 1.02871 73077 0.04623 20386 50 24 0.89778 62856 | 49 
0.74294 36775 I.02784 39507 0.04647 00744 | 49 24 0.87946 41165 | 48 
0.73114 80583 1.02696 73835 0.04665 I9961 48 24 0.86114 19474 | 47 
0.71912 99561 1.02608 86741 0.04677 74393 47 24 0.84281 97783 | 46 
0.70689 30463 1.02520 88930 0.04684 61065 46 24 0.82449 76092 | 45 

A(r) D(r) E(r) dp Fo r 


_ SMITHSONIAN TABLES 


270 ELLIPTIC FUNCTION 
K = 1.6857503548, K’ =2.1565156475, E = 1.4674622093 E’ = 1.211056028, 


r Fo co) E(r) D(r) A(r) 
0 | 0.00000 00000 Gr: or 0.00000 00000 I .00000 00000 | 0.00000 00000 3 
I 0.01873 05595 ee 0.00242 48763 I .00002 27125 | 0.01742 98716 q 
2 0.03746 I1190 ”  * 0.00484 64683 1.00009 08222 | 0.03485 44751 ; 
3 | 0.05619 16785 K ee 0.00726 14977 1.00020 42462 | 0.05226 85438 
4 0.07492 22380 4 18 0.00966 66975 1.00036 28463 | 0.06966 68140 : 
5 | 0.09365 27975 5 22 0.01205 88178 1.00056 64294 | 0.08704 40267 3 
6 0.11238 33570 6 26 0.01443 46319 1.00081 47472 | 0.10439 49285 F 
7 O.I13III 39165 ee 0.01679 09412 I.OOIIO 74975 | 0.12171 42736 
8 0.14984 44760 8 35 0.01912 45813 1.00144 43235 | 0.13899 68254 
9 | 0.16857 50355 9 39 0.02143 24269 1.00182 48148 | 0.15623 73574 

10 | 0218730 55950 IO 43 0.02371 13976 I .00224 85079 | 0.17343 06551 

II 0.20603 61545 II 47 0.02595 84626 1.00271 48868 | 0.19057 15175 

12 0.22476 67140 12:..52 0.02817 06459 1.00322 33830 | 0.20765 47584 

13, | 0.24349 72734 LP ages, 0.03034 50312 1.00377 33773 | 0.22467 52081 

14 | 0.26222 78329 14 59 0.03247 87664 1.00436 41996 | 0.24162 77146 

15 0.28095 83924 1G: 454 0.03456 90685 1.00499 51300 | 0.25850 71454 

16 | 0.29968 89519 se gee 6 0.03661 32272 1.00566 54000 | 0.27530 83886 

17 0.31841 95114 18 10 0.03860 86097 I .00637 41929 | 0.29202 63549 

18 0.33715 00709 19 14 0.04055 26642 1.00712 06453 | 0.30865 59785 

19 | 0.35588 06304 | 20 17 0.04244 29236 1.00790 38477 | 0.32519 22190 

20 0.37461 11899 21 26 0.04427 70092 1.00872 28461 | 0.34163 00625 

21 0.39334 17494 22128 0.04605 26335 I .00957 66426 | 0.35796 45236 

22 0.41207 23089 of ea 4 0.04776 76034 1.01046 41971 | 0.37419 06461 

24 0.43080 28684 | 24 30 0.04941 98229 1.01138 44282 | 0.39030 35051 

24 0.44953 34279 25. 33 0.05100 72958 I .01233 62150 | 0.40629 82084 

25 0.46826 39874 26: 36 0.05252 81275 1.01331 83978 | 0.42216 98975 

26 | 0.48699 45469 | 27 38 0.05398 05273 I.01432 97800 | 0.43791 37495 

27 0.50572 51064 23. AI 0.05536 28100 1.01536 91295 | 0.45352 49782 

28 0.52445 56659 29 43 0.05667 33976 1.01643 51800 | 0.46899 88358 

29 0.54318 62254 30 46 0.05791 08204 1.01752 66329 | 0.48433 O6142 

30 0.56191 67849 31 48 0.05907 37181 1.01864 21583 | 0.49951 56464 

3I 0.58064 73444 32 50 0.06016 08407 1.01978 03972 | 0.51454 93080 

32 0.59937 79039 33. 5 0.06117 10486 1.02093 99629 | 0.52942 70185 

33 0.61810 84634 | 34 54 0.06210 33138 1.02211 94428 | 0.54414 42428 

34 | 0.63683 90229 | 35 55 0.06295 67191 | 1.02331 73997 | 0.55869 64925 

35 | ©.65556 95824 | 36 56 0.06373 04587 | 1.02453 23743 | 0.57307 93274 

36 0.67430 OI419 37>: 68 0.06442 38375 1.02576 28863 | 0.58728 83566 

a7 0.69303 O7014 38 59 0.06503 62710 1.02700 74365 | 0.60131 92403 

38 0.71176 12609 40 oO 0.06556 72843 1.02826 45087 | 0.61516 76907 

39 | 0.73049 18204] 41 I 0.06601 65112 1.02953 25714 | 0.62882 94738 

40 | 0.74922 23799 | 42 2 0.06638 36938 1.03081 00797 | 0.64230 04103 

41 0.76795 29394 Pe Sanaa 0.06666 86806 I .03209 54771 | 0.65557 63772 

42 0.78668 34989 | 44 3 0.06687 14255 I .03338 71976 | 0.66865 33089 

43 0.80541 40584 45°02 0.06699 19865 1.03468 36674 | 0.68152 71988 

44 | 0.82414 46179 | 46 4 0.06703 05237 1.03598 33070 | 0.69419 41003 

45 | 0.84287 51774 | 47 3 0.06698 72981 1.03728 45330 | 0.70665 01282 

90-r Fy y G(r) | C(r) B(r) 


SMITHSONIAN TABLES 


Sas ee Ue ee ees 


TABLE @ =30° 271 
q = 0.017972387008967, O00 = 0.9640554346, HK = 0. 7325237222 
La 
B(r) C(r) G(r) y Fy 90-1 
I .00000 00000 1.07456 99318 0.00000 00000 90° o’ 1.68575 03548 | 90 
0.99984 73018 1.07454 72183 0.00225 68053 89 4 1.66701 97953 | 89 
0.99938 92548 1.07447 91054 | 0.00451 11469 88 8 1.64828 92358 | 88 
0.99862 60018 1.07436 56761 0.00676 05625 yee & 1.62955 86763 | 87 
0.99755 77806 1.07420 70687 | 0.00900 25936 86 17 1.61082 81168 | 86 
‘0.99618 49242 1.07400 34764 0.01123 47869 85 21 1.59209 75573 | 85 
0.99450 78603 | 1.07375 51471 | 0.01345 46957 | 84 25 1.57336 69978 | 84 
0.99252 7III5 1.07346 23837 0.01565 98823 83 29 1.55463 64383 | 83 
0.99024 32948 1.07312 55426 0.01784 79196 a2. 34 1.53590 58788 | 82 
0.98765 71218 1.07274 50344 | 0.02001 63924 |] 81 38 I.51717 53193 | 81 
0.98476 93979 1.07232 13226 0.02216 28998 80 42 1.49844 47598 | 80 
0.98158 10224 1.07185 49236 0.02428 50568 79 46 1.47971 42003 | 79 
0.97809 29880 1.07134 64055 0.02638 04961 78 49 1.46098 36408 | 78 
0.97430 63806 1.07079 63881 0.02844 68702 77 53 1.44225 30813 | 77 
0.97022 23787 1.07020 55414 | 0.03048 18529 76 57 I .42352 25218 | 76 
0.96584 22530 1.06957 45853 0.03248 31417 1G 2 I.40479 19623 75 
0.96116 73661 1.06890 42887 0.03444 84594 ri 1.38606 14028 | 74 
0.95619 91719 | 1.06819 54682 | 0.03637 55563 | 74 8 I. 36733 08433 | 73 
0.95093 92151 1.06744 89874 | 0.03826 22123 y ee 1.34860 02839 | 72 
0.94538 91306 1.06666 57559 0.04010 62389 72° AS 1.32986 97244 | 71 
0.93955 06429 1.06584 67280 | 0.04190 54809 yA Gee ke I.31113 91649 | 70 
0.93342 55657 1.06499 29016 0.04365 78194 PO. 33 I .29240 86054 | 69 
0.92701 58009 1.06410 53170 0.04536 11731 69 25 1.27367 80459 | 68 
0.92032 33381 I .06318 50556 0.04701 35012 68 28 1.25494 74864 | 67 
0.91335 02539 1.06223 32387 0.04861 28052 67 3% I.23621I 69269 | 66 
0.90609 87113 I.06125 10260 0.05015 71313 66 34 1.21748 63674 | 65 
0.89857 09587 I .06023 96142 0.05164 45728 | 65 36 1.19875 58079 | 64 
0.89076 93291 I.05920 02357 0.05307 32725 64 39 I. 18002 52484 | 63 
0.88269 62394 1.05813 41567 0.05444 14248 63 4I 1.16129 46889 | 62 
0.87435 41897 1.05704 26763 0.05574 72783 62 44 1.14256 41294 | 61 
0.86574 57620 | 1.05592 71242 0.05698 91384 61 46 1.12383 35699 | 60 
0.85687 36199 1.05478 88596 | 0.05816 53694 60 48 1.10510 30104 | 59 
0.84774 05068 1.05362 92695 0.05927 43970 59 50 1.08637 24509 | 58 
0.83834 92461 1.05244 97665 0.0603I 47110 58 52 1.06764 18914 | 57 
0.82870 273g1 1.05125 17878 0.06128 48679 57 54 I.04891I 13319 | 56 
0.81880 39648 I.05003 67930 | 0.06218 34927 56 55 1.03018 07724 | 55 
0.80865 59785 1.04880 62525 0.06300 92824 55 57 1.01145 02129 | 54 
0.79826 I9108 1.04756 16953 0.06376 10074 54 58 0.99271 96534 | 53 
0.78762 49668 1.04630 46080 0.06443 75150 53 59 0.97398 90939 | 52 
0.77674 84245 1.04503 65320 | 0.06503 77310 » <4 0.95525 85344 | 51 
0.76563 56343 1.04375 90125 0.06556 06627 7 a 0.93652 79749 | 50 
0.75429 00174 1.04247 36057 0.06600 540II St. 8 0.91779 74154 | 49 
0.74271 50649 1.04118 18779 0.06637 11230 | 0.89906 68559 | 48 
0.73091 43366 1.03988 54029 0.06665 70938 40.253 0.88033 62964 | 47 
0.71889 14599 1.03858 57601 0.06686 26693 46 53 0.86160 57369 | 46 
0.70665 01282 1.03728 45330 0.06698 72981 ai 0.84287 51774 | 45 
A(r) D(r) E(r) p Fo r 


SMITHSONIAN TABLES 


ELLIPTIC FUNCTION 


: 


é: 
1 
3 


272 
K = 1. 7312451757, K’ = 2.0347153122, E = 1.4322909693, E’ =1. 2586796248, — 
r Fo E(r) D(r) A(r) 
0 | 0.00000 00000 ea « 0.00000 00000 I .00000 00000 | 0.00000 00000 
I 0.01923 60575 Wares 0.00332 09329 1.00003 19451 | 0.01740 QIII5 
2°| 0.03847 21150 2: 32 0.00663 71847 I.O000I2 77415 | 0.03481 29991 
4 0.05770 81725 3 a8 0.00994 40836 1.00028 72724 | 0.05220 64403 
4 0.07694 42300 ape’ 0.01323 69759 1.00051 03436 | 0.06958 42154 
5 0.09618 02875 5 30 0.01651 12357 1.00079 66833 | 0.08694 11086 
6 0.11541 63450 6 36 0.01976 22733 I.OOII4 59427 | 0.10427 I9100 
7 0.13465 24025 7 42 0.02298 55446 1.00155 76965 | 0.12157 14162 
8 0.15388 84600 8 48 0.02617 65594 I .00203 14429 | 0.13883 44322 
9 0.17312 45176 9 54 0.02933 08900 1.00256 66050 | 0.15605 57726 
10 0.19236 05751 Ir -o 0.03244 41797 I.00316 25308 | 0.17323 02632 
II O.21180 660320:1° 12 °° § 0.03551 21508 1.00381 84944 | 0.19035 27418 
12 0.23083 26901 he eg 0.03853 06122 1.00453 36968 | 0.20741 80603 
13 0.25006 87476 14 16 0.04149 54668 1.00530 72668 | 0.22442 10857 
14 0.26930 48051 I5 22 0.04440 27192 1.00613 82620 | 0.24135 67013 
15 0.28854 08626 16 27 0.04724 84818 1.00702 56701 | 0.25821 98088 
16 0.30777 69201 ¥7.- 32 0.05002 89819 1.00796 84103 | 0.27500 53288 
17 0.32701 29776 13 37 0.05274 05671 1.00896 53340 | 0.29170 82026 
18 0.34624 90351 19 42 0.05537 97118 I.OIOOI 52268 | 0.30832 33939 
19 0.36548 50926 20 47 0.05794 30217 I.OIIII 68099 | 0.32484 58897 
20 0.38472 II501 2i Re 0.06042 72392 1.01226 87413 | 0.34127 07019 
21 0.40395 72077 22 56 0.06282 92476 1.01346 96177 | 0.35759 28687 
22 0.42319 32652 ey ata ¢ 0.06514 60751 1.01471 79763 | 0.37380 74559 
23 0.44242 ‘93227 tae | 0.06737 48988 I.O160I 22964 | 0.38990 95585 
24 0.46166 53802 20170 0.06951 30473 1.01735 10012 | 0.40589 43019 
25 0.48090 14377 27. $8 0.07155 80036. 1.01873 24599 | 0.42175 68435 
26 0.50013 74952 28 16 0.07359 74079 1.02015 49897 | 0.43749 23737 
27 0.51937 35527 29 20 0.07535 90588 1.02161 68576 | 0.45309 61179 
28 0.53860 g6102 30 23 0.07711 OQI51 I.02311 62828 | 0.46856 33375 
29 0.55784 56677 Bt 27 0.07876 10969 1.02465 14386 | 0.48388 93314 
30 | 0.57708 17252 32 20 0.08030 78862 1.02622 04548 | 0.49906 94371 
31.| 0.59631 77827 33°' 32 0.08174 97274 1.02782 14201 | 0.51409 90330 |} — 
a2 0.61555 38402 34 35 0.08308 52267 1.02945 23841 | 0.52897 35386 |f — 
33 | 9.63478 98977 | 35 37 0.08431 31523 | 1.03111 13599 | 0.54368 84170 |} © 
34 | 0.65402 59552 36 40 0.08543 24331 I .03279 63263 | 0.55823 91754 
35 0.67326 20128 27° 42 0.08644 21580 1.03450 52308 | 0.57262 13672 
36 0.69249 80703 38 43 0.08734 15741 1.03623 59914 | 0.58683 05928 
ny 0.71173 41278 39 45 0.08813 00853 1.03798 64996 | 0.60086 25017 
38 0.73097 01853 40 46 0.08880 72502 1.03975 46228 | 0.61471 27930 
39 0.75020 62428 41 48 0.08937 27798 1.04153 82068 | 0.62837 72177 
40 | 0.76944 23003 42 49 | 0.08982 65352 1.04333 50787 | 0.64185 15792 
41 | 0.78867 83578 | 43 49 0.09016 85246 | 1.04514 30495 | 0.65513 17355 
42 0.80791 44153 | 44 50 0.09039 89009 1.04695 99164 | 0.66821 35999 
"43 0.82715 04728 45 50 0.09051 79579 1.04878 34660 | 0.68109 31428 
44 0.84638 65303 46 51 0.09052 61280 1.05061 14765 | 0.69376 63926 
45 | 0.86562 25878 | 47 51 0.09042 39779 1.05244 17208 | 0.70622 94378 
90-r Fy G(r) C(r) B(r) 


SMITHSONIAN TABLES 


aT te ee 


TABLE @ = 35° 


273 
gq = 0.024915062523981, OO =0.9501706456, HK = 0.7950876364 

B(r) C(r) G(r) Fy 90-r 
I .00000 00000 1.10488 66859 | 0.00000 00000 | go0° 0’ 1.73124 51757 | 90 
0.99984 69394 1.10485 47369 | 0.00300 62320 | 89 6 1.71200 QII8I | 8&9 
0.99938 78065 1.10475 89287 0.00600 93218 88 12 1.69277 30606 |-88 
0.99862 27471 1.10459 93781 0.00900 61288 OF 19 1.67353 70031 | 87 
0.99755 20048 1.10437 62795 0.01199 35156 86 23 1.65430 09456 | 86 
0.99617 59200 1.10408 99048 0.01496 83495 85 29 1.63506 48881 | 85 
0.99449 49305 I.10374 06029 0.01792 75043 84 35 1.61582 88306 | 84 
0.99250 95707 I .10332 87996 0.02086 78620 83 40 1.59659 27731 | 83 
0.99022 04719 1.10285 49965 0.02378 63141 82 46 1.57735 67156 | 82 
0.98762 83015 1.10231 97711 0.02667 97640 81 51 1.55812 06581 | 81 
0.98473 40633 1.10172 37756 0.02954 51279 80 57 1.53888 46006 | 80 
0.98153 84966 1.10106 77362 0.03237 93372 20.2 1.51964 85431 | 79 
0.97804 26763 | 1.10035 24524 0.03517 93404 79.~— #88 1.50041 24856 | 7 
0.97424 77117 1.09957 87957 0.03794 21046 78 13 1.48117 44281 | 77 
0.97015 48073 1.09874 77089 0.04066 46178 77 +I9 1.46194 03706 | 76 
0.96576 52612 1.09786 02047 0.04334 38907 76 24 I.44270 43130 | 75 
0.96108 04649 1.09691 73646 0.04597 69592 | 75 29 1.42346 82555 | 74 
0.95610 19028 1.09592 03375 0.04856 O8861 74 34 I.40423 21980 | 73 
0.95083 I1516 1.09487 03382 0.05109 27637 + is, i 1.38499 61405 | 72 
0.94526 98796 1.09376 86463 0.05356 97161 92, 24 1.36576 00830 | 71 
0.93941 98461 1.09261 66042 0.05598 89014 71 48 1.34652 40255 | 70 
0.93328 29005 1.09141 56156 0.05834 75147 70 52 1.32728 79680 | 69 
0.92686 09817 I.OQOI6 71440 0.06064 27902 69 50 1.30805 I9105 | 68 
0.92015 61173 1.08887 27107 0.06287 20041 oS Raa | 1.28881 58530 | 67 
0.91317 04228 1.08753 38930 0.06503 24775 68 5 1.26957 97955 | 66 
0.90590 61007 1.08615 23221 0.06712 15792 OF +9 1.25034 37380 | 65 
0.89836 54396 1.08472 96815 0.06913 67285 66 12 1.23110 76805 | 64 
0.89055 08135 1.08326 77048 0.07107 53988 65 16 1.21187 16230 | 63 
0.88246 46805 1.08176 81732 0.07293 51200 64 19 1.19263 55655 | 62 
0.87410 95823 1.08023 29140 0.07471 34824 63 23 1.17339 95080 | 61 
0.86548 81427 | 1.07866 37978 0.07640 81398 62 26 1.15416 34504 | 60 
0.85660 30670 1.07706 27365 0.07801 68127 61 29 - 1.13492 73929 | 59 
0.84745 71408 | 1.07543 16809 | 0.07953 72924 | 60 31 1.11569 13354 | 58 
0.83805 32290 1.07377 26184 0.08096 74440 59 634 1.09645 52779 | 57 
0.82839 42745 1.07208 75705 0.08230 52102 58 36 I.07721 92204 | 56 
0.81848 32973 1.07037 85902 0.08354 86152 57 39 1.05798 31629 | 55 
0.80832 33933 | 1.06864 77599 | 0.08469 57684 | 56 41 1.03874 71054 | 54 
0.79791 77333 | 1.06689 71884 | 0.08574 48680 | 55 43 1.01951 10479 | 53 
0.78726 95615 1.06512 90086 0.08669 42053 54 44 I .00027 49904 | 52 
0.77638 21945 I .06334 53750 0.08754 21680 53 46 0.98103 89329 | 51 
0.76525 90201 1.06154 84606 | 0.08828 72448 52 48 0.96180 28754 | 50 
0.75390 34961 1.05974 04548 0.08892 80287 51 49 0.94256 68179 | 49 
0.74231 91490 1.05792 35605 0.08946 32214 50 49 0.92333 07604 | 48 
0.73059 95727 I.05609 99913 0.08989 16370 | 49 50 0.90409 47028 | 47 
0.71847 84273 1.05427 19690 0.09021 22056 48 50 0.88485 86453 | 46 
0.70622 94378. 1.05244 17208 0.09042 39779 Ay St 0.85562 25878 | 45 

A(r) D(r) 8 E(r) Fo r 
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K = 1. 7867691349, K’ = 1.9355810960, E = 1.3931402485, E’-=1. 3055390943, 

: Fé E(r) D(x) Ac) 
fe) 0.00000 00000 o° oO 0.00000 00000 I .00000 00000 | 0.00000 00000 
I 0.01985 29904 I 8 0.00437 25767 I.00004 34107 | 0.01737 52657 
2 0.03970 59807 #3: 439 0.00873 86910 1.00017 35897 | 0.03474 53796 
3 0.05955 89712 cee 0.01309 18945 I .00039 03787 | 0.05210 51913 
4 0.07941 *19615 A 32 0.01742 57681 1.00069 35136 | 0.06944 95525 
5 0.09926 49519 5 4! 0.02173 39351 I.00108 26253 | 0.08677 33185 
6 O.I1IQII 79423 6 49 0.02601 00761 I.00155 72398 | 0.10407 13496 
7 0.13897 09327 a Be 0.03024 79420 I.002II 67791 | 0.12133 85117 
8 0.15882 39231 = A 0.03444 13683 1.00276 05620 | 0.13856 96780 
9 0.17867 69135 144 0.03858 42875 I .00348 78042 | 0.15575 97300 
10 | 0.19852 99039 td.-25 0.04267 07422 I.00429 76203 | 0.17290 35587 
II 0.21838 28943 12° 38 0.04669 48973 I.00518 90239 | 0.18999 60657 
12 0.23823 58847 ie eae 0.05065 10519 I .00616 09295 | 0.20703 21648 
13 0.25808 88751 I4 43 0.05453 36499 I.0072I 21534 | 0.22400 67828 
14 0.27794 18655 I5 51 0.05833 72913 I .00834 14154 | 0.24091 48609 
15 0.29779 48558 16 58 0.06205 67422 I.00954 73402 | 0.25775 13559 
16 0.31764 78462 Coens 0.06568 69435 I.O1082 84592 | 0.27451 12417 
17 0.33750 08366 19.12 0.06922 30203 I.01218 32120 | 0.29118 95099 
18 0.35735 38270 20 18 0.07266 02895 1.01360 99487 | 0.30778 11718 
19 0.37720 68174 2125 0.07599 42673 I.O1510 69318 | 0.32428 12593 
20 0.39705 98078 Aen at 0.07922 06754 I.01667 23379 | 0.34068 48260 
21 0.41691 27981 Sie 27 0.08233 54475 1.01830 42606 | 0.35698 69491 
22 0.43676 57885 24 42 0.08533 47336 I.02000 07123 | 0.37318 27300 
23 | 0.45661 87789 25 48 0.08821 49046 I.02175 96267 | 0.38926 72959 
24 0.47647 17693 26 53 0.09097 25564 1.02357 88616 | 0.40523 58014 
25 0.49632 47597 27 59 0.09360 45123 1.02545 62012 | 0.42108 34293 
26 0.51617 77501 29 4 0.09610 78252 1.02738 93589 | 0.43680 53924 
27 0.53603 07405 30 8 | 0.09847 97792 1.02937 59801 | 0.45239 69344 
28 0.55588 37309 ce Se x, 0.10071 78905 1.03141 36450 | 0.46785 33318 
29 0.57573 67212 i ae 3 0.10281 99075 1.03349 98717 | 0.48316 98948 
30 0.59558 97116 8 a 0.10478 38101 1.03563 21191 | 0.49834 19688 
31 0.61544 27020 34 25 0.10660 78092 1.03780 77899 | 0.51336 49360 
32 0.63529 56924 35 28 0.10829 03444 I,04002 42340 | 0.52823 42166 
33 0.65514 86828 36.35 0.10983 00821 1.04227 87515 | 0.54294 52702 
34 | 0.67500 16732 | 37 34 O.11122 59132 | 1.04456 85961 | 0.55749 35973 
35 0.69485 46636 38: 37 0.11247 69491 1.04689 09786 | 0.57187 47405 
36 0.71470 76540 39 39 0.11358 25187 T.04924 30699 | 0.58608 42864 
37 0.73456 06443 40 4qI 0.11454 21645 1.05162 20047 | 0.60011 78665 
38 0.75441 36347 41 42 0.11535 56375 1.05402 48851 | 0.61397 11590 
39 0.77426 66251 42°44 0.11602 28932 1.05644 87839 | 0.62763 98902 
40 0.79411 96155 43 46 0.11654 40861 1.05889 07481 | 0.641II 98356 
4I 0.81397 26059 44 46 0.11691 95649 1.06134 78029 | 0.65440 68220 
42 0.83382 55963 45 47 0.11714 98662 1.06381 69550 | 0.66749 67282 
43 0.85367 85867 46 47 0.11723 57096 1.06629 51962 | 0.68038 54871 
44.| 0.87353 15771 | 47 48 0.11717 79914 | 1.06877 95074 | 0.69306 90869 
45 | 0.89338 45674 | 48 48 0.11697 77784 | 1.07126 68617 | 0.70554 35725 

90-1 Fy G(r) C(r) B(r) 


SMITHSONIAN TABLES 


Orc ee eee 


TABLE @ = 40° 275 
q = 0.033265256695577, 00 = 0.9334719356, HK = 0.8550825245 3 

B(r) C(r) G(r) Fy 90-r 
1.00000 00000 | 1.14254 42177 0.00000 00000 (ole a) 1.78676 91349 | go 
0.99984 63487 1.14250 07942 0.00382 84907 89 8 1.76691 61445 | 89 
0.99938 54451 1.14237 05769 0.00765 31872 88 15 1.74706 31541 | 88 
0.99861 74408 1.14215 37243 0.01147 02963 87 23 1.72721 01637 | 87 
0.99754 25881 1.14185 05008 0.01527 60269 86 30 1.70735 71733 | 86 
0.99616 12401 1.14146 12760 0.01906 65913 85 38 1.68750 41829 | 85 
0.99447 38506 1.14098 65243 0.02283 82057 | 84 46 1.66765 11926 | 84 
0.99248 09734 1.14042 68243 0.02658 70918 83 53 1.64779 82022 | 83 
0.99018 32628 1.13978 28584 0.03030 94781 83 I I.62794 52118 | 82 
0.98758 14726 1.13905 54113 0.03400 16009 7 ae 1.60809 22214 | 81 
0.98467 64560 1.13824 53698 0.03765 97054 81 16 1.58823 92310 | 80 
0.98146 91652 1.13735 37211 0.04128 00477 80 23 1.56838 62406 | 79 
0.97796 06509 1.13638 15521 0.04485 88958 79 30 1.54853 32502 | 78 
0.97415 20616 1.13533 00476 0.04839 25314 a ae 1.52868 02598 | 77 
0.97004 46432 1.13420 04893 0.05187 72514 7) Ad 1.50882 72694 | 76 
0.96563 97386 1.13299 42539 0.05530 93702 76 51 1.48897 42791 | 75 
0.96093 87866 1.13171 28116 0.05868 52206 Y 5. OY 1.46912 12887 | 74 
0.95594 33213 1.13035 77242 0.06200 11573 75 4 1.44926 82983 | 73 
0.95065 49716 1.12893 06433 0.06525 35577 74 +10 1.42941 53079 | 72 
0.94507 54604 1.12743 33082 0.06843 88251 i, Cas 1.40956 23175 | 71 
0.93920 66032 1.12586 75438 0.07155 33910 i hae x, 1.38970 93271 | 70 
0.93305 03082 1.12423 52584 0.07459 37177 7i 29 I. 36985 63367 | 69 
0.92660 85744 1.12253 84414 0.07755 63011 70 34 1.35000 33463 | 68 
0.91988 34913 I.12077 91607 0.08043 76736 69 40 1.33015 03560 | 67 
0.91287 72377 1.11895 95604 0.08323 44077 68 45 1.31029 73656 | 66 
~ 0.90559 20807 1.11708 18582 0.08594 31188 GF*: mt 1.29044 43752 | 65 
0.89803 03745 1.11514 83422 0.08856 04692 66 56 1.27059 13848 | 64 
0.89019 45598 1.11316 13690 0.09108 31714 66 oO 1.25073 83944 | 63 
0.88208 71618 I. 11112 33599 0.09350 79923 65.35 1.23088 54040 | 62 
0.87371 O7901I | 1.10903 67986 0.09583 17573 64 9 1.21103 24136 | 61 
0.86506 81367. 1.10690 42279 0.09805 13545 63 14 I.19117 94233 | 60 
0.85616 19751 1.10472 82465 0.10016 37391 62 18 1.17132 64329 | 59 
0.84699 51593 1.10251 15061 0.10216 59383 61" 21 1.15147 34425 | 58 
0.83757 06220 1.10025 67080 0.10405 50557 60 25 1.13162 04521 | 57 
0.82789 13739 1.09796 65999 0.10582 82770 59 28 I.11176 74617 | 56 
0.81796 05020 1.09564 39724 0.10748 28746 58 32 I.OQIQI 44713 | 55 
0.80778 11684 I .09329 16556 0.10901 62132 ae 38 1.07206. 14809 | 54 
0.79735 66091 1.09091 25160 0.11042 57553 56 37 1.05220 84905 | 53 
0.78669 01322 1.08850 94525 0.11170 90668 55 39 I .03235 55001 | 52 
0.77578 51173 1.08608 53932 0.11286 38228 54 42 1.01250 25098 | 51 
0.76464 50133 | 1.08364 32917 | 0.11388 78137 | 53 44 0.99264 95194 | 50 
0.75327 33376 1.08118 61237 0.11477 89511 52 45 0.97279 65290 | 49 
0.74167 36742 1.07871 68830 0.11553 52736 51 46 0.95294 35386 | 48 
0.72984 96728 1.07623 85782 0.11615 49535 50 46 0.93309 05482 | 47 
0.71780 50468 1.07375 42288 | 0.11663 63025 | 49 47 0.91323 75578 | 46 
0.790554 35725 1.07126 68617 0.11697 77784 | 48 48 0.89338 45674 | 45 
A(r) D(r) E(r) Fo r 


SMITHSONIAN TABLES 


K = K’ = 1.8540746773, E = E’ = 1.3506438810, : 


ELLIPTIC FUNCTION 


| 


Fo 


E(r) 


D(r) 


A(r) 


45 


OO: G02 O° O..6 -O o-oo. 0 0... OO 1107S O26. G-O8G iOS oe Oro a Oo OOOO 


G0: 6 -O°o 


io) 


.00000 00000 
.02060 08297 
.04120 16595 
.06180 24892 
.08240 33190 


.10300 41487 
.12360 49785 
.14420 58082 
.16480 66380 
.18540 74677 


20600 82975 
22660 91272 


-24720 99570 
.26781 07867 
.28841 16165 


.30901 24462 
.32961 32760 
.35021 41057 
-37081 49355 
-39141 57652 


.41201 65950 
-43261 74247 
.45321 82545 
.47381 90842 
-49441 99139 


-51502 07437 
53562 15734 
.55622 24032 
.57682 32329 
59742 40627 


.61802 48924 
.63862 57222 
.65922 65519 
.67982 73817 
.70042 82114 


72102 90412 


74162 98709 
76223 07007 


.78283 15304 
.80343 23602 


.82403 31899 
.84463 40197 
86523 48494 
.88583 56792 
.90643 65089 


.92703 73387 


OO O50": 0 O36:O-0 oo9o909 © O20. o. © S-O.0' 0. os erO- O70 OO. ©: "Oo oO. 0 ©:.O.6 


OL Oro: S 


io) 


.00000 00000 
.00559 22185 


OIII7 56998 
01674 17286 
02228 16343 


.02778 68124 
.03324 87460 


03865 90273 
04400 93780 
04929 16689 


-05449 79400 
.05962 04166 


.06465 15306 
06958 39334 
.07441 05129 


.O7912 44078 
.08371 90207 
.08818 80301 
.09252 54012 
-09672 53955 


.10078 25794 
.10469 18308 
-10844 83455 
.11204 76417 
.11548 55630 


.11875 82813 


12186 22978 


-12479 44425 
.12755 18736 
.13013 20757 


.13253 28561 
-13475 23413 
.13678 89725 
13864 14993 
-14030 89744 


14179 07457 
14308 64509 
14419 60059 
I45I11I 96000 
14585 76849 


.14641 09671 
.14678 03964 
.14696 71583 
.14697 26631 
.14679 85365 


.14644 66094 


a | 


— Le Ae A ce Be | — = = — SS = = + = = = Re 


= = = = 


.00000 00000 
.00005 76114 
.00023 03752 
.OOO51 80814 
.00092 03796 


.00143 67802 
.00206 66547 
.00280 92364 
.00366 36213 
.00462 87696 


.00570 35065 
.00688 65237 
00817 63813 
-00957 15091 
.O1107 02088 


.01267 06562 
.01437 09030 
.O1616 88793 
.01806 23965 


.02004 91494 


.02212 67193 
.02429 25769 
.02654 40853 
.02887 85035 
.03129 29893 


.03378 46028 
.03635 03103 
.03898 69880 
.04169 14251 
.04446 03288 


.04729 03271 
-O5017 79739 
.05311 97528 
.O5611 20812 


.05915 13149 


.06223 37524 
-06535 56397 
06851 31742 
.07170 25103 
-07491 97630 


.07816 10137 
.08142 23139 
.08469 96910 
.08798 91523 
.09128 66907 


.09458 82886 


oo90900 oo°0o900 oo909090 0.60030 SAO © He ORE © 2 O- 0-0-9 O20 0 OO SO: 6-0-0 -6 


oOo 900 


io) 


.00000 00000 
.01732 23240 
.03463 96092 
.05194 68175 
.06923 89126 


08651 O8611 


-10375 76329 
.12097 42023 
-13815 55494 
.15529 66598 


.17239 25270 
.18943 81524 
.20642 85463 
-22335 87294 
.24022 37330 


.25701 86008 
-27373 83893 
.29037 81691 
. 30693 30262 
. 32339 80622 


-33976 83967 
.356003 91671 
.37220 55308 
.38826 26656 


.40420 57714 


.42003 OO7II 
.43573 08120 
.45130 32670 


46674 27359 


.48204 45468 


49720 40572 
51221 66556 
52707 77628 
54178 28334 
55632 73569 


57070 68597 
58491 69061 


59895 31001 
61281 10868 


62648 65539 


63997 52334 


65327 29030. 


66637 53880 
67927 85625 
69197 83514 


-70447 07318 
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TABLE 6 = 45° 


277 
g =e 7 = 0.04321391826377, O0 = 0.9135791382, HK = 0.9135791382 

B(r) C(r) G(r) v Fy 90-1 
I .00000 00000 1.18920 71150 0.00000 00000 go° 1.85407 46773 | 90 
0.99984 54246 1.18914 94665 0.00470 60108 89 10 1.83347 38476 | 89 
0.99938 17514 1.18897 65912 0.00940 76502 88 20 1.81287 30178 | 88 
0.99860 91406 1.18868 87000 0.01410 05467 87 30 1.79227 21881 | 87 
0.99752 78584 1.18828 61440 0.01878 03289 86 40 1.77167 13583 | 86 
0.99613 82775 1.18776 ‘94140 0.02344 26255 85 49 1.75107 05286 | 85 
0.99444 08767 1.18713 91403 0.02808 30653 84 59 1.73046 96988 | 84 
0.99243 62407 1.18639 60914 0.03269 72774 84 9 1.70986 88691 | 83 
0.99012 50593 1.18554 11736 0.03728 O8916 $9.38 1.68926 80393 | 82 
0.98750 81276 1.18457 54293 0.04182 95382 82 28 1.66866 72096 | 81 
0.98458 63450 1.18350 00363 0.04633 88487 OL :37 1.64806 63798 | 80 
0.98136 O7I5I 1.18231 63059 0.05080 44575 80 47 1.62746 55501 | 79 
0.97783 23446 1.18102 56817 0.05522 19994 79 56 1.60686 47203 | 78 
0.97400 24430 1.17962 97376 0.05958 71139 ’ bt AE 1.58626 38906") 77 
0.96987 23216 1.17813 O1756 0.06389 54439 78 14 1.56566 30608 | 7 
0.96544 33929 1.17652 88244 0.06814 26379 77:43 1.54506 22311 | 75 
0.96071 71696 1.17482 76366 0.07232 43506 76. (34 1.52446 14013 | 74 
0.95569 52639 1.17302 86866 0.07643 62449 75 40 I .50386 05716 | 73 
0.95037 93863 | 1.17113 41680 | 0.08047 39933 | 74 48 1.48325 97418 | 72 
0.94477 13447 1.16914 63907 0.08443 32799 Ye ray | 1.46265 89121 | 71 
0.93887 30433 1.16706 77783 0.08830 98027 73738 1.44205 80823 | 70 
0.93268 64814 1.16490 08653 0.09209 92756 ye ee &' 1.42145 72526 | 69 
0.92621 37526 1.16264 82937 0.09579 74315 7 ae 1.40085 64228 | 68 
0.91945 70430 1.16031 28097 0.09940 00252 70. 27 1.38025 55931 | 67 
0.91241 86305 1.15789 72608 0.10290 28362 69 34 1.35965 47634 | 66 
0.90510 08831 1.15540 45920 0.10630 16727 68 41 1.33905 39336 | 65 
0.89750 62579 1.15283 78419 0.10959 23752 67 48 1.31845 31039 | 64 
0.88963 72995 1.15020 01398 0.11277 08206 66 54 1.29785 22741 | 63 
0.88149 66386 1.14749 47011 0.11583 29266 66 oO 1.27725 14444 | 62 
0.87308 69906 1.14472 48239 0.11877 46567 65 6 1.25665 06146 | 61 
0.86441 11542 1.14189 38846 0.12159 20252 oy ae © 1.23604 97849 | 60 
0.85547 20099 1.13900 53339 0.12428 11025 63 16 1.21544 89551 | 59 
0.84627 25182 | 1.13606 26928 0.12683 802II 62 21 1.19484 81254 | 58 
0.83681 57184 1.13306 95480 0.12925 89815 Gk:20 1.17424 72956 | 57 
0.82710 47269 1.13002 95477 0.13154 02588 60 30 1.15364 64659 | 56 
0.81714 27355 | 1.12694 63970 | 0.13367 82099 | 59 34 1.13304 56361 | 55 
0.80693 30099 1.12382 38537 0.13566 92789 58 38 1.11244 48064 | 54 
0.79647 88881 1.12066 57231 0.13751 00077 S742 1.09184 39766 | 53 
0.78578 37785 1.11747 58542 0.13919 70407 56 45 1.07124 31469 | 52 
0.77485 11587 1.11425 81342 0.14072 71344 ae ae 1.05064 23171 | 51 
0.76368 45735 I.II1OI 64844 | 0.14209 71663 54 50 1.03004 14874 | 50 
0.75228 76332 | 1.10775 48548 | 0.14330 41415 | 53 52 1.00944 06576 | 49 
0.74066 40121 1.10447 72199 0.14434 52037 52 53 0.98883 98279 | 48 
0.72881 74469 I.10118 75735 0.14521 76436 51 55 0.96823 89981 | 47 
0.71675 17348 1.09788 99237 0.14591 89078 50 56 0.94763 81684 | 46 
0.70447 07318 | 1.09458 82886 | 0.14644 66094 | 49 57 0.92703 73387 | 45 

_A(r) D(r) E(r) g Fo r 
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278 ELLIPTIC FUNCTION 
K = 1.9355810960, K’ = 1.7867691349, E = 1.3055390943, E’ = 1. 3931402485, 
r Fo p E(r) D(r) A(r) 
0 | 0.00000 00000 a 2D 0.00000 00000 I .00000 00000 | 0.00000 00000 | 
I 0.02150 64566 ee 0.00699 85212 I.00007 52700 | 0.01724 17831 
2 0.04301 29132 228 0.01398 53763 1.00030 09884 | 0.03447 86990 
3 0.06451 93699 ee | 0.02094 89334 1.00067 68809 | 0.05170 58810 
4 | 0.08602 58265 4 55 0.02787 76288 1.00120 24903 | 0.06891 84630 
5 0.10753 22831 Gi><% 0.03476 00006 I .00187 71775 | 0.08611 15805 
6 0.12903 87397 y aan’ + 0.04158 42717 1.00270 O1222 | 0.10328 03705 
7 0.15054 51963 8 36 0.04834 06320 I .00367 03237 | 0.12041 99725 
8 0.17205 16530 9 49 0.05501 67694 1.00478 66023 | 0.13752 55283 
9 0.19355 81096 } area, 0.06160 24003 1.00604 76005 | 0.15459 21831 
10 0.21506 45662 I2 16 0.06808 70479 1.00745 17850 | 0.17161 50856 
II 0.23657 10228 13 28 0.07446 05194 1.00899 74482 | 0.18858 93888 
12 0.25807 74795 Laat 0.08071 29320 1.01068 27105 | 0.20551 02505 
13 0.27958 39361 I5 53 0.08683 47367 I.01250 55225 | 0.22237 28335 
14 0.30109 03927 13-6 0.09281 67403 1.01446 36673 | 0.23917 23067 
15 0.32259 68493 18 18 0.09865 01256 1.01655 47635 | 0.25590 38457 
16 0.34410 33059 Ig- 29 0.10432 64694 1.01877 62678 | 0.27256 26330 
17 0.36560 97626 20 40 0.10983 77593 1.02112 54784 | 0.28914 38591 
18 O 287El 62102 215i 0.11517 64068 1.02359 95379 | 0.30564 27234 
19 0.40862 26758 2 eee” 0.12033 52604 1.02619 54370 | 0.32205 44344 
20 0.43012 91324 24. 1% 0.12530 76146 1.02891 OOI79 | 0.33837 42110 
21 0.45163 55891 25 22 0.13008 72182 1.03173 99787 | 0.35459 72832 
22 0.47314 20457 20. 524 0.13466 82799 1.03468 18764 | 0.37071 88930 
23 | 0.49464 85023 | 27 41 0.13904 54724 | 1.03773 21323 | 0.38673 42953 
24 0.51615 49589 28 50 0.14321 39340 1.04088 70352 | 0.40263 87589 
25 0.53766 14155 29 59 0.14716 92687 1.04414 27466 | 0.41842 75678 
26 0.55916 78722 i, Se 0.15090 75443 1.04749 53052 | 0.43409 60218 
27 0.58067 43288 a3 14 0.15442 52892 1.05094 06315 | 0.44963 94381 
28 0.60218 07854 33~.21 0.15771 94871 1.05447 45329 | 0.46505 31522 
29 0.62368 72420 34 29 0.16078 75703 1.05809 27090 | 0.48033 25191 
30 0.64519 36987 35 36 0.16362 74123 1.06179 07561 | 0.49547 29148 
31 0.66670 01553 36 4I 0.16623 73178 1.06556 41737 | 0.51046 97376 
32 0.68820 66119 37 46 0.16861 60131 1.06940 83686 | 0.52531 84091 
33 0.70971 30685 38 51 0.17076 26341 1.07331 86617 | 0.54001 43761 
34 0.73121 95251 39 56 0.17267 67142 1.07729 02929 | 0.55455 31119 
35 0.75272 59818 41 I 0.17435 81713 1.08131 84270 | 0.56893 O1177 
36 0.77423 24384 Ye aaa 0.17580 72936 1.08539 81601 | 0.58314 09242 
37 0.79573 88950 4B OE 0.17702 47258 1.08952 45247 | 0.59718 10935 
38 0.81724 53516 44 9 0.17801 14536 I .09369 24965 | 0.61104 62201 
39 0.83875 18083 45 12 0.17876 87890 1.09789 7OOOI | 0.62473 19335 
40 | 0.86025 82649 | 46 I5 0.17929 83544 1.10213 29153 | 0.63823 38991 
41 0.88176 47215 47 15 0.17960 20675 1.10639 50831 | 0.65154 78204 
42 0.90327 I1781 48 16 0.17968 21252 1.11067 83124 | 0.66466 94406 
43 0.92477 76347 49 16 0.17954 09878 1.11497 73861 | 0.67759 45449 
44 0.94628 40914 50 17 0.17918 13641 1.11928 70673 | 0.69031 89618 
45 0.96779 05480 51 17 0.17860 61952 1.12360 21058 | 0.70283 85652 
90-r Fy V7 G(r) C(r) B(r)+ 


SMITHSONIAN TABLES 


ae Oe eee 


TABLE 6 = 50° 279 
q = 0.055019933698829, O00 = 0.8899784604, HK = 0.9715669451 
B(r) C(r) G(r) Fy 90-r 

I .00000 00000 1.24728 65857 0.00000 00000 go° oO’ 1.93558 10960 | 90 
0.99984 40186 1.24721 12154 0.00561 92362 89 12 1.91407 46394 | 89 
0.99937 61319 1.24698 51964 0.01123 36482 88 25 1.89256 81828 | 88 
0.99859 65127 1.24660 88048 0.01683 84106 OF 37 1.87106 17261 | 87 
0.99750 54487 1.24608 24999 | . 0.02242 89646 86 50 1.84955 52695 | 86 
0.99610 33424 1.24540 69243 0.02799 96670 a 1.82804 88129 | 85 
0.99439 07108 1.24458 29027 0.03354 64884 85 14 1.80654 23563 | 84 
0.99236 81849 1.24361 14410 | 0.03906 43123 84 26 1.78503 58997 | 83 
0.99003 65093 | 1.24249 37250 | 0.04454 82835 | 83 39 1.76352 94430 | 82 
0.98739 65416 1.24123 I1192 0.04999 35367 82 5I1 1.74202 29864 | 81 
0.98444 92517 | 1.23982 51648 0.05539 51961 m4 1.72051 65298 | 80 
0.98119 57210 1.23827 75779 0.06074 83740 SE 14 1.69901 00732 | 79 
0.97763 71417 1.23659 02476 0.06604 81700 80 26 1.67750 36165 | 78 
0.97377 48160 1.23476 52334 0.07128 96708 79: 37 1.65599 71599 | 77 
0.96961 01546 1.23280 47629 0.07646 79497 78 49 1.63449 07033.| 76 
0.96514 46762 1.23071 12287 0.08157 80662 Ss? 1.61298 42467 | 75 
0.96038 00059 1.22848 71860 0.08661 50665 77 0 1.59147 77901 | 74 
0.95531 78745 1.22613 53491 0.09157 39836 76 21 1.56997 13334 | 73 
0.94996 OI167 1.22365 85882 0.09644 98379 75 Sh 1.54846 48768 | 72 
0.94430 86698 1.22105 99257 0.10123 76383 74 42 1.52695 84202 | 71 
0.93836 55727 1.21834 25328 0.10593 23833 3. 06 1.50545 19636 | 70 
0.93213 29639 1.21550 97252 0.11052 90627 5, See 1.48394 55069 | 69 
0.92561 30802 1.21256 49596 0.11502 26595 oe Nae B 1.46243 90503 | 68 
0.91880 82552 1.20951 18289 0.11940 81521 7% 320 1.44093 25937 | 67 
0.91172 09173 1.20635 40582 0.12368 05174 | 70 30 1.41942 61371 | 66 
0.90435 35883 I .20309 54999 0.12783 47335 69 39 1.39791 96805 | 65 
0.89670 88815 1.19974 O1294 0.13186 57834 68 47 1.37641 32238 | 64 
0.88878 94998 1.19629 20396 0.13576 86595 67 55 1.35490 67672 | 63 
0.88059 82341 1.19275 54368 0.13953 83674 OF 2 1.33340 03106 | 62 
0.87213 79612 1.18913 46345 0.14316 99314 66 10 1.31189 38540 | 61 
0.86341 16420] 1.18543 40490 | 0.14665 83999 65 18 1.29038 73973 | 60 
0.85442 23195 1.18165 81935 0.14999 88516 64 24 1.26888 09407 | 59 
0.84517 31166 1.17781 16727 0.15318 64017 63 30 1.24737 44841 | 58 

| 0.83566 72345 1.17389 91774 0.15621 62095 Oe a0 1.22586 80275 | 57 
0.82590 79506 1.16992 54783 0.15908 34859 Ol: 42 1.20436 15709 | 56 
0.81589 86161 1.16589 54205 0.16178 35017 60 48 1.18285 51142 | 55 
0.80564 26543 1.16181 39175 0.16431 15964 59 52 1.16134 86576 | 54 
0.79514 35583 1.15768 59453 0.16666 31878 58 56 1.13984 22010 | 53 
0.78440 48891 1.15351 65361 0.16883 37818 58 oOo 1.11833 57444 | 52 
0.77343 02735 1.14931 07723 0.17081 89832 LT SRE | 1.09682 92877 | 51 
0.76222 34019 1.14507 37802 0.17261 45069 a6 °°8 1.07532 28311 | 50 
0.75078 80264 1.14081 07240 0.17421 61892 55 10 1.05381 63745 | 49 
0.73912 79584 1.13652 67992 0.17562 00006 MA 3a 1.03230 99179 | 48 
0.72724 70671 1.13222 72263 0.17682 20583 ee 1.01080 34613 | 47 
0.71514 92767 1.12791, 72446 0.17781 86395 52 15 0.98929 70046 | 46 
0.70283 85652 1.12360 21058 0.17860 61952 Gt 7 a 0.96779 05480 | 45 

A(r) D(r) E(r) Fo r 


SMITHSONIAN TABLES 


280 


ELLIPTIC FUNCTION 
: 4 
K = 2.0347153122, K’ = 1.7312451757, E - 1.2586796248, E’ = 1.4322909693, 


ates q 


r Fo ro) E(r) D(r) A(r) 
0 | 0.00000 00000 ee 0.00000 00000 I.00000 00000 | 0.00000 00000 
I 0.02260 79479 . 20 0.00862 00346 I.00009 74600 | 0.01712 13223 
2 0.04521 58958 @i45 0.01722 45749 I .00038 97217 | 0.03423 80342 
3 0.06782 38437 a a 0.02579 81795 1.00087 64305 | 0.05134 55249 
4 0.09043 17916 5 I0 0.03432 55123 1.00155 69957 | 0.06843 91832 
5 0.11303 97395 6 28 0.04279 13942 I.00243 05914 | 0.08551 43971 
6 0.13564 76875 7 45 0.05118 08539 I.00349 61575 | 0.10256 65538 
7 0.15825 56354 eee 0.05947 91769 I.00475 24006 | 0.11959 10390 
8 0.18086 35833 Io 19 0.06767 19530 I.00619 77962 | 0.13658 32373 
9 0.20347 15312 II 36 0.07574 51216 I.00783 O590I1 | 0.15353 85318 
I0 | 0.22607 94791 i2< ‘52 0.08368 50144 1.00964 88003 | 0.17045 23039 
II 0.24868 74270 4-9 0.09147 83960 I.O1165 02201 | 0.18731 99332 
12 0.27129 53749 I5 25 0.099II 25013 I .01383 24199 | 0.20413 67975 
13 0.29390 33229 16 40 0.10657 50694 1.01619 27508 | 0.22089 82730 
14 0.31651 12708 17 56 0.11385 43755 1.01872 83473 | 0.23759 97340 
15 0.33911 92187 I9 II 0.12093 92580 I.02143 61311 | 0.25423 65532 
16 0.36172 71666 20+ 25 0.12781 91435 1.02431 28147 | 0.27080 41017 
17 0.38433 51145 2I 40 0.13448 40670 1.02735 49050 | 0.28729 77496 
18 0.40694 30624 22 54 0.14092 46901 1.03055 87080 | 0.30371 28656 
19 0.42955 I0103 77 ee 0.14713 23140 1.03392 03331 | 0.32004 48178 
20 0.45215 89583 25 20 0.15309 88906 1.03743 56974 | 0.33628 89743 
21 0.47476 69062 208% 0.15881 70288 I.O4110 05314 | 0.35244 07031 
22 0.49737 48541 27 45 0.16427 99989 1.04491 03831 | 0.36849 53729 
23 0.51998 28020 | 28 56 0.16948 17327 1.04886 06244 | 0.38444 83538 
24 0.54259 07499 207.8 0.17441 68208 1.05294 64558 | 0.40029 50181 
25 0.56519 86978 31:15 0.17908 05075 1.05716 29130 | 0.41603 07408 
26 0.58780 66457 32 28 0.18346 86827 I.06150 48720 | 0.43165 09003 
27 0.61041 45937 94°. 98 0.18757 78710 1.06596 70560 | 0.44715 O8801 
28 0.63302 25418 34 46 0.19140 52188 1.07054 40415 | 0.46253 60691 
29 0.65563 04895 $9:,.55 0.19494 84794 1.07523 02647 | 0.47777 18627 
30 0.67823 84374 37-5 3 0.19820 59959 1.08002 00285 | 0.49288 36645 
31 0.70084 63853 38 I0 0.20117 66827 1.08490 75092'| 0.50785 68872 
32 0.72345 43332 39 16 0.20386 00053 1.08988 67634 | 0.52268 69541 
33 0.74606 22811 40 23 0.20625 59591 1.09495 17358 | 0.53736 93004 
34 0.76867 02290 41 28 0.20836 50468 1.10009 62656 | 0.55189 93747 
35 0.70127. 817690 f 42». 33 0.21018 82554 1.10531 40947 | 0.56627 26408 
36 0.81388 61249 43 38 0.21172 70324 1.11059 88749 | 0.58048 45794 
37 0.83649 40728 44 41 0.21298 32611 I. 11594 41760 | 0.59453 06894 
38 0.85910 20207 45 45 0.21395 92364 1.12134 34929 | 0.60840 64905 
39 0.88170 99686 46 48 0.21465 76400 1.12679 02542 | 0.62210 75244 
40 0.90431 79165 47 50 0.21508 I5155 1.13227 78297 | 0.63562 93571 
41 0.92692 58644 48 51 0.21523 42440 1.13779 95386 | 0.64896 75812 
42 0.94953 38123 49 53 0.21511 95200 1.14334 86579 | 0.66211 78175 
43-| 0.97214 17602 50 53 0.21474 13276 1.14891 84299 | 0.67507 57177 
44 0.99474 97081 Si 53 0.21410 39170 1.15450 20711 | 0.68783 69663 
45 1.01735 76561 52 $2 0.21321 17818 1.16009 27802 | 0.70039 72833 
90-r Fy V7 G(r) C(r) B(r) 


SMITHSONIAN TABLES 


‘ia eat 


;, 


a bare 
a 


TABLE @ = 55° 281 
q = 0.069042299609032, O00 = 0.8619608462, HK = 1.0300875730 

B(r) C(r) G(r) Fy 90 -r 
I .00000 00000 I.32039 64540 | 0.00000 00000 | 90° 0’ 2.03471 53122 | 90 
0.99984 I9155 1.32029 87371 0.00654 66917 89 15 2.01210 73643 | 89 
0.99936 77261 I.32000 57060 0.01308 82806 88 3I 1.98949 94164 | 88 
0.99857 76238 1.31951 77192 0.01961 96606 87 46 1.96689 14685 | 87 
0.99747 19280 1.31883 53734 0.02613 57182 pee 1.94428 35205 | 86 
0.99605 10861 1.31795 95033 0.03263 13295 86 17 1.92167 55726 | 85 
0.99431 56720 1.31689 I1801 0.03910 13564 85 32 1.89906 76247 | 84 
0.99226 63864 1.31563 17106 0.04554 06434 84 47 1.87645 96768 | 83 
0.98990 40553 | 1.31418 26349 0.05194 40144 S412 1.85385 17289 | 82 
0.98722 96302 1.31254 57253 0.05830 62693 5 SB be 1.83124 37810 | 81 
0.98424 41861 1.31072 29838 0.06462 21812 82 32 1.80863 58331 | 80 
0.98094 89213 1.30871 66392 0.07088 64934 81 46 1.78602 78851 | 79 
0.97734 51558 I .30652 91449 0.07709 39167 ade 1.76341 99372 | 78 
0.97343 43300 1.30416 31759 0.08323 91270 80 15 1.74081 19893 | 77 
0.96921 80039 1.30162 16250 0.08931 67629 79 29 1.71820 40414 | 76 
0.96469 78546 | 1.29890 75994 | 0.09532 14240 | 78 43 1.69559 60935 | 75 
0.95987 56758 I.29602 44173 0.10124 76688 77. +56 1.67298 81456 | 74 
0.95475 33753 1.29297 56032 0.10709 00133 77 ~=‘10 1.65038 01977 | 73 
0.94933 29736 1.28976 48840 0.11284 29301 76. 23 1.62777 22497 | 72 
0.94361 66021 1.28639 61840 0.11850 08473 75 35 1.60516 43018 | 71 
0.93760 65006 1.28287 36204 | 0.12405 81487 74 48 1.58255 63539 | 70 
0.93130 50161 1.27920 14980 0.12950 91731 74 #O 1.55994 84060 | 69 
0.92471 45998 I .27538 43041 0.13484 82153 to. 32 1.53734 04581 | 68 
0.91783 78055 1.27142 67027 0.14006 95267 7a \23 I.51473 25102 | 67 
0.91067 72870 1.26733 35291 0.14516 73172 7e. a8 I.49212 45623 | 66 
0.90323 57961 1.26310 97835 0.15013 57566 70 46 1.46951 66144 | 65 
0.89551 61797 1.25876 06253 0.15496 89777 69 56 1.44690 86665 | 64 
0.88752 13778 1.25429 13663 0.15966 10790 60.9 I.42430 O7185 | 63 
0.87925 44206 1.24970 74646 0.16420 61290 68 16 1.40169 27706 | 62 
0.87071 84265 1.24501 45176 0.16859 81701 67 26 1.37908 48227 | 61 
0.86191 65988 1.24021 82552 0.17283 12244 | 66 35 1.35647 68748 | 60 
0.85285 22237 1.23532 45329 0.17689 92991 65 43 I .33386 89269 | 59 
0.84352 86672 1.23033 93242 0.18079 63935 64 51 I.31126 09790 | 58 
0.83394 93726 1.22526 87137 0.18451 65064 63 59 1.28865 30311 | 57 
0.82411 78578 I.22011 88895 0.18805 36444 63...-6 1.26604 50832 | 56 
0.81403 77126 1.21489 61356 | 0.19140 18312 62 12 1.24343 71353 | 55 
0.80371 25960.| 1.20960 68240 0.19455 51177 61 I9 I.22082 91873 | 54 
0.79314 62334 I.20425 74072 | ‘0.19750 75927 60 24 1.19822 12394 | 53 
0.78234 24136 1.19885 44102 0.20025 33955 59 30 1.17561 32915 | 52 
0.77130 49868 1.19340 44225 0.20278 67279 58 35 I.15300 53436 | 51 
0.76003 78612 1.18791 40899 | 0.20510 18688 oe I.13039 73957 | 50 
0.74854 50007 1.18239 01066 0.20719 31885 56 42 1.10778 94478 | 49 
0.73683 04220 1.17683 92068 0.20905 51650 55 46 1.08518 14999 | 48 
0.72489 81922 1.17126 81567 0.21068 24001 54 48 1.06257 35519 | 47 
0.71275 24260 1.16568 37461 0.21206 96376 53 50 1.03996 56041 | 46 
0.70039 72833 1.16009 27802 0.21321 17818 $3.52 1.01735 76561 | 45 

A(r) D(r) E(r) Fo r 


SMITHSONIAN TABLES 


Ser rae 


ELLIPTIC FUNCTION — 


ee a ee 


282 
K = 2.1565156475, K’ = 1.6857503548, E =1.211056028, E’ = 1.4674622093, : 
r Fo p E(r) D(r) A(r) 
O 0.00000 00000 0° 6 0.00000 00000 I .00000 00000 | 0.00000 00000 
I | 0.02396 12850 1.22 0.01050 21636 I.O00I2 58452 | 0.01694 24822 
2 0.04792 25699 2 45 0.02098 36904 1.00050 32288 | 0.03388 07351 
3 0.07188 38549 ets: 0.03142 40274 1.00113 16945 | 0.05081 05279 
4 0.09584 51399 5 29 0.04180 27880 I.0020I 04822 | 0.06772 76275 
5 0.11980 64248 Oo a 0.05209 98337 1.00313 85295 | 0.08462 77970 
6 0.14376 77098 S42 0.06229 53533 1.00451 44723 | 0.10150 67944 
7 0.16772 89948 9 35 0.07236 99392 1.00613 66468 | 0.11836 03717 
8 0.19169 02798 10 56 0.08230 46606 1.00800 30911 | 0.13518 42734 
9 0.21565 15647 if. 37 0.09208 11326 I.OI1OII 15480 | 0.15197 42358 
10 0.23961 28497.| 13 38 0.10168 15801 1.01245 94672 | 0.16872 59855 
II 0.26357 41347 14 58 0.11108 88976 1.01504 40088 | 0.18543 52386 
I2 0.28753 54197 16 18 0.12028 67034 1.01786 20463 | 0.20209 76999 
13 0.31149 67046 LP 130 0.12925 93879 I.0209I OI70I | 0.21870 90619 
14 0.33545 79896 13° -57 0.13799 21563 1.02418 46923 | 0.23526 50037 
15 0.35941 92746 20 16 0.14647 10652 1.02768 16504 | 0.25176 IIQII 
16 0.38338 05595 21% 45 0.15468 30530 1.03139 68120 | 0.26819 32750 
17 0.40734 18445 oP aa 0.16261 59647 1.03532 56803 | 0.28455 68916 
18 0.43130 31295 247° %G 0.17025 85702 1.03946 34991 | 0.30084 76617 
19 0.455260 44145 25. :26 0.17760 05773 1.04380 52583 | 0.31706 I1903 
20 0.47922 56994 26 42 0.18463 26382 1.04834 57003 | 0.33319 30665 
21 0.50318 69844 7 bo 0.19134 63517 1.05307 93260 | 0.34923 88634 
22 0.52714 82694 2945 0.19773 42593 1.05800 04010 | 0.36519 41381 
23 0.55110 95544 20 27 0.20378 98371 1.06310 29632 | 0.38105 44318 
24 0.57507 08393 ak ak 0.20950 74827 1.06838 08291 | 0.39681 52701 
25 0.59903 21243 32 54 0.21488 24988 1.07382 76019 | 0.41247 21633 
26 0.62299 34093 34. F 0.21991 10718 1.07943 66784 | 0.42802 06069 
27 0.64695 46942 35 +18 0.22459 02484 1.08520 12575 | 0.44345 60826 
28 0.67091 59792 36 29 0.22891 79082 I.OQIII 43480 | 0.45877 40585 
29 0.69487 72642 KF GRA 0.23289 27342 1.09716 87771 | 0.47396 99905 
30 0.71883 85492 38 49 0.23651 41807 1.10335 71989 | 0.48903 93230 
31 0.74279 98341 39 «58 0.23978 24399 I. 10967 21031 | 0.50397 74905 
32 0.76676 IIIQI 41 6 0.24269 84060 I. 11610 58243 | 0.51877 99184 
33 0.79072 24041 42: i3 0.24526 36394 1.12265 O5510 | 0.53344 20249 
34 0.81468 36890 43 20 0.24748 03283 1.12929 83350 | 0.54795 92224 
35 0.83864 49740 44 26 0.24935 12513 1.13604 II0O1O | 0.56232 69191 
36 0.86260 62590 45 31 0.25087 97387 1.14287 06563 | 0.57654 05212 
37 | 0.88656 75440 | 46 35 0.25206 96336 | 1.14977 87007 | 0.59059 54347 
38 0.91052 88289 47:39 0.25292 52540 1.15675 68364 | 0.60448 70673 
39 | 0.93449 O1139 | 48 42 0.25345 13545 | 1.16379 65783 | 0.61821 08313 
40 0.95845 13989 49 44 0.25365 30884 1.17088 93642 | 0.63176 21451 
41 0.98241 26838 50 45 0.25353 59713 1.17802 65652 | 0.64513 64364 
42 1.00637 39688 51 46 0.25310 58450 1.18519 94959 | 0.65832 91446 
43 I .03033 52538 52 46 0.25236 88429 1.19239 94253 | 0.67133 57232 
44 1.05429 65388 53. 45 0.25133 13558 1.19961 75873 | 0.68415 16433 
45 1.07825 78237 54 44 0.25000 00000 1.20684 51910 | 0.69677 23959 
90-r Fy y G(r) C(r) B(r) 


SMITHSONIAN TABLES 


ST te Oe Sse 


Cr. en Ts nee 


TABLE @ = 60° 28 3 
q = 0.085795733702195, O0 = 0.8285168980, HK = 1.0903895588 

Bir) C(r) G(r) y Fy 90-r 
I .00000 00000 1.41421 35624 0.00000 00000 go° oO 2.15651 56475 | 90 
0.99983 87925 I.41408 70799 |. 0.00746 45017 89 19 2.13255 43625 | 89 
0.99935 52434 1.41370 77878 0.01492 38646 88 38 2.10859 30775 | 88 
0.99854 95732 1.41307 61515 0.02237 29430 7. 89 2.08463 17926 | 87 
0.99742 21491 1.41219 29466 0.02980 65777 87 16 2.06067 05076 | 86 
0.99597 34843 I.41105 92570 0.03721 95889 86 35 2.03670 92226 | 85 
0.99420 42378 1.40967 64744 0.04460 67701 85 53 2.01274 79377 | 84 
0.992II 52135 1.40804 62958 | 0.05196 28815 85 II 1.98878 66527 | 83 
0.98970 73588 1.40617 07222 0.05928 26440 84 29 I.96482 53677 | 82 
0.98698 17641 1.40405 20551 0.06656 07336 83 47 I.94086 40827 | 81 
0.98393 96610 1.40169 28947 0.07379 17757 83. 5 I.91690 27978 | 80 
0.98058 24210 1.39909 61356 0.08097 03401 82 23 1.89294 15128 | 79 
0.97691 15541 1.39626 49639 0.08809 09364 8I 4I 1.86898 02278 | 78 
0.97292 87065 1.39320 28531 0.09514 80095 80 58 1.84501 89429 | 77 
0.96863 56591 1.38991 35592 0.10213 59353 80 15 1.82105 76579 | 7 
0.96403 43250 1.38640 I1169 0.10904 QOI75 70. 332 1.79709 63729 | 75 
0.95912 67478 1.38266 98339 0.11588 14840 78 49 1.77313 50879 | 74 
0.95391 50985 1.37872 42853 0.12262 74837 ae 1.74917 38030 | 73 
0.94840 16738 1.37456 93090 0.12928 10844 7: 4at 1.72521 25180 | 72 
0.94258 88926 I.37020 99983 0.13583 62697 76. 47 1.70125 12330 | 7I 
0.93647 92941 1.36565 16965 0.14228 69378 75 53 1.67728 99480 | 70 
0.93007 55342 1.36089 99899 0.14862 68991 2s ge 1.65332 86631 | 69 
0.92338 03829 1.35596 07006 0.15484 98749 TA. s 1.62936 73781 | 68 
0.91639 67210 1.35083 98797 0.16094 94967 r FS, 1.60540 60931 | 67 
0.90912 75372 1.34554 37995 0.16691 93054 72 «5! 1.58144 48082 | 66 
0.90157 59245 I.34007 89457 0.17275 27595 See 1.55748 35232 | 65 
0.89374 50771 | 1.33445 20094 | 0.17844 31913 | 71 18 1.53352 22382 | 64 
0.88563 82868 I .32866 98789 0.18398 38964 70 30 1.50956 09532 | 63 
0.87725 89396 1.32273 96308 0.18936 80462 69 42 1.48559 96683 | 62 
0.86861 05122 1.31666 85215 0.19458 87340 68 54 1.46163 83833 | 61 
0.85969 65682 1.31046 39783 0.19963 89691 68 5 1.43767 70983 | 60 
0.85052 07549 1.30413 35898 0.20451 16802 G7. 16 1.41371 58134 | 59 
0.84108 67990 1.29768 50969 0.20919 97204 66 26 1.38975 45284 | 58 
0.83139 85036 1.29112 63832 0.21369 58722 65 36 1.36579 32434 | 57 
0.82145 97438 1.28446 54650 0.21799 28546 64 45 1.34183 19584 | 56 
0.81127 44636 1.27771 04815 0.22208 33313 63 53 1.31787 06735 | 55 
0.80084 66719 1.27086 96850 0.22595 99196 we. oe 1.29390 93885 | 54 
0.79018 04386 1.26395 14305 0.22961 52018 7 Bae © 1.26994 81035 | 53 
0.77927 98915 1.25696 41655 0.23304 17372 61 15 1.24598 68185 | 52 
0.76814 92120 1.24991 64194 | 0.23623 20761 60 21 1.22202 55336 | 51 
0.75679 26317 1.24281 67937 0.23917 87758 59 27 1.19806 42486 | 50 
0.74521 44290 1.23567 39504 0.24187 44177 58 32 1.17410 29636 | 49 
0.73341 89253 1.22849 66025 0.24431 16265 57 36 1.15014 16787 | 48 
0.72141 04816 1.22129 35025 0.24648 30908 56 39 1.12618 03937 | 47 
0.70919 34952 1.21407 34320 | 0.24838 15864 55 42 I.1022I 91087 | 46 
0.69677 23959 1.20684 519IO | 0.25000 00000 54 44 1.07825 78237 | 45 

A(r) D(r) E(r) ro) Fo r 


SMITHSONIAN TABLES 


284 ELLIPTIC FUNCTION 
K = 2.3087867982, K’ = 1.6489952185, E = 1.1638279645, E’ = 1.4981149284, 


r Fo p E(r) : D(r) A(r) 
e) 0.00000 00000 eae 0.00000 00000 I .00000 00000 | 0.00000 00000 
I 0.02565 31866 . 2s 0.01271 71437 1.00016 31607 | 0.01667 62945 
2 0.05130 63733 2 6S 0.02540 65870 1.00065 24464 | 0.03334 89266 
3 0.07695 95599 A ae 0.03804. 07622 1.00146 72698 | 0.05001 42309 
4 0.10261 27466 5 52 0.05059 23651 1.00260 66524 | 0.06666 85367 
5 0.12826 59332 o20 0.06303 44839 1.00406 92257 | 0.08330 81651 
6 0.15391 91199 8 47 0.07534 97235 1.00585 32333 | 0.09992 94260 
7 0.17957 23085 IOo 14 0.08748 53252 I .00795 65320 | 0.11652 86159 
8 0.20522 54932 Mm. ai 0.09944 32800 1.01037 65954 | 0.13310 20150 
9 0.23087 86798 3 O.IIII9 04341 I.013I1I 05159 | 0.14964 58850 
10 0.25653 18665 I4 34 0.12270 35875 1.01615 50083 | 0.16615 64662 
II 0.28218 50531 16 oO 0.13396 05824 I.01950 64139 | 0.18262 99754 
12 0.30783 82398 ee aed, 0.14494 03827 I .02316 07042 | 0.19906 26038 
13 0.33349 14264 18 50 0.15562 31436 1.02711 34860 | 0.21545 05144 
14 0.35914 46131 20 I4 0.16599 02705 1.03136 00060 | 0.23178 98405 
15 0.38479 77997 21 38 0.17602 44678 1.03589 51569 | 0.24807 66833 
16 0.41045 09864 7¥, ee oe 0.18570 97766 1.04071 34825 | 0.26430 71105 
17 0.43610 41730 ae Xx, 0.19503 16024 1.04580 91848 | 0.28047 71545 
18 0.46175 73596 25 44 0.20397 67323 1.05117 61304 | 0.29658 28110 
19 0.48741 05463 Ay fata 0.21253 33427 1.05680 78572 | 0.31260 00376 
20 0.51306 37329 PAo meme eS 0.22069 09968 1.06269 75825 | 0.32858 47528 
21 0.53871 69196 20-43 0.22844 06338 1.06883 82109 | 0.34447 28350 
22 0.56437 01062 31 I 0.23577 45496 1.07522 23418 | 0.36028 O1217 
23 0.59002 32929 327% 36 0.24268 63696 1.08184 22789 | 0.37600 24088 
24 0.61567 64795 25.436 0.24917 IOI5I 1.08869 00386 | 0.39163 54503 
25 0.64132 96662 34 52 0.25522 46626 1.09575 73598 | 0.40717 49584 
26 0.66698 28528 26 -=% 0.26084 46988 I.10303 57129 | 0.42261 66028 
27 0.69263 60395 War 2 0.26602 96698 I.11051 63106 | 0.43795 60117 
28 0.71828 92261 38 34 0.27077 92271 1.11819 O1175 | 0.45318 87717 
29 0.74394 24127 39 46 0.27509 40704 1.12604 78613 | 0.46831 04285 
30 0.76959 55994 40 58 0.27897 58872 1.13408 00433 | 0.48331 64880 
31 0.79524 87860 re Pay 0.28242 72920 1.14227 69496 | 0.49820 24170 
32 0.82090 19727 43 18 0.28545 17629 1.15062 86634 | 0.51296 36449 
33 0.84655 51593 44 26 0.28805 35786 I.15912 50752 | 0.52759 55647 
34 | 0.87220 83460 | 45 34 0.29023 77551 | 1.16775 58964 | 0.54209 35352 
35 0.89786 15326 46 4I 0.29200 99830 1.17651 06705 | 0.55645 28823 
36 0.92351 47193 47 47 0.29337 65659 1.18537 87860 | 0.57066 89018 
37 | 0.94916 79059 | 48 52 0.29434 43597 | 1.19434 94887 | 0.58473 68614 
38 0.97482 10926 49 56 0.29492 O7I4I 1.20341 18951 | 0.59865 20033 
39 1.00047 42792 50 59 0.29511 34159 1.21255 50050 | 0.61240 95465 
40 1.02612 74659 | 52 I 0.29493 06347 1.22176 77148 | 0.62600 46907 
41 1.05178 06525 as 3S 0.29438 08705 1.23103 88308 | 0.63943 26185 
42 1.07743 38392 TE | 0.29347 29047 1.24035 70830 | 0.65268 84992 
43 1.10308 70258 S58. 14 0.29221 57532 1.24971 11383 | 0.66576 74922 
44 1.12874 02125 56 Oo 0.29061 86227 1.25908 96145 | 0.67866 47507 
45 1.15439 33991 56 58 0.28869 08691 | 1.26848 10938 | 0.69137 54254 
90-r Fy y G(r) C(r) B(r) 


SMITHSONIAN TABLES 


Ce pire, Sea Sh sa og SPS He 


ae ee ee ee ee a ee 


Ca ae tine 


‘TABLE 6 = 65° 


285 
q = 0.106054020185994, ©O0 = 0.7881449667, HK = 1.1541701350 
B(r) C(r) G(r) y Fy 90-r 
_ 1.00000 00000 1.53824 62687 | ©.00000 00000 | go° 0’ 2.30878 67982 | 90 
0.99983 41412 1.53808 15440 0.00834 87781 88 23 2.28313 36115 | 89 
0.99933 66526 1.53758 75740 0.01669 26008 88 46 2.25748 04249 | 88 
0.99850 77970 1.53676 49688 0.02502 65041 88 9g 2.23182 72382 | 87 
0.99734 80125 1.53561 47447 0.03334 55975 87 32 2.20617 40516 | 86 
0.99585 79109 1.53413 83232 0.04164 46052 86 54 2.18052 08649 | 85 
0.99403 82778 1.53233 75281 0.04991 87582 86 16 2.15486 76783 | 84 
0.99189 00707 1.53021 45843 |. 0.05816 28855 85 38 2.12921 44916 | 83 
0.98941 44182 1.52777 21140 0.06637 18564 85 oO 2.10356 13050 | 82 
0.98661 26176 1.52501 31340 0.07454 04819 84 22 2.07790 81184 | 81 
0.98348 61339 1.52194 10514 0.08266 35068 83 44 2.05225 49317 | 80 
0.98003 65970 1.51855 96596 0.09073 56016 ieee 2.02660 17451 | 79 
0.97626 57996 1.51487 31329 0.09875 13547 $2.27 2.00094 85584 | 78 
0.97217 56947 1.51088 60218 0.10670 52642 81 48 1.97529 53718 | 77 
0.96776 83924 1.50660 32466 0.11459 17308 81 9 1.94964 21851 | 76 
0.96304 61576 1.50203 OOgI16 0.12240 50500 80 30 1.92398 89985 | 75 
0.95801 14060 1.49717 21977 0.13013 94047 79 50 1.89833 58118 | 74 
0.95266 67013 1.49203 55559 0.13778 88583 79 10 1.87268 26251 | 73 
0.94701 47511 1.48662 64993 0.14534 73477 78 30 1.84702 94385 | 72 
0.94105 84035 1.48095 16947 0.15280 86769 77. 49 1.82137 62519 | 71 
0.93480 06429 1.47501 81348 0.16016 65105 > See 1.79572 30652 | 70 
0.92824 45859 1.46883 31288 0.16741 43683 76 26 1.77006 98786 | 69 
0.92139 34772 1.46240 42933 0.17454 56190 75 44 1.74441 66919 | 68. 
0.91425 06851 1.45573 95424 0.18155 34763 yb 1.71876 35053 | 67 
0.90681 96968 1.44884 70781 0.18843 09933 74 19 1.69311 03186 | 66 
0.89910 41140 | 1.44173 53793 | 0.19517 10594 | 73 36 1.66745 71320 | 65 
0.89110 76479 1.43441 31916 0.20176 63966 ye ae 1.64180 39453 | 64 
0.88283 41144 1.42688 95162 0.20820 95570 yt eet 1.61615 07587 | 63 
0.87428 74294 1.41917 35981 0.21449 292II +> ey x: 1.59049 75721 | 62 
0.86547 16034 1.41127 49149 0.22060 86968 70 37 1.56484 43854 | OI 
0.85639 07366 1.40320 31647 0.22654 89197 69 51 1.53919 11988 | 60 
0.84704 90138 1.39496 82541 0.23230 54536 69 4 1.51353 80121 | 59 
0.83745 06991 1.38658 02852 0.23786 99932 68 17 1.48788 48255 | 58 
0.82760 O1310 1.37804 95440 0.24323 40676 67 29 1.46223 16388 | 57 
0.81750 17168 1.36938 64865 0.24838 90447 66 41 1.43657 84522 | 56 
0.80715 99276 1.36060 17261 0.25332 61379 65 52 1.41092 52655 | 55 
0.79657 92934 1.35170 60205 0.25803 64133 65°22 1.38527 20789 | 54 
0.78576 43973 1.34271 02582 0.26251 O800! 64 II 1.35961 88922 | 53 
0.77471 98708 I .33362 54449 0.26674 O1OI2 63 20 1.33396 57055 | 52 
0.76345 03889 1.32446 26900 0.27071 50065 Ga 20 1.30831 25189 | 51 
0.75196 06646 1.31523 31927 0.27442 61086 61 35 1.28265 93322 | 50 
0.74025 54443 1.30594 82284 | 0.27786 39198 60 4I 1.25700 61456 | 49 
0.72833 95027 1.29661 91348 0.28101 88920 59 46 1.23135 29589 | 48 
0.71621 76383 1.28725 72976 | 0.28388 14388 58 51 1.20569 97723 | 47 
0.70389 46686 1.27787 41372 0.28644 19600 57 55 1.18004 65856 | 46 
0.69137 54254 | 1.26848 10938 | 0.28869 08691 56 58 1.15439 33991 | 45 
A(r) D(r) E(r) g Fo r 


SMITHSONIAN TABLES 


286 | ELLIPTIC FUNCTION 
K = 2.5045500790, K’ = 1.6200258991, E = 1.1183777380, E’ — 1.5237992053, 


r Fo p E(r) D(r) A(r) 
0 | 0.00000 00000 a” =o 0.00000 00000 I .00000 00000 | 0.00000 00000 
I 0.02782 83342 : -§6 0.01539 55735 I.0002I 42837 | 0.01627 42346 
2 0.05565 66684 cee 0.03075 31429 1.00085 68806 | 0.03254 56619 
3 0.08348 50026 4 47 0.04603 49252 I.00192 70294 | 0.04881 14698 
4 0.11131 33368 G .22 0.06120 35769 1.00342 34614 | 0.06506 88358 
5 0.13914 16710 hae 0.07622 24069 1.00534 44028 | 0.08131 49227 
6 0.16697 00053 9 32 0.09105 55815 1.00768 75763 | 0.09754 68734 
y 0.19479 83395 | II 6 0.10566 83193 1.01045 02032 | 0.11376 18057 
8 0.22262 66737 I2 40 0.12002 70732 1.01362 90072 |:0.12995 68083 
9 0.25045 50079 | 14 13 0.13409 96984 1.01722 02172 | 0.14612 89355 
10 0.27828 33421 15 46 0.14785 56040 I.0212I 95717 | 0.16227 52029 
II 0.30611 16763 7 is 0.16126 58874 1.02562 23237 | 0.17839 25828 
I2 0.33394 OOI05 18 50 0.17430 34501 1.03042 32454 | 0.19447 80006 
13 0.36176 83447 20 20 0.18694 30948 1.03561 66341 | 0.21052 83297 
14 0.38959 66790 25 50 0.19916 16028 1.04119 63185 | 0.22654 03885 
15 0.41742 50132 Zea BO 0.21093 77918 1.04715 56657 | 0.24251 09363 
16 | 0.44525 33474 | 24 48 0.22225 25549 | 1.05348 75877 | 0.25843 66697 
17 0.47308 16816 26 16 0.23308 88806 1.06018 45500 | 0.27431 42196 
18 0.50091 00158 27°) (Ao 0.24343 18557 1.06723 85795 | 0.29014 01480 
19 0.52873 83500 QL o 0.25326 86498 1.07464 12734 | 0.30591 09453 
20 | 0.55656 66842 207 32 0.26258 84862 1.08238 38086 | 0.32162 30277 
21 0.58439 50184 31 56 0.27138 25968 1.09045 69513 | 0.33727 27349 
22 0.61222 33526 XW ¢ 0.27964 41653 1.09885 10673 | 0.35285 63285 
23 0.64005 16869 34 40 0.28736 82581 1.10755 61330 | 0.36836 99898 
24 | 0.66788 oo2II S04 O 0.29455 17462 1.11656 17464 | 0.38380 98186 
25 0.69570 83553 y= a 0.30119 32185 1.12585 71388 | 0.39917 18323 
26 0.72353 66895 43° 37 0.30729 28884 1.13543 11869 | 0.41445 19649 
27 0.75136 50237 39 54 0.31285 24953 I.14527 24256 | 0.42964 60668 
28 | 0.77919 33579 | 41 10 0.31787 52022 | 1.15536 90607 | 9.44474 99043 
29 0.80702 16921 A? 524 0.32236 54911 1.16570 89825 | 0.45975 QI601 
30 | 0.83485 00263 43 38 0.32632 90569 1.17627 97795 | 9.47466 94339 
31 0.86267 83605 44 50 0.32977 27014 1.18706 87529 | 0.48947 62428 
32 0.89050 66948 £6.24 0.33270 42283 1.19806 29307 | 0.50417 50229 
33 0.91833 50290 47.51 0.33513 23398 1.20924 90830 | 0.51876 11309 
34 0.94616 33632 48 20 0.33706 65364 1.22061 37375 | 0.53322 98456 
35 0.97399 16974 | 49 27 0.33851 70194 I .23214 31946 | 0.54757 63701 
36 | 1.00182 00316 | 50 34 0.33949 45975 | 1.24382 35438 | 9.56179 58348 
37 1.02964 83658 | Sie 0.34001 05978 1.25564 06798 | 0.57588 32996 
38 | 1.05747 67000 | 52 43 |° 0.34007 67814 | 1.26758 03194 | 0.58983 37576 
39 1.08530 50342 | 53 46 0.33970 52640 1.27962 80178 | 0.60364 21381 
40 1.11313 33684 54 48 0.33890 84414 1.29176 91861 | 0.61730 33109 
41 1.14096 17027 55 49 0.33769 89203 I .30398 91085 | 0.63081 20897 
42 1.16879 00369 56 48 0.33608 94543 1.31627 29599 | 0.64416 32373 
43 1.19661 83711 57 47 0.33409 28851 1.32860 58237 | 0.65735 14695 
44 1.22444 67053 58 44 0.33172 20892 1.34097 27096 | 0.67037 14605 
45 1.25227 50395 59 41 -| 0.32898 99283 1.35335 85717 | 0.68321 78479 
90-r Fy y G(r) C(r) B(r) 


SMITHSONIAN TABLES 


‘i se hate r; i . 
zs ere es ise “ oy PALE D 5 het 
REE Oe Ng 2g oS aces ba A a A Ce 2, Pe eke Pe eer . 


TABLE @ = 70° 287 
q = 0.131061824499858, ©O0 = 0.7384664407, HK = 1.2240462555 
B(r) C(r) G(r) Fy 90-r 

1.00000 00000 1.70991 350651 0.00000 00000 go° oO 2.50455 00790 | 90 
0.99982 71058 1.70969 53883 0.00917 03805 89 27 2.47672 17448 | 89 
0.99930 85325 1.70904 11308 0.01833 63062 88 55 2.44889 34106 | 88 
0.99844 46074 1.70795 16110 0.02749 33119 88 22 2.42106 50764 | 87 
0.99723 58755 1.70642 81917 0.03663 69110 87 49 2.39323 67422 | 86 
0.99568 30984 | 1.70447 27784 | 0.04576 25853 | 87 16 2.36540 84079 | 85 
0.99378 72533 1.70208 78163 0.05486 57745 86 43 2.33758 00737 | 84 
0.99154 95309 1.69927 62875 0.06394 18650 86 10 2.30975 17395 | 83 
0.98897 13334 1.69604 17067 0.07298 61798 85 36 2.28192 34053 | 82 
0.98605 42725 1.69238 81168 0.08199 39678 tle 2.25409 50711 | 81 
0.98280 O1661 1.68832 00831 0.09096 03928 84 29 2.22626 67369 | 80 
0.97921 10356 1.68384 26872 0.09988 05231 83. 55 2.19843 84027 | 79 
0.97528 91023 1.67896 15207 0.10874 93206 83 21 2.17061 00685 | 78 
0.97103 67835 1.67368 26771 0.11756 16303 82 46 2.14278 17343 | 77 
0.96645 66885 1.66801 27439 0.12631 21691 82 12 2.11495 34000 | 76 
0.96155 16144 1.66195 87940 0.13499 55158 81 37 2.08712 50658 | 75 
0.95632 45409 1.65552 83761 0.14360 60995 81 I 2.05929 67316 | 74 
0.95077 86259 1.64872 95046 0.15213 81898 80 25 2.03146 83974 | 73 
0.94491 71996 1.64157 06491 0.16058 58855 79 49 2.00364 00632 | 72 
0.93874 37597 1.63406 07230 0.16894 31044 79 «13 1.97581 17290 | 71 
0.93226 19647 I .62620 90720 0.17720 35729 78 36 1.94798 33948 | 70 
0.92547 56289 1.61802 54615 0.18536 08158 77 +58 1.92015 50606 | 69 
0.91838 87155 1.60952 00637 0.19340 81461 27.20 1.89232 67264 | 68 
0.91100 53304 1.60070 34445 0.20133 86551 76 42 1.86449 83921 | 67 
0.90332 97156 1.59158 65494 0.20914 52034 658 1.83667 00579 | 66 
0.89536 62423 1.58218 O689I1 0.21682 O4110 Yd eae 1.80884 17237 | 65 
0.88711 94043 1.57249 75252 0.22435 66494 74° «43 1.78101 33895 | 64 
0.87859 38106 1.56254 90544 0.23174 60328 TEe Be 1.75318 50553 | 63 
0.86979 41783 1.55234 75933 0.23898 O4III 740 a4 1.72535 67211 | 62 
0.86072 53257 1.54190 57623 0.24605 13624 72) 1.69752 83869 | 61 
0.85139 21644 1.53123 64694 0.25295 01875 ok I .66970 00527 | 60 
0.84179 96923 1.52035 28933 0.25966 79043 ys ee & 1.64187 17185 | 59 

7) 0.83195 29861 1.50926 84668 0.26619 52443 70 29 1.61404 33842 | 58 
0.82185 71938 1.49799 68595 0.27252 26492 69 44 1.58621 50500 | 57 
0.81151 75269 1.48655 19601 0.27864 02697 68 59 1.55838 67158 | 56 
0.80093 92537 1.47494 78592 0.28453 79654. 68 12 1.53055 83816 | 55 
0.79012 76914 1.46319 88308 0.29020 53069 67°25 1.50273 00474 | 54 
0.77908 81986 1.45131 93148 0.29563 15786 66 37 1.47490 17132 | 53 
0.76782 61683 1.43932 38985 0.30080 57852 65 48 1.44707 33790 | 52 
0.75634 70207 1.42722 72983 0.30571 66593 64 59 1.41924 50448 | 51 
0.74465 61957 1.41504 43413 0.31035 26720 64 8 1.39141 67106 | 50 
0.73275 91466 1.40278 99470 0.31470 20462 rN ae & 1.36358 83763 | 49 
0.72066 13327 1.39047 91083 0.31875 27727 62 24 1.33576 00421 | 48 
0.70836 82126 1.37812 68735 0.32249 26298 Gt 3% 1.30793 17079 | 47 
0.69588 52382 1.36574 83271 0.32590 92064 60 36 1.28010 33737 | 46 
0.68321 78479 | 1.35335 85717 | 0.32898 99283 | 59 41 1.25227 50395 | 45 

A(r) D(r) E(r) Fo r 


SMITHSONIAN TABLES 


288° | ELLIPTIC FUNCTION 
K = 2. 7680631454 = K’./3, K’ = 1.5981420021, E = 1.076405113, E’ = 1.5441504969, 


r Fo p E(r) D(r) A(r 

0 | 0.00000 00000 one 0.00000 00000 I .00000 00000 | 0.00000 00000 
I 0.03075 62572 I 46 0.01878 71553 1.00028 90226 | 0.01564 67728 
2 0.06151 25143 3 237 0.03752 OI20I1 1.00115 57568 | 0.03129 20711 
3 0.09226 87715 ea 3 0.05614 50985 1.00259 92025 | 0.04693 44040 
4 0.12302 50287 eae 0.07460 90790 1.00461 76935 | 0.06257 22754 
5 0.15378 12859 8 47 0.09286 02109 I.00720 88997 | 0.07820 41558 
6 0.18453 75430 IO 31 0.11084 81632 I.01036 98288 | 0.09382 84843 
7 0.21529 38002 Ta): XS 0.12852 44620 I.01409 68295 | 0.10944 36574 
8 0.24605 00574 rm 658 0.14584 27986 1.01838 55946 | 0.12504 80220 
9 0.27680 63145 I5 40 0.16275 93073 I .02323 11658 | 0.14063 98665 
10 0.30756 25717 (77.32 0.17923 28093 1.02862 79374 | 0.15621 74137 
II 0.33831 88289 IO 5 0.19522 50184 1.03456 96626 | 0.17177 88130 
12 0.36907 50860 20 43 0.21070 07095 1.04104 94593 | 0.18732 21327 
13 0.39983 13432 22-22 0.22562 78479 1.04805 98163 | 0.20284 53538 
14 0.43058 76004 at SO 0.23997 76797 1.05559 26010 | 0.21834 63622 
15 0.46134 38576 25 36 0.25372 47838 I .06363 90673 | 0.23382 29430 
16 0.49210 OI147 ds a 0.26684 70884 1.07218 98642 | 0.24927 27739 
17 0.52285 63719 28 46 0.27932 58519 1.08123 50446 | 0.26469 34194 
18 0.55361 26291 20 40 0.29114 56129 1.09076 40755 | 0.28008 23255 
19 | 0.58436 88862 31 50 0.30229 4III0 1.10076 58484 | 0.29543 68145 
20 0.61512 51434 i eee 2 0.31276 21816 I. 11122 86903 | 0.31075 40803 
21 0.64588 14006 34 50 0.32254 36297 1.12214 03756 | 0.32603 11842 
22 0.67663 76577 eae Oe 0.33163 50828 1.13348 81382 | 0.34126 50509 
23 0.70739 39149 37 43 0.34003 58309 1.14525 86847 | 0.35645 24653 
24 0.73815 O1721 39:~=C 88 0.34774 76532 1.15743 82078 | 0.37159 00694 
25 0.76890 64293 40 31 0.35477 46364 1.17001 24008 | 0.38667 43599 
26 0.79966 26864 41 52 0.36112 29881 1.18296 64722 | 0.40170 16862 
27 0.83041 89436 43-3 0.36680 08467 1.19628 51612 | 0.41666 82489 
28 0.86117 52008 Aa ae 0.37181 80918 1.20995 27538 | 0.43157 00988 
29 0.89193 14579 45 48 0.37618 61563 I.22395 30995 | 0.44640 31361 
30 0.92268 77151 AF 8 0.37991 78428 1.23826 96285 | 0.46116 31110 
31 0.95344 39723 48 18 0.38302 71460 1.25288 53692 | 0.47584 56238 
32 0.98420 02294 49 30 0.38552 90817 1.26778 29672 | 0.49044 61259 
33 | 1.01495 64866 | 50 41 0.38743 95246 | 1.28294 47038 | 0.50495 99214 
34 | 1.04571 27438 | 51 51 0.38877 50552 | 1.29835 25154 | 0.51938 21695 
35 1.07646 QooIO 52 59 0.38955 28159 | -1.31398 80140 | 0.53370 78866 
36 1.10722 52581 54:55 0.38979 03785 I .32983 25072 | 0.54793 19494 
37 1.13798 15153 55 10 0.38950 56204 1.34586 70195 | 0.56204 90989 
38 1.16873 77725 56 14 0.38871 66125 1.36207 23140 | 0.57605 39442 
39 | 1.19949 40296 | 57 16 0.38744 I517I | 1.37842 89138 | 0.58994 09669 
40 1.23025 02868 58 17 0.38569 84955 I.3949I 71251 | 0.60370 45267 
4I 1.26100 65440 50 47 0.38350 56260 1.41151 70596 | 0.61733 88663 
42 1.29176 28011 60 15 0.38088 08305 1.42820 86579 | 0.63083 81179 
43 1.32251 90583 61 12 0.37784 18107 1.44497 17132 | 0.64419 63092 
44 | 1.35327 53155 | 62 8 0.37440 59923 | 1.46178 58952 | 0.65740 73705 
45 | 1.38403 15727 | 63 2 0.37059 04774 | 1.47863 07744 | 0.67046 51423 

‘1/90-r Fy y G(r) C(r) B(r) 


SMITHSONIAN TABLES 


TABLE 6 = 75° , 2 89 
q = 0.163033534821580, 00 -0. 6753457533, HK = 1.3046678096 

B(r) C(r) G(r) . Fy 90-r 
T.00000 00000 | 1.96563 05108 | 0.00000 00000 | go°  o! 2.76806 31454 | 90 
0.99981 60886 1.96533 12951 0.00989 91720 89 33 2.73730 68882 | 89 
0.99926 44975 1.96443 40309 0.01979 47043 89 5 2.70655 06310 | 88 
0.99834 56552 | 1.96293 98674 | 0.02968 29453 | 88 38 2.67579 43738 | 87 
0.99706 02753 1.96085 07176 | 0.03956 02195 88 10 2.64503 81167 | 86 
0.99540 93546 1.95816 92561 0.04942 28154 | 87 43 2.61428 18595 | 85 
0.99339 41714 | 1.95489 89147 | 0.05926 69738 | 87 15 2.58352 56023 | 84 
0.99I0I 62829 I.95104 38778 0.06908 88752 86 47 2.55276 93451 | 83 
0.98827 75221 1.94660 90763 0.07888 46278 86 19 2.52201 30880 | 82 
0.98517 99940 1.94160 01803 0.08865 02550 85 51 . 2.49125 68308 | 81 
0.98172 60720 I .93602 35909 0.09838 16828 85 °:.22 2.46050 05736 | 80 
0.97791 83923 1.92988 64309 0.10807 47268 84 54 2.42974 43165 | 79 
0.97375 98498 | 1.92319 65349 | 0.11772 50798 | 84 25 2.39898 80593 | 78 
0.96925 35914 1.91596 24373 0.12732 82981 83. 55 2.36823 18021 | 77 
0.96440 30106 1.90819 33609 0.13687 97883 83 26 2.33747 55450 | 76 
0.95921 17405 1.89989 92030 0.14637 47936 82 56 2.30671 92878 | 75 
0.95368 36468 1.89109 05214 0.15580 83802 82 25 2.27596 30306 | 74 
0.94782 28200 1.88177 85195 0.16517 54225 81 55 2.24520 67734 | 73 
0.94163 35686 1.87197 50301 0.17447 05894 8I 24 2.21445 05163 | 72 
0.93512 04092 1.86169 24991 0.18368 83293 80 52 2.18369 42591 | 71 
0.92828 80593 1.85094 39670 0.19282 28550 80 20 2.15293 80019 | 70 
0.92114 14274 1.83974 30516 0.20186 81293 79 48 2.12218 17448 | 69 
0.91368 56040 1.82810 39279 0.21081 78488 79 #15 2.09142 54876 | 68 
0.90592 58521 1.81604 13089 0.21966 54291 | 78 4I 2.06066 92304 | 67 
0.89786 75972 1.80357 04247 | 0.22840 39887 | 78 7 2.02991 29733 | 66 
0.88951 64174 1.79070 70015 0.23702 63334 77.32 I.99915 67161 | 65 
0.88087 80328 1.77746 72401 0.24552 49406 76 56 1.96840 04589 | 64 
0.87195 82952 1.76386 77929 0.25389 19433 76 20 I .93764 42017 | 63 
0.86276 31773 1.74992 57419 0.26211 QII47 75 43 1.90688 79446 | 62 
0.85329 87622 1.73565 85746 0.27019 78524 | 75 6 1.87613 16874 | 61 
0.84357 12322 1.72108 41609 0.27811 91636 74. : a9 1.84537 54302 | 60 
0.83358 68580 1.70622 07286 0.28587 36500 73 48 1.81461 91731 | 59 
0.82335 19876 1.69108 68389 0.29345 14936 73.-.8 1.78386 29159 | 58 
0.81287 30353 1.67570 13618 0.30084 24433 7220 1.75310 66587 | 57 
0.80215 64710 1.66008 34507 0.30803 58026 | 71 46 1.72235 O4016 | 56 
0.79120 88085 1.64425 25175 0.31502 04176 3 ay 1.69159 41444 | 55 
0.78003 65955 1.62822 82065 0.32178 46673 70 20 1.66083 78872 | 54 
0.76864 64021 1.61203 03692 0.32831 64547 69 36 1.63008 16300 | 53 
0.75704 48103 | 1.59567 90385 | 0.33460 32006 | 68 50 1.59932 53729 | 52 
0.74523 84036 1.57919 44025 0.34063 18384 68 4 1.56856 91157 | 51 
0.73323 37566 1.56259 67789 | 0.34638 88130 | 67 16 1.53781 28585 | 50 
0.72103 74248 1.54590 65890 | 0.35186 00808 | 66 28 1.50705 66014 | 49 
0.70865 59347 | 1.52914 43320 | 0.35703 11148 | 65 38 1.47630 03442 | 48 
0.69609 57739 | 1.51233 05588 | 0.36188 69115 | 64 47 1.44554 40870 | 47 
0.68336 33823 1.49548 58469 0.36641 20039 63 55 1.41478 78299 | 46 
0.67046 51423 1.47863 07744 | 0.37059 04774 | 63 2 1.38403 15727 | 45 

A(r) D(r) E(r) Fo r 


SMITHSONIAN TABLES 


ELLIPTIC FUNCTION 


290 
K = 3.1533852519, K’ = 1.5828428043, E = 1.0401143957, E’ = 1. 5588871966, 

r Fo E(r) D(r) A(r) 
O 0.00000 00000 oO" 0 0.00000 00000 I .00000 00000 | 0.00000 00000 
I 0.03503 76139 2 6 0.02346 68886 I.00041 13182 | 0.01460 06854 
2 0.07007 52278 rae | 0.04685 05457 1.00164 48264 | 0.02920 20956 
2 0.10511 28417 Ns 0.07006 85417 1.00369 91860 | 0.04380 49412 
4 0.14015 04556 Bae 4 0.09304 00333 1.00657 21668 | 0.05840 99043 
5 0.17518 80695 9 59 0.11568 65173 1.01026 06485 | 0.07301 76251 
6 0.21022 56835 Il 58 0.13793 25365 1.01476 06225 | 0.08762 86871 
7 0.24526 32974 13 55 0.15970 63263 I.02006 71948 | 0.10224 36040 
8 0.28030 OQII3 15 52 0.18094 03901 1.02617 45886 | 0.11686 28061 
9 0.31533 85252 17 47 0.20157 19949 1.03307 61484 | 0.13148 66263 
10 0.35037 61391 I9 4I 0.22154 35813 1.04076 43440 | 0.14611 52882 
II 0.38541 37530 21. 44 0.24080 30831 I.04923 07759 | 0.16074 88922 
I2 0.42045 13669 22°. 1:26 0.25930 41559 1.05846 61800 | 0.17538 74040 
13 0.45548 89808 25. +16 0.27700 63163 1.06846 04345 | 0.19003 06422 
14 0.49052 65947 3 [aaa f 0.29387 49943 1.07920 25667 | 0.20467 82669 
15 0.52556 42086 20, Ri 0.30988 15035 1.09068 07598 | 0.21932 97686 
16 0.56060 18226 30 36 0.32500 29380 1.10288 23622 -| 0.23398 44577 
17 0.59563 94365 32. 20 0.33922 20017 1.11579 38955 | 0.24864 14540 
18 0.63067 70504 Cae 0.35252 67798 I.12940 10647 | 0.26329 96779 
19 0.66571 46643 35 4! 0.36491 04618 1.14368 87684 | 0.27795 78408 
20 0.70075 22782 37. 48 0.37637 10249 1.15864 IIIOI | 0.29261 44375 
21 0.73578 98921 38 54 0.38691 08879 1.17424 14105 | 0.30726 77376 
0.77082 75060 40 28 0.39653 65430 I.19047 22196 | 0.32191 57797 
+3 0.80586 51199 41 59 0.40525 81757 1.20731 53312 | 0.33655 63638 
24 0.84090 27338 43 29 0.41308 92784 1.22475 17970 | 0.35118 70467 
25 0.87594 03477 44 56 0.42004 62655 1.24276 19421 | 0.36580 51367 
26 0.91097 79617 46 22 0.42614 80965 1.26132 53814 | 0.38040 76896 
27 0.94601 55756 47 45 0.43141 59095 1.28042 10369 | 0.39499 15050 
28 0.98105 31895 49 27 0.43587 26721 1.30002 71557 | 0.40955 31244 
29 1.01609 08034 50 26 0.43954 28505 I.32012 13294 | 0.42408 88287 
30 1.05112 84173 51 44 0.44245 21005 1.34068 05139 | 0.43859 46375 
31 1.08616 60312 52 59 0.44462 69813 1.36168 10508 | 0.45306 63090 
32 |’ 1.12120 36451 oo eee & 2 0.44609 46931 1.38309 86893 | 0.46749 93405 
a3 1.15624 12590 55 24 0.44688 28394 1.40490 86089 | 0.48188 89699 
34 1.19127 88729 56 33 0.44701 92128 1.42708 54443 | 0.49623 01775 
35 I .22631 64868 57 ay 0.44653 16053 1.44960 33094 | 0.51051 76900 
36 1.26135 41008 58 47 0.44544 76404 1.47243 58241 | 0.52474 59832 
37 1.29639 17147 an 8 0.44379 46284 1.49555 61410 | 0.53890 92878 
38 1.33142 93286 60 53 0.44159 94403 I.51893 69731 | 0.55300 15938 
39 1.36646 69425 61 54 0.43888 84024 1.54255 06233 | 0.56701 66575 
40 1.40150 45564 62. S23 0.43568 72080 1.56636 90138 | 0.58094 80084 
41 | 1.43654 21703 | 63 50 0.43202 08450 | 1.59036 37173 | 0.59478 89567 
42 1.47157 97842 64 45 0.42791 35381 1.61450 59885 | 0.60853 26019 
43 1.50661 73981 65 39 0.42338 87053 I .63876 67967 | 0.62217 18423 
44 1.54165 50120 66°32 0.41846 89243 1.66311 68595 | 0.63569 93846 
45 1.57669 26259 67.28 0.41317 59112 1.68752 66770 | 0.64910 77548 

90-r| Fy G(r) C(r) B(r) 


SMITHSONIAN TABLES 


Ee ee a a ee 


Caer = 


ee FDI I Re We pines Sree A NPE PO Pe wee 


Ne EP ESS PN be Ne ENO Erk Ne SQN END Ser WC ee YOON 


TABLE @ = 80° 


’ 291 
q = 0.206609755200965, 90-0. 590423578356, HK = 1.406061468420 
B(r) C(r) G(r) v Fy 90-r 
I .00000 00000 2.39974 38370 0.00000 00000 | 90° oO 3.15338 52519 | 90 
0.99979 75549 | 2.39930 24464 | 0.01049 98939 | 89 39 3.11834 76380 | 89 
0.99919 04200 2.39797 88675 0.02099 72691 89 18 3.08331 00241 | 88 
0.99817 QI96I 2.39577 4877 0.03148 95952 88 57 3.04827 24102 | 87 
0.99676 48832 2.39269 34364 | 0.04197 43187 88 36 3.01323 47963 | 86 
0.99494 88778 2.38873 86793 0.05244 88508 88 15 2.97819 71823 | 85 
0.99273 29703 2.38391 59122 0.06291 05559 87 54 2.94315 95684 | 84 
0.99O0II 93406 2.37823 16019 | 0.07335 67394 i ae 2.90812 19545 | 83 
0.98711 05534 2.37169 33654 0.08378 46353 87 II 2.87308 43406 | 82 
0.98370 95524 2.36430 99572 0.09419 13935 86 49 2.83804 67267 | 81 
0.97991 96536 2.35609 12550 0.10457 40674 86 27 2.80300 91128 | 80 
0.97574 45380 | 2.34704 82431 | 0.11492 96001 | 86 4 2.76797 14989 | 79 
0.97118 82434 2.33719 29943 0.12525 48110 85 42 2.73293 38850 | 78 
0.96625 51552 2.32653 86504 0.13554 63814 85 19 2.69789 62711 | 77 
0.96094 99971 2.31509 94002 0.14580 08404 84 56 2.66285 86572 | 76 
0.95527 78200 2.30289 04563 0.15601 45490 84 32 2.62782 10432 | 75 
0.94924 39913 2.28992 80308 0.16618 36848 84 8 2.59278 34293 | 74 
0.94285 41832 2.27622 93087 0.17630 42256 83 44 2.55774 58154 | 73 
0.93611 43595 2.26181 24201 0.18637 19320 83 19 2.52270 82015 | 72 
0.92903 07633 2.24669 64112 0.19638 23298 82 54 2.48767 05876 | 71 
0.92160 99031 2.23090 12139 0.20633 O6915 82 28 2.45263 29137 | 70 
0.91385 85385 2.21444 76139 0.21621 20167 eRe 2.41759 53578 | 69 
0.90578 36660 2.19735 72184 0.22602 I0124 81 35 2.38255 77459 | 68 
0.89739 25035 2.17965 24214 0.23575 20713 aS. 7 2.34752 01320 | 67 
0.88869 24749 2.16135 63692 0.24539 92508 80 39 2.31248 25181 | 66 
0.87969 11946 2.14249 29245 0.25495 62494 80 10 2.27744 49041 | 65 
0.87039 64511 2.12308 66296 0.26441 63838 79 4I 2.24240 72902 | 64 
| 0.86081 61906 2.10316 26690 0.27377 25638 79 ‘II 2.20736 96763 | 63 
0.85095 85006 2.08274 68307 0.28301 72673 78 40 2.17233 20624 | 62 
0.84083 15928 2.06186 54682 0.29214 25142 Ea 2.13729 44485 | 61 
0.83044 37863 2.04054 54606 0.30113 98388 7) > 28 2.10225 68346 | 60 
0.81980 34906 2.01881 41730 0.31000 02630 ve coer 2.06721 92207 | 59 
0.80891 91886 1.99669 94165 0.31871 42670 76 28 2.03218 16068 | 58 
0.79779 94194 1.97422 94075 | 0.32727 17611 is of 1.99714 39929 | 57 
0.78645 27612 1.95143 27275 0.33566 20561 75 16 1.96210 63790 | 56 
0.77488 78149 | 1.92833 82823 | 0.34387 38337 | 74 39 1.92706 87650 | 55 
0.76311 31867 1.90497 52611 0.35189 51171 co ee 1.89203 II5I1I | 54 
0.75113 74717 1.88137 30959 0.35971 32414 43: 25 1.85699 35372 | 53 
0.73896 92379 1.85756 14210 0.36731 48250 vy Seay 1.82195 59233 | 52 
0.72661 70097 1.83357 00328 0.37468 57413 71 59 1.78691 83094 | 51 
0.71408 92524 1.80942 88493 0.38181 10919 7t 36 1.75188 06955 | 50 
0.70139 43563 1.78516 78703 0.38867 51812 70.32 1.71684 30816 | 49 
0.68854 06225 1.76081 71386 0.39526 14938 69 47 1.68180 54677 | 48 
0.67553 62475 1.73640 67003 0.40155 26735 69 oO 1.64676 78538 | 47 
0.66238 93095 1.71196 65668 0.40753 05071 68 12 1.61173 02399 | 46 
0.64910 77548 1.68752 66770 0.41317 59112 67. 23 1.57669 26259 | 45 
A(r) D(r) E(r) g Fo r 


SMITHSONIAN TABLES 


292 ELLiPTIC FUNCTION 
K = 3.2553029421, K’ = 1.5805409339, E = 1.033789462, E’ = 1.5611417453, 


r Fd p E(r) D(r) A(r) 
0 | 0.00000 00000 oo" 0.00000 00000 I .00000 00000 | 0.00000 00000 
I 0.03617 00327 Teale 0.02466 81037 1.00044 63617 | 0.01430 61216 
2 0.07234 00654 Pea 0.04924 41210 1.00178 49728 | 0.02861 35824 
3 0.10851 Oog8I o 12 0.07363 69132 1.00401 44114 | 0.04292 37056 
4 | 0.14468 01308 8 16 0.09775 72158 1.00713 23089 | 0.05723 77835 
5 0.18085 01635 10 18 0.12151 85252 I.O1II3 53504 | 0.07155 70609 
6 0.21702 OI1961 12° 620 0.14483 79258 I.O160I 92772 | 0.08588 27206 
7 0.25319 02288 I4 21 0.16763 68426 1.02177 88885 | 0.10021 58677 
8 0.28936 02615 ro 23 0.18984 17049 1.02840 80440 | 0.11455 75144 
9 | 0.32553 02942 18 20 0.21138 45101 1.03589 96677 | 0.12890 85656 
10 0.36170 03269 20 18 0.23220 32821 1.04424 575II | 0.14326 98042 
II 0.39787 03596 oy ad 0.25224 24183 1.05343 73577 | 0.15764 18767 
12 0.43404 03923 24°. 8 0.27145 29257 1.06346 46282 | 0.17202 52803 
13 0.47021 04250 26. a 0.28979 25485 1.07431 67854 | 0.18642 03484 
14 | 0.50638 04577 27 53 0.30722 57913 1.08598 21410 | 0.20082 72392 
I5 | 0.54255 04904 20-22 0.32372 38467 1.09844 81017 | 0.21524 59210 
16 0.57872 05230 31 29 0.33926 44357 I.11170 11775 | 0.22967 61638 
17 0.61489 05557 pe 0.35383 15704 1.12572 69891 | 0.24411 75248 
18 0.65106 05884 34 58 0.36741 52534 I.1405I 02773 | 0.25856 93397 
19 0.68723 06211 36 40 0.38001 11223 1.15603 49127 | 0.27303 07120 
20 0.72340 06538 38-39 0.39162 00536 1.17228 39058 | 0.28750 05037 
21 0.75957 06865 39 56 0.40224 77358 1.18923 94189 | 0.30197 73269 
22 0.79574 07192 Ay aso 0.41190 42239 1.20688 27779 | 0.31645 95358 
23 0.83191 07519 7h Saher 0.42060 34838 1.22519 44855 | 0.33094 52195 
24 | 0.86808 07846 | 44 35 0.42836 29362 1.24415 42355 | 0.34543 21958 
25 0.90425 08173 46 4 0.43520 30077 I .26374 09274 | 0.35991 80053 
26 0.94042 08500 47 30 0.44114 66947 1.28393 26825 | 0.37439 99070 
27 0.97659 08826 | 48 54 0.44621 91466 1.30470 68611 | 0.38887 48743 
28 1.01276 09153 50 16 0.45044 72717 1.32604 00803 | 0.40333 95918 
29 | 1.04893 09480 | 51 36 0.45385 93683 | 1.34790 82334 | 0.41779 04532 
30 1.08510 09807 52 54 0.45648 47848 1.37028 65097 | 0.43222 35599 
31 I.12127 10134 54 9 0.45835 36084 1.39314 94160 | 0.44663 47209 
32 1.15744 10461 55 23 0.45949 63831 1.41647 07992 | 0.46101 94525 
33 1.19361 10788 56 34 0.45994 38581 1.44022 38696 | 0.47537 29805 
34 1.22978 I11I5 57 43 0.45972 67648 1.46438 12257 | 0.48969 02419 
35 1.26595 11442 58 51 0.45887 56209 1.48891 48802 | 0.50396 58883 
36 1.30212 11769 59 56 0.45742 05619 1.51379 62870 | 0.51819 42896 
37 | 1.33829 12095 | 61 (Oo 0.45539 11968 | 1.53899 63693 | 0.53236 95393 
38 1.37446 12422 ov ane 0.45281 64872 1.56448 55491 | 0.54648 54602 
39 | 1.41063 12749 | 63 I 0.44972 46468 | 1.59023 37776 | 0.56053 56107 
40 1.44680 13076 64 O 0.44614 30615 I.61621 05676 | 0.57451 32929 
4I 1.48297 13403 64 56 0.44209 82256 1.64238 50248 | 0.58841 15607 
42 1.51914 13730 65 51 0.43761 56944 1.66872 58833 | 0.60222 32286 
43 1.55531 14057 66 44 0.43272 00503 1.69520 15399 | 0.61594 08825 
44 1.59148 14384 67 35 0.42743 48807 1.72178 00903 | 0.62955 68896 
45 1.62765 14711 68 25 0.42178 27675 1.74842 93662 | 0.64306 34108 
90-r Fy y G(r) C(r) B(r) 


SMITHSONIAN TABLES 


a NPD aa 


TABLE @ = 81° : 293 
q = 0.217548949699726, O0 = 0.5693797108, HK = 1.4306906219 

B(r) C(r) G(r) y Fy 90-r 
1.00000 00000 | 2.52833 OI125I1 0.00000 00000 | 90° 0’ 3.25530 29421 | 90 
0.99979 22836 2.52784 54320 0.01060 10292 89 4I 3.21913 29095 | 89 
0.99916 93515 2.52639 20136 0.02119 97963 89 2I 3.18296 28768 | 88 
0.99813 18540 2.52397 18509 0.03179 40278 ole 3.14679 28441 | 87 
0.99668 08734 2.52058 82420 0.04238 14278 88 42 3.11062 28114 | 86 
0.99481 79213 2.51624 57960 0.05295 96662 88 22 3.07445 27787 | 85 
0.99254 49353 | 2.51095.04254 0.06352 63677 os ea 3.03828 27460 | 84 
0.98986 42745 2.50479 93354 | 0.07407 90993 87 42 3.00211 27133 | 83 
0.98677 87139 2.49753 10120 0.08461 53590 37 22 2.96594 26806 | 82 
0.98329 14382 2.48942 52067 0.09513 25631 O7 28 2.92977 26479 | 81 
0.97940 60344 2.48040 29203 0.10562 80337 86 4l 2.89360 26152 | 80 
0.97512 64836 2.47047 63835 0.11609 89854 86 20 2.85743 25825 | 79 
0.97045 71520 2.45965 90364 0.12654 25123 85 59 2.82126 25499 | 78 
0.96540 27806 2.44796 55051 0.13695 55734 85 38 2.78509 25172 | 77 
0.95996 84748 | 2.43541 15773 | 0.14733 49785 | 85 16 2.74892 24845 | 76 
0.95415 96925 | 2.42201 41749 | 0.15767 73727 | 84 54 2.71275 24518 | 75 
0.94798 22318 2.40779 13262 0.16797 92208 84 32 2.67658 24191 | 74 
0.94144 22181 2.39276 21349 0.17823 67907 S465) 2.64041 23864 | 73 
0.93454 60898 2.37694 67487 0.18844 61360 83. 45 2.60424 23537 | 72 
0.92730 05843 2.36036 63252 0.19860 30778 5 ee 2.56807 23210 | 7I 
0.9197I 27230 2.34304 29976 0.20870 31860 82 57 2.53190 22883 | 70 
0.91178 97950 | 2.32499 98377 | 0.21874 17592 | 82 32 2.49573 22556 | 69 
0.90353 93417 2.30626 08184 0.22871 38038 oe Seay 2.45956 22230 | 68 
0.89496 91397 2.28685 07750 0.23861 40125 Si. at 2.42339 21903 | 67 
0.88608 71836 2.26679 53647 0.24843 67407 81 14 2.38722 21576 | 66 
0.87690 16690 2.24612 10260 | 0.25817 59833 80 47 2.35105 21249 | 65 
0.86742 09743 2.22485 49364 0.26782 53494 80 19 2.31488 20922 | 64 
0.85765 36425 2.20302 49697 0.27737 80358 79 50 2.27871 20595 | 63 
0.84760 83633 2.18065 96524 0.28682 68004 79 20 2.24254 20268 | 62 
0.83729 3954I 2.15778 81197 0.29616 39332 78 50 2.20637 I994I | 61 
0.82671 93416 2.13444 00706 0.30538 12272 78 19 2.17020 19614 | 60 
0.81589 35429 2.11064 57227 | 0.31446 99478 77 «47 2.13403 19287 | 59 
0.80482 56467 2.08643 57672 0.32342 O8014 ey ee 2 2.09786 18960 | 58 
0.79352 47945 2.06184 13229 0.33222 39026 76 40 2.06169 18634 | 57 
0.78200 01623 2.03689 38902 0.34086 87415 ea: Seas 2.02552 18307 | 56 
0.77026 O941I | 2.01162 53056 | 0.34934 41494 | 75 29 1.98935 17980 | 55 
0.75831 63194 1.98606 76958 0.35763 82644 74° «53 1.95318 17653 | 54 
0.74617 54642 1.96025 34320 | 0.36573 84971 74° «+14 I.9I1701 17326 | 53 
0.73384 75039 | 1.93421 50843 | 0.37363 14953 | 73 35 1.88084 16999 | 52 
0.72134 15096 1.90798 53771 0.38130 31100 72 55 1.84467 16672 | 51 
0.70866 64787 1.88159 71433 0.38873 83616 7a 43 1.80850 16345 | 50 
0.69583 13178 1.85508 32817 0.39592 14068 . oe 1.77233 16018 | 49 
0.68284 48256 1.82847 67117 0.40283 55079 70 46 1.73616 15691 | 48 
0.66971 56781 1.80181 03311 0.40946 30040 3s See | 1.69999 15365 | 47 
0.65645 24120 1.77511 69734 | 0.41578 52846 | 69 14 1.66382 15038 | 46 
0.64306 34108 1.74842 93662 0.42178 27675 68 25 1.62765 14711 | 45 

A(r) D(r) E(r) $ Fé r 


SMITHSONIAN TABLES 


294 ELLIPTIC FUNCTION 
K = 3.3698680267, K’ = 1.5784865777, E = 1.027843620, E’ = 1. 5629622295, 


r Fo d E(r) . D(r) A(r) 
0 | 0.00000 00000 Cap 0.00000 00000 I .00000 00000 | 0.00000 00000 
I 0.03744 29781 > eet, 0.02600 53438 1.00048 71379 | 0.01396 87846 
2 0.07488 59561 Pees yf 0.05190 80180 1.00194 80481 | 0.02793 96081 
3 0.11232 89342 6 26 0.07760 64875 1.00438 12208 | 0.04191 44920 
4 0.14977 19123 a3 0.10300 14601 1.00778 41400 | 0.05589 54231 
5 0.18721 48904 IO 40 0.12799 69416 1.01215 32844 | 0.06988 43359 
6 0.22465 78684 I2 46 0.15250 12188 1.01748 41292 | 0.08388 30956 
4 0.26210 08465 14 51 0.17642 77402 1.02377 11470 | 0.09789 34813 
8 0.29954 38246 16 55 0.19969 58914 1.03100 78103 | O.IIIQI 71690 
9 0.33698 68027 18 58 0.22223 16400 1.03918 65941 | 0.12595 57152 
10 0.37442 97807 20 59 0.24396 80481 1.04829 89781 | 0.14001 05412 
II 0.41187 27588 22 58 0.26484 56468 1.05833 54510 | 0.15408 29167 
12 0.44931 57369 24 56 0.28481 26740 1.06928 55135 | 0.16817 39451 
13 0.48675 87150 26 52 0.30382 51779 1.08113 76835 | 0.18228 45483 
14 0.52420 16930 28 46 0.32184 69961 1.09387 95005 | 0.19641 54524 
15 0.56164 46711 30 38 0.33884 96193 1.10749 75312 | 0.21056 71740 
16 0.59908 76492 32. 228 0.35481 19530 1.12197 73762 | 0.22474 00071 
17 0.63653 06273 BH 26 0.36971 99918 1.13730 36763 | 0.23893 40100 
18 0.67397 36053 30. +2 0.38356 64197 1.15346 01207 | 0.25314 89941 
19 0.71141 65834 37 46 0.39635 01539 1.17042 94549 | 0.26738 45123 
20 0.74885 95615 BOr 127 0.40807 58450 1.18819 34902 | 0.28163 98484 
21 0.78630 25396 ALS 0.41875 33497 I .20673 31139 | 0.29591 40077 
22 0.82374 55176 aoe 0.42839 71871 I .22602 82998 | 0.31020 57076 
23 0.86118 84957 44 16 0.43702 59916 1.24605 81209 | 0.32451 33701 
24 0.89863 14738 45 48 0.44466 19725 1.26680 07616 | 0.33883 51142 
25 0.93607 44519 47 18 0.45133 03888 1.28823 35321 | 0.35316 87494 
26 0.97351 74299 48 45 0.45705 90462 I.31033 28836 | 0.36751 17704 
27 1.01096 04080 50 10 0.46187 78212 1.33307 44242 | 0.38186 13526 
28 1.04840 33861 51 33 0.46581 82181 1.35643 29365 | 0.39621 43484 
29 1.08584 63641 52 52 0.46891 29597 1.38038 23962 | 0.41056 72843 
30 1.12328 93422 54 10 0.47119 56148 1.40489 59917 | 0.42491 63594 
31 1.16073 23203 55 26 0.47270 02620 1.42994 61457 | 0.43925 74448 
32 | 1.19817 52984 | 56 39 0.47346 11908 | 1.45550 45373 | 0.45358 60835 
33 1.23561 82764 A. 4 0.47351 26377 1.48154 21259 | 0.46789 74917 
34 1.27306 12545 59 Oo 0.47288 85574 1.50802 91764 | 0.48218 65611 
35 1.31050 42326 sites 5 0.47162 24256 I .53493 52855 | 0.49644 78621 
36 1.34794 72107 Of a2 0.46974 70729 1.56222 94100 | 0.51067 56480 
37 1.38539 01887 62 15 0.46729 45464 1.58987 98960 | 0.52486 38600 
38 1.42283 31668 63 16 0.46429 59969 1.61785 45092 | 0.53900 61335 
39 1.46027 61449 64°58 0.46078 15892 1.64612 04680 | 0.55309 58052 
40 1.49771 91230 | 65 12 0.45678 04338 1.67464 44762 | 0.56712 59210 
41 1.53516 21010 | 66 7 0.45232 05363 1.70339 27583 | 0.58108 92454 
42 1.57260 50791 OF 8 0.44742 87637 1.73233 10960 | 0.59497 82708 
43 1.61004 80572 67 53 0.44213 08242 1.76142 48657 | 0.60878 52287 
44 1.64749 10353 68 44 0.43645 12599 1.79063 90777 | 0.62250 21016 
45 | 1.68493 40133 | 69 32 0.43041 34495 | 1.81993 84164 | 0.63612 06349 
90-r Fy y G(r) C(r) B(r) om 


SMITHSONIAN TABLES 


TABLE 6 = 82° 


q = 0.229567159881194, ©O0 = 0.5464169465, HK = 1.4575481002 


B(r) 


C(r) 


.00000 OOO00O 
.99978 62112 
99914 50809 
99807 73170 
99658 40972 


o0o0c0 0 & 


.99466 70666 
99232 83334 
98957 04645 
98639 64786 
.98280 98400 


o9o9009 


-97881 44497 
97441 46367 
-96961 51474 
96442 11348 
95883 81466 


oo000 


.95287 21117 
94652 93269 
.93981 64421 
-93274 94449 
.92530 86446 


OO: Oro 


91752 86553 
.90940 83786 
90095 59853 
89217 98975 
88308 87690 


CO Om OO 


87369 14660 
.86399 70475 
.85401 47452 
-84375 39427 
83322 41555 


00000 


.82243 50100 
.81139 62227 
80011 75795 
.78860 89149 
.77688 OO9II 


O20 ..O°O 


-76494 09778 
75280 14315 
74947 12755 
72796 02805 


71527 81443 


oo, <a © Bg 


79243 44736 
68943 87648 
67630 03866 
.66302 85617 
.64963 23506 


> og < es co iy 3 > 


63612 06349 


° 


N NNN DN NY NNN ND N NNN ND NON NNN ND NNN NN NNN NH ND 


NNN NN 


-68054 03437 
.68000 36787 
-67839 44283 
-67571 48255 
.67196 85860 


.66716 09043 
.66129 84418 
-65438 93156 
.64644 30842 
-63747 07296 


.62748 46381 
.61649 85778 
.60452 76741 
.59158 83828 
.577609 84606 


.56287 69342 
-54714 40664 
.53052 13208 
.51303 13248 
-49469 78294 


-47554 56695 
.45500 07207 
-43488 98556 
-41344 08985 
.39128 25787 


-36844 44831 
-34495 70070 
-32085 13053 
.29615 92414 
-27091 33365 


.24514 67182 
.21889 30687 
.19218 65719 
.16506 18621 
-13755 39706 


.10969 82742 
.08153 04423 
.05308 63856 
.02440 22044 
-99551 41373 


.96645 85115 
93727 16923 
-90799 00345 
87864 98345 
.84928 72824 


.81993 84164 


A(r) 


D(r) 


295 

G(r) Fy 90-r 
0.00000 00000 go” oO 3.36986 80267 | 90 
0.01069 49135 89 42 3.33242 50486 | 89 
0.02138 78301 89 24 3.29498 20705 | 88 
0.03207 67423 | 89 6 | 3.25753 90925.| 87 
0.04275 96209 88 48 3.22009 61144 | 86 
0.05343 44040 88 30 3.18265 31363 | 85 
0.06409 89867 88 12 3.14521 O1582 | 84 
0.07475 12085 87 53 3.10776 71802 | 83 
0.08538 88428 87 35 3.07032 42021 | 82 
0.09600 95847 87 16 3.03288 12240 | 81 
0.10661 10385 | 86 57 2.99543 82459 | 80 
©.11719 07054 | 86 37 2.95799 52679 | 79 
0.12774 59701 86 18 2.92055 22898 | 78 
0.13827 40870 85 58 2.88310 93117 | 77 
0.14877 21662 85 38 2.84566 63336 | 76 
0.15923 71580 85 17 2.80822 33556 | 75 
0.16966 58376 | 84 56 2.77078 03775 | 74 
0.18005 47885 | 84 35 2.73333 73994 | 73 
0.19040 03849 84 13 2.69589 44213 | 72 
0.20069 87739 83. 51 2.65845 14433 | 71 
0.21094 58556 83 28 2.62100 84652 | 70 
0.22113 72633 ae. 2.58356 54871 | 69 
0.23126 83422 82 4I 2.54612 25090 | 68 
0.24133 41265 82 16 2.50867 95310 | 67 
0.25132 93157 on; SF 2.47123 65529 | 66 
0.26124 82501 8I 25 2.43379 35748 | 65 
0.27108 48837 80 59 2.39635 05967 | 64 
0.28083 27574 80 32 2.35890 76187 | 63 
0.29048 49692 80 4 2.32146 46406 | 62 
0.30003 41444 79 35 2.28402 16625 | 61 
0.30947 24031 ra 2.24657 86844 | 60 
0.31879 13276 7: So 2.20913 57064 | 59 
0.32798 19272 98g 2.17169 27283 | 58 
0.33703 46027 TF 3f 2.13424 97502 | 57 
0.34593 91087 76 58 2.09680 67721 | 56 
0.35468 45152 76 23 2.05936 37941 | 55 
0.36325 91686 75 48 2.02192 O8160 | 54 
0.37165 06505 | 75 II 1.98447 78379 | 53 
0.37984 57377 | 74 34 1.94703 48599 | 52 
0.38783 03601 73. «55 1.90959 18818 | 51 
0.39558 95596 73 «14 1.87214 89037 | 50 
0.40310 74491 | 72 33 1.83470 59256 | 49 
0.41036 71725 71 50 1.79726 29476 | 48 
0.41735 08655 | 7I 6 1.75981 99695 | 47 
0.42403 96200 70 20 1.72237 69914 | 46 
0.43041 34495 | 69 32 1.68493 40133 | 45 

E(r) Fd r 


SMITHSONIAN TABLES 


296 ELLIPTIC FUNCTION 
K = 3.5004224992, K’ = 1.5766779816, E = 1.022312588, E’ = 1.5649475630, 


r Fo o E(r) D(r) A(r) 
0 | ©.00000 00000 TVBEY ¢ 0.00000 00000 I .00000 00000 | 0.00000 00000 | 
I 0.03889 35833 2 14 0.02751 52459 1.00053 54142 | 0.01357 81428 | 
2 0.07778 71666 4°27 0.05491 49171 1.00214 I1230 | 0.02715 91294 
3 0.11668 07500 6 40 0.08208 48196 1.00481 55243 | 0.04074 57840 
4] 0.15557 43333 583 0.10891 34862 1.00855 59486 | 0.05434 08922 | 
5 0.19446 79166 12° 8 0.13529 34531 I .01335 86590 | 0.06794 71815 d 
6 0.23336 14999 he ae 0.16112 24388 1.01921 88518 | 0.08156 73027 E 
7 0.27225 50833 1.25 0.18630 43989 1.02613 06577 | 0.09520 38101 ; 
8 0.31114 86666 7. 23 0.21075 04315 1.03408 71422 | 0.10885 91438 q 
9 0.35004 22499 I9 40 0.23437 95237 1.04308 03072 | 0.12253 56III . 
10 0.38893 58332 20, A5 0.25711 91248 1.05310 10924 | 0.13623 53681 | 
II 0.42782 94166 23 48 0.27890 55463 1.06413 93774 | 0.14996 04030 t 
I2 0.46672 29999 25 50 0.29968 41874 1.07618 39836 | 0.16371 25182 a 
13 0.50561 65832 27.150 0.31940 95974 1.08922 26769 | 0.17749 33141 
14 0.54451 01665 29 47 0.33804 53836 I.10324 21710 | 0.19130 41733 
15 0.58340 37499 St 142 0.35550 39822 1.11822 81308 | 0.20514 62446 ' 
16 0.62229 73332 33. 35 0.37194 63079 1.13416 51764 | 0.21902 04287 . 
17 0.66119 O9165 35 26 0.38718 13038 1.15103 68883 | 0.23292 73637 

18 0.70008 44998 cy pes ©. 0.40126 54102 1.16882 58124 | 0.24686 74120 

19 0.73897 80832 38 59 0.41420 19722 | -1.18751 34668 | 0.26084 06476 

20 0.77787 16665 40 42 0.42600 06064. 1.20708 03483 | 0.27484 68440 

21 0.81676 52498 A2.« 25 0.43667 65427 1.22750 59404 | 0.28888 54637 . 

22 0.85565 88331 44. 1% 0.44624 99581 1.24876 87226 | 0.30295 56475 i 
23 0.89455 24165 45 37 0.45474 53170 1.27084 61798 | 0.31705 62057 
24 0.93344 59998 A7..-19 0.46219 07281 1.29371 48135 | 0.33118 56095 q 
25 | 0.97233 95831 | 48 40 0.46861 73287 | 1.31735 01537 | 0.34534 19839 |f 
26 I.O1123 31664 so: 68 0.47405 87042 1.34172 67728 | 0.35952 31012 

27 | 1.05012 67498 | 51 33 0.47855 03463 | 1.36681 82994 | 0.37372 63757 
28 1.08902 03331 52 56 0.48212 91569 1.39259 74348 | 0.38794 88593 } 
29 1.12791 39164 io ane 0.48483 29959 1.41903 59703 | 0.40218 72381 3 
30 1.16680 74997 55 35 0.48670 02770 1.44610 48057 | 0.41643 78306 

31 1.20570 10830 56 50 0.48776 96093 1.47377 39701 | 0.43069 65861 

32 1.24459 46664 ts eer: § 0.48807 94838 1.50201 26433 | 0.44495 90849 

33 1.28348 82497 59 14 0.48766 80032 1.53078 91792 | 0.45922 05390 

34 1.32238 18330 60 23 0.48657 26520 1.56007 11317 | 0.47347 57948 

35 1.36127 54163 6" 26 0.48483 01039 1.58982 52804 | 0.48771 93356 

36 1.40016 89997 62 34 0.48247 60647 1.62001 76598 | 0.50194 52865 

37 | 1.43906 25830 | 63 36 0.47954 51456 | 1.65061 35895 | 0.51614 74196 

38 | 1.47795 61663 | 64 36 0.47607 07644 | 1.68157 77058 | 0.53031 91603 

39 1.51684 97496 65 35 0.47208 50753 1.71287 39955 | 9-54445 35952 

40 | 1.55574 33330 | 66 31 0.46761 89121 | 1.74446 58318 | 0.55854 34803 

41 | 1.59463 69163 | 67 25 0.46270 17621 | 1.77631 60110 | 0.57258 12511 

42 1.63353 04996 68 18 0.45736 17475 1.80838 67918 | 0.58655 90333 

43 | 1.67242 40829 | 69 9 0.45162 56249 | 1.84063 99362 | 0.60046 86540 

44 1.71131 76663 | 69 58 0.44551 87962 1.87303 67513 | 0.61430 16549 

45 | 1.75021 12496 | 70 45 0.43906 53283 | 1.90553 81344 | 0.62804 93057 

90-1 Fy v G(r) C(r) B(r) 


SMITHSONIAN TABLES 


TABLE 06 = 83° 


207 
q = 0.242912974306665, O0 = 0.5211317465, HK = 1.4872214813 

B(r) C(r) G(r) Vy Fy 90-r 
I.00000 00000 2.86452 59727 0.00000 00000 oo a 3.50042 24992 | 90 
0.99977 91249 2.86392 54580 0.01078 10889 89 44 3.46152 89158 | 89 
0.99911 67583 2.86212 47652 0.02156 04536 89 27 3.42263 53325 | 88 
0.99801 36755 | 2.85912 64461 | 0.03233 63597 | 89 II 3.38374 17492 | 87 
0.99647 11670 2.85493 47485 0.04310 70526 88 55 3.34484 81659 | 86 
0.99449 10345 | 2.84955 56077 | 0.05387 07471 | 88 38 3-30595 45826 | 85 
0.99207 55874 2.84299 66356 0.06462 56168 88 2I 3.26706 09992 | 84 
0.98922 76367 2.83526 71062 0.07536 97836 88 5 3.22816 74159 | 83 
0.98595 04884 2.82637 79377 0.08610 13069 87 48 3.18927 38326 | 82 
0.98224 79350 2.81634 16722 0.09681 81718 87 30 3.15038 02493 | 81 
0.97812 42473 2.80517 24517 0.10751 82779 e723 3.11148 66659 | 80 
0.97358 41628 2.79288 59919 ©.11819 94268 86 55 3.07259 30826 | 79 
0.96863 28755 | 2.77949 95523 | 0.12885 93097 | 86 37 3.03369 94993 | 78 
0.96327 60226 2.76503 19042 0.13949 54938 86 19 2.99480 59160 | 77 
0.95751 96711 2.74950 32957 0.15010 54088 oe 2.95591 23326 | 7 
0.95137 03036 2.73293 54142 0.16068 63318 85 42 2.91701 87493 | 75 
0.94483 48022 2.71535 13465 0.17123 53724 85 23 2.87812 51660 | 74 
0.93792 04329 | 2.69677 55363 | 0.18174 94560 | 85 3 2.83923 15827 | 73 
0.93063 48276 | 2.67723 37397 | 0.19222 53067 | 84 43 2.80033 79993 | 72 
0.92298 59663 2.65675 29786 0.20265 94294 84 22 2.76144 44160 | 71 
0.91498 21585 2.63536 14921 0.21304 80901 84. 2 2.72255 08327 | 70 
0.90663 20234 2.61308 86858 0.22338 72956 83 39 2.68365 72494 | 69 
0.89794 44698 2.58996 50797 0.23367 27719 $3: 19 2.64476 36660 | 68 
0.88892 86753 2.56602 22548 0.24389 99414 82 54 2.60587 00827 | 67 
0.87959 40653 2.54129 27973 0.25406 38981 2 Sa § 2.56697 64994 | 66 
0.86995 02909 2.51581 02430 0.26415 93822 ae 2.52808 29161 | 65 
0.86000 72069 2.48960 90190 0.27418 07525 ob. 42 2.48918 93327 | 64 
0.84977 48495 | 2.46272 43859 | 0.28412 19576| 81 16 2.45029 57494 | 63 
0.83926 34134 2.43519 23782 0.29397 65053 80 50 2.41140 21661 | 62 
0.82848 32287 2.40704. 97447 0.30373 74301 80 23 2.37250 85828 | 61 
0.81744 47382 | 2.37833 38874 | 0.31339 72593 | 79 55 2.33361 49994 | 60 
0.80615 84738 2.34908 28015 0.32294 79773 eo 26 2.29472 I4161 | 59 
0.79463 50337 2.31933 50143 0.33238 09873 78 56 2.25582 78328 | 58 
0.78288 50590 2.28912 95239 0.34168 70724 78 26 2.21693 42495 | 57 
0.77091 92109 2.25850 57383 0.35085 63539 77. SA 2.17804 06662 | 56 
0.75874 81476 2.22750 34151 0.35987 82486:| 77 21 2.13914 70828 | 55 
0.74638 25018 2.19616 26008 0.36874 14237 76. 47 2.10025 34995 | 54 
0.73383 28587 2.16452 35708 0.37743 37507 76 12 2.06135 99162 | 53 
0.72110 97334 2.13262 67708 0.38594 22578 7. an 2.02246 63329 | 52 
0.70822 35503 | 2.10051 27578 | 0.39425 30813 | 74 58 1.98357 27495 | 51 
0.69518 46210 | 2.06822 21426 | 0.40235 14155 74 20 1.94467 91662 | 50 
0.68200 31247 | 2.03579 55331 0.41022 14630 | 73 40 1.90578 55829 | 49 
0.66868 90878 | 2.00327 34790 | 0.41784 63843 | 72 58 1.86689 19996 | 48 
0.65525 23646 1.97069 64170 | 0.42520 82479 | 72 16 1.82799 84162 | 47 
0.64170 26188 | 1.93810 46179 | 0.43228 79822 | 71 31 1.78910 48329 | 46 
0.62804 93057 | 1.90553 81344 | 0.43906 53283 | 70 45 | 1.75021 12496 | 45 

A(r) Dir) E(r) o F¢ : 


Be _ SMITHSONIAN TABLES 


298 ELLIPTIC FUNCTION | 
K = 3.6518559695, K’ = 1.5751136078, E = 1.017236918, E’ = 1.5664967878, 
r Fo $ E(r) D(r) A(r) 
fs RE 7 
fe) 0.00000 00000 ee «4 0.00000 00000 I .00000 00000 | 0.00000 00000 4 
I 0.04057 61774 2 I 0.02925 15342 1.00059 38572 | 0.01311 92586 E 
2 0.08115 23549 4 29 0.05837 13484 1.00237 48641 | 0.02624 22974 4 
3 0.12172 85323 6 55 0.08722 94380 I .00534 13262 | 0.03937 28749 
4 0.16230 47098 9° 16 0.11569 91812 1.00949 04192 | 0.05251 47063 
5 0.20288 08872 rE 33 0.14365 89152 I.01481 81886 | 0.06567 14426 
6 0.24345 70646 13 49 0.17099 33783 I.0213I 95491 | 0.07884 66485 q 
7 0.28403 32421 aes | 0.19759 49853 1.02898 82841 | 0.09204 37819 ‘ 
8 0.32460 94195 Sean 0.22336 49075 1.03781 70450 | 0.10526 61731 q 
9 | 0.36518 55969 20 29 0.24821 39381 1.04779 73504 | 0.11851 70041 { 
10 0.40576 17744 22 309 0.27206 31341 1.05891 95857 | 0.13179 92889 
II 0.44633 79518 24. 46 0.29484 42309 1.07117 30024 | 0.14511 58534 
12 0.48691 41293 26 52 0.31649 98365 1.08454 57174 | 0.15846 93168 
13 0.52749 03067 28 56 0.33698 34175 1.09902 47131 | 0.17186 20726. 
14 0.56805 64841 30 58 0.35625 90959 I.11459 58374 | 0.18529 62711: 
as 0.60864 26616 32 55 0.37430 12782 1.13124 38038 | 0.19877 38016 
16 0.64921 88390 Cy cme | 0.39109 41430 1.14895 21925 | 0.21229 62758 
17 0.68979 50165 36 44 0.40663 10147 1.16770 34514 | 0.22586 50123 
18 0.73037 11939 30.: 30 0.42091 36481 1.18747 88983 | 0.23948 10211 
19 | 0.77094 73713 | 40 24 0.43395 14533 | 1.20825 87235 | 0.25314 49894 
20 0.81152 35488 APG 0.44576 06829 I.23002 19929 | 0.26685 72683 
21 0.85209 97262 Az 61 0.45636 36044 I.25274 66524 | 0.28061 78600 
22 0.89267 59037 45 31 0.46578 76783 1.27640 95335 | 0.29442 64067 
23 0.93325 20811 7g a 0.47406 47564 I .30098 63590 | 0.30828 21794 
24 0.97382 82585 48 42 0.48123 03147 I.32645 17509 | 0.32218 40690 
25 I.01440 44360 59 13 0.48732 27312 1.35277 92393 | 0.33613 05773 
26 1.05498 06134 51 42 0.49238 26159 1.37994 12721 | 0.35011 98097 
oy 1.09555 67908 53.4.5 0.49645 21966 I.40790 92268 | 0.36414 94689 
28 | 1.13613 29683 | 54 31 0.49957 47663 | 1.43665 34239 | 0.37821 68497 
29 I.17670 91457 55 5! 0.50179 41897 1.46614 31412 | 0.39231 88350 
30 $217238: $3232 57: 9 0.50315 44701 1.49634 66307 | 0.40645 18927 
31 1.25786 15006 58 25 0.50369 93739 I .52723 11369 | 0.42061 20743 
32 1.29843 76780 59 38 0.50347 21104 1.55876 29167 | 0.43479 50I4I 
33 1.33901 38555 60 48 0.50251 50624 I.59090 72622 | 0.44899 59303 
34 1.37959 00329 61 56 0.50086 95651 1.62362 85241 | 0.46320 96265 
35 I.42016 62104 5, og 0.49857 57270 1.65689 01387 | 0.47743 04952 
36 1.46074 23878 64 5 0.49567 22903 1.69065 46558 | 0.49165 25218 
37 1.50131 85652 Gh 2 0.49219 65260 1.72488 37696 | 0.50586 92908 
38 1.54189 47427 66:-°6 0.48818 41583 1.75953 83514 | 0.52007 39919 
39 | 1.58247 09201 | 67 3 0.48366 93168 | 1.79457 84847 | 0.53425 94285 
40 I .62304 70975 67 58 0.47868 45099 1.82996 35024 | 0.54841 80268 
41 1.66362 32750 68 51 0.47326 06189 1.86565 20265 | 0.56254 18461 
42 1.70419 94524 69 42 0.46742 69071 I.9O0160 20099 | 0.57662 25903 
43 1.74477 56299 705. 3% 0.46121 10428 1.93777 07807 | 0.59065 16209 
44 1.78535 18073 FE AG 0.45463 91336 I.9741I 50881 | 0.60461 99704 
45 | 1.82592 79847 | 72 5 0.44773 57684 | 2.01059 11517 | 0.61851 83573 
90-r Fy v G(r) C(r) B(r) 


SMITHSONIAN TABLES 


TABLE 6 = 84° 


q = 0.257940195766337, O00 = 0.4929628191, 


HK = 1.5205617314 


} A(r) 


——<——$— 


Bir) C(r) G(r) y Fy 
1.00000 00000 | 3.09301 99213 0.00000 C0000 | g0° 0’ 3.65185 59695 
0.99977 07150 | 3.09233 85676 | 0.01085 90483 | 89 45 3.61127. 97920 
0.99908 31458 | 3.09029 54977 | 0.02171 66503 | 89 31 3.57070 36146 
0.99793 81489 3.08689 36827 0.03257 13506 89 16 3.53012 74372 
0.99633 71496 3.08213 80679 0.04342 16747 89 =I 3.48955 12597 
0.99428 21381 3.07603 55627 0.05426 61204 88 47 3.44897 50823 
0.99177 56649 3.06859 50269 0.06510 31473 88 32 3.40839 89048 
0.98882 08340 3.05982 72527 0.07593 11673 88 17 3.36782 27274 
0.98542 12955 | 3-04974 49431 | 0.08674 85345 | 88 2 3-32724 65500 
0.98158 12363 3.03836 26866 0.09755 35344 87 46 3.28667 03725 
0.97730 53698 3.02569 69280 0.10834 43731 87 30 3.24609 41951 
0.97259 89240 3.01176 59358 Q.1I9II 91660 87 14 3.20551 80177 
0.96746 76286 2.99658 97659 0.12987 59255 86 58 3.16494 18402 
0.96191 77007 2.98019 02223 0.14061 25487 86 42 3.12436 56628 
0.95595 58299 2.96259 08137 0.15132 68040 86 25 3.08378 94853 
0.94958 91609 2.94381 67083 0.16201 63172 86 8 | 3.04321 33079 
0.94282 52769 2.92389 46843 0.17267 85562 85 50 3.00263 71305 
0.93567 21802 2.90285 30783 0.18331 O8I61 a5 42 2.96206 09530 
0.92813 82732 2.88072 17308 0.19391 02013 85 14 2.92148 47756 
0.92023 23376 2.85753 19293 0.20447 36088 84 55 2.88090 85981 
0.91196 35133 2.83331 63492 0.21499 77081 84 36 2.84033 24207 
0.90334 12763 2.80810 89917 0.22547 89218 84 16 2.79975 62433 
0.89437 54154 | 2.78194 51210 | 0.23591 34034 | 83 55 2.75918 00658 
0.88507 60096 2.75486 11988 0.24629 70143 83 34 2.71860 38884 
0.87545 34034 2.72689 48173 0.25662 52995 33-33 2.67802 77109 
0.86551 81826 2.69808 46313 0.26689 34606 82 51 2.63745 15335 
0.85528 I1491 2.66847 02880 0.27709 63287 82 28 2.59687 53561 
0.84475 32958 2.63809 23575 0.28722 83335 82 4 2.55629 91786 
0.83394 57809 2.60699 22604 | 0.29728 34722 81 39 2.51572 30012 
0.82286 99019 2.57521 21966 0.30725 52753 St 34 2.47514 68238 
0.81153 70701 2.54279 50725 0.31713 67705 80 48 2.43457 06463 
0.79995 87840 | 2.50978 44281 | 0.32692 04449 | 80 21 2.39399 44689 
0.78814 66036 2.47622 43648 0.33659 82039 79 53 2.35341 82914 
0.77611 21247 2.44215 94723 0.34616 13287 79 24 2.31284 21140 
0.76386 69524 2.40763 47564 0.35560 04313 78 54 2.27226 59366 
0.75142 26764 2.37269 55671 0.36490 54063 78 23 2.23168 97591 
0.73879 08451 2.33738 75276 0.37406 53814 ve Se | 2.19111 35817 
0.72598 29409 2.30175 64635 0.38306 86651 vse ee 5 2.15053 74042 
0.71301 03561 2.26584 83337 0.39190 26919 76 44 2.10996 12268 
0.69988 43682 2.22970 91619 0.40055 39659 5 es 2.06938 50494 
0.68661 61172 | 2.19338 49695 | 0.40900 80023 | 75 31 2.02880 88719 
0.67321 65825 2.15692 17102 0.41724 92673 7. 53 1.98823 26945 
0.65969 65607 | 2.12036 52053 | 0.42526 11165 | 74 13 1.94765 65171 
0.64606 66446 2.08376 10820 | 0.43302 57335 73° 32 1.90708 03396 
0.63233 72022 | 2.04715 47117 | 0.44052 40667 | 72 49 1.86650 41622 
0.61851 83573 | 2.01059 11517 | 0.44773 57684 | 72 5 1.82592 79847 

D(r) E(r) g Fo 


SMITHSONIAN TABLES 


300 : ELLIPTIC FUNCTION 
K = 3.8317419998, K’ = 1.5737921309, E = 1.0126635062, E’ — 1.5678090740, 


r Fo p E(r) D(r) A(r) 

O | 0.00000 00000 | 0° 0’ 0.00000 00000 I .00000 00000 | 0.00000 00000 

I 0.04257 49III 2 26 0.03129 75841 1.00066 67396 | 0.01256 98450 

2 0.08514 98222 4 52 0.06244 25476 1.00266 63652 | 0.02514 45765 

3 0.12772 47333 y ee 0.09328 44601 1.00599 79974 | 0.03772 90570 

4 0.17029 96444 ee 0.12367 72052 I.01065 59692 | 0.05032 81006 

5 0.21287 45555 ge. S 0.15348 09749 1.01663 88247 | 0.06294 64495 

6 | 0.25544 94667 14 29 0.18256 40780 I .02394 03165 | 0.07558 87497 

‘ 0.29802 43778 16 50 0.21080 45154 1.03255 39030 | 0.08825 95281 

8 | 0.34059 92889 10 0.23809 12866 1.04247 18453 | 0.10096 31685 

9 0.38317 42000 ai. 26 0.26432 54039 1.05368 52030 | 0.11370 38895 

10 0.42574 QIIII 242 -A2 0.28942 06026 1.06618 38299 | 0.12648 57214 

II 0.46832 40222 25 55 0.31330 37505 1.07995 63700 | 0.13931 24846 

12 0.51089 89333 3 ee 0.33591 49667 1.09499 02519 | 0.15218 77682 

13, | 0.55347 38444 | 30 13 0.35720 74739 | 1.41127 16844 | 0.16511 49087 

14 | 0.59604 87555 327 58 0.37714 72117 1.12878 56513 | 0.17809 69700 

15 0.63862 36666 34. 21 0.39571 22464 1.14751 59063 | O.I9II3 67239 

16 0.68119 85777 30220 0.41289 20138 1.16744 49685 | 0.20423 66315 

17 0.72377 34889 Son ay 0.42868 64336 1.18855 41178 | 0.21739 88246 

18 0.76634 84000 40 II 0.44310 49337 I.21082 33907 | 0.23062 50891 

19 0.80892 33III AQ: ut 0.45616 54173 1.23423 15771 .| 0.24391 68485 

20 0.85149 82222 43 49 0.46789 32075 1.25875 62174 | 0.25727 51484 | 
21 0.89407 31333 AG: 33 0.47831 99952 1.28437 36007 | 0.27070 06428 : 
a2 0.93664 80444 Fy dome a 0.48748 28142 1.31105 87634 | 0.28419 35800 
23 0.97922 29555 48 53 0.49542 30625 I .33878 54900 | 0.29775 37910 | 
24 1.02179 78666 50 28 0.50218 55842 1.36752 63142 | 0.31138 06778 
25 1.06437 27777 Lo eae, 0.50781 78217 1.39725 25218 | 0.32507 32040 | 
26 1.10694 76888 53 29 0.51236 90454 I.42793 41552 | 0.33882 98857 
27 | 1.14952 25999 | 54 56 0.51588 96635 | 1.45954 00195 | 0.35264 87839 |} — 
28 I.19209 75110 56 19 0.51843 06138 1.49203 76904 | 0.36652 74982 
29 1.23467 24222 57 39 0.52004 28338 1.52539 35243 | 0.38046 31619 

30 | 1.27724 73333 | 58 59 0.52077 68087 | 1.55957 26706 | 0.39445 24378 || ~ 
31 1.31982 22444 60 12 |, 0.52068 21896 1.59453 90851 | 0.40849 15164 4 
32 I. 36239 71555 61 24 0.51980 74799 I .63025 55479 | 0.42257 61140 || — 
a4 1.40497 20666 62 ‘a4 0.51819 97811 1.66668 36814 | 0.43670 14735 i 
34 | 1.44754 69777 | 63 41 0.51590 45944 | 1.70378 39728 | 0.45086 23658 || — 
35 1.49012 18888 | 64 46 0.51296 56697 1.74151 57980 | 0.46505 30926 

36 | 1.53269 67999 | 65 48 0.50942 48984 | 1.77983 74487 | 0.47926 74909 

37 1.57527 17110 66 48 0.50532 22421 1.81870 61627 | 0.49349 89386. 

38 1.61784 66221 67 46 0.50069 56936 1.85807 81564 | 0.50774 03615 

39 1.66042 15332 68 4I 0.49558 12646 1.89790 86607 | 0.52198 42419 j 
40 1.70299 64444 69 35 0.49001 29952 1.93815 19599 | 0.53622 26281 2 
41 1.74557 13555 79 26 0.48402 29824 1.97876 14331 | 0.55044 71457 1 
42 1.78814 62666 | 7I 16 0.47764 14227 2.01968 95998 | 0.56464 90099 |} — 
43 1.83072 11777 2 eee 0.47089 66670 2.06088 81669 | 0.57881 90394 

44 1.87329 60888 72. A9 0.46381 52836 2.10230 80805 | 0.59294 76712 ; 
45 | 1.91587 09999 | 73 33 0.45642 21286 | 2.14389 95792 | 0.60702 49768 |} — 
90-r Fy y G(r) C(r) B(r) 


SMITHSONIAN TABLES 


TABLE 0 = 85° 301 
q = 0.275179804873563, 00 = 0.4610905222, HK = 1.5588714533 

B(r) C(r) G(r) Fy 90-r 
I.00000 00000 | 3.38728 70037 | 0.290000 00000 | go° 0’ 3.83174 19998 | 90 
0.99976 05041 | 3.38649 90904 | 0.01092 82185 | 89 47° | 3.78916 70887 | 89 
0.99904 23353 3 -38413 65337 0.02185 52713 89 34 3-74659 21776 | 88 
0.99784 64504 | 3.38020 28815 | 0.03277 99847 | 89 22 3.70401 72665 | 87 
0.99617 44409 | 3.37470 40379 | 0.04370 11679 | 89 9 3.66144 23554 | 86 
0.99402 85290 | 3.36764 82512 | 0.05461 76051 88 56 3.61886 74443 | 85 
0.99I4I 15622 3.35904 60961 0.06552 80467 88 43 3.57629 25331 | 84 
0.98832 70058 3.34891 04507 0.07643 12000 88 29 3.53371 76220 | 83 
0.98477 89335 3.33725 64694 0.08732 57205 88 16 3.49114 27109 | 82 
0.98077 20177 3.32410 15504 0.09821 02023 88, 2 3.44856 77998 | 81 
0.97631 15168 3.30946 52989 0.10908 31677 87 49 3.40599 28887 | 80 
0.97140 32619 3-29336 94854 | 9.11994 30573 87 35 3-36341 79776 | 79 
0.96605 36420 3.27583 79999 0.13078 82183 87 20 3.32084 30665 | 78 
0.96026 95874 3.25689 68018 0.14161 68937 87 6 3.27826 81554 | 77 
0.95405 85520 | 3.23657 38654 | 0.15242 72092 | 86 51 3 -23569 32443 | 76 
0.94742 84947 3.21489 91220 0.16321 71605 86 35 3.19311 83332 | 75 
0.94038 78585 | 3.19190 43978 | 0.17398 45990 | 86 20 3-15054 34221 | 74 
0.93294 55499 3.16762 33486 0.18472 72171 BO 4 3.10796 85109 | 73 
0.92511 O9158 | 3.14209 13909 | 0.19544 25321 | 85 48 3.06539 35998 | 72 
0.91689 37204 3.11534 56304 0.20612 78689 85 31 3.02281 86887 | 7I 
0.90830 41205 3.08742 47870 0.21678 03419 85 13 2.98024 37776 | 70 
0.89935 26403 3.05836 91177 0.22739 68349 84 55. 2.93766 88665 | 69 
0.89005 01452 3.02822 03368 0.23797 39802 84 37 2.89509 39554 | 68 
0.88040 78152 2.99702 15345 0.24850 81357 84 18 2.85251 90443 | 67 
0.87043 71170 | 2.96481 70925 0.25899 53603 83 58 2.80994 41332 | 66 
0.86014 97763 2.93165 25995 0.26943 13876 | 83 38 2.76736 92221 | 65 
0.84955 77491 | 2.89757 47641 | 0.27981 15977 | 83 17 2.72479 43110 | 64 
0.83867 31932 2.86263 13272 0.29013 09871 82 55 2.68221 93999 | 63 
0.82750 84383 2.82687 09732 0.30038 41353 82 33 2.63964 44888 | 62 
0.81607 59576 2.79034 32412 0.31056 51708 82 10 2.59706 95776 | 61 
0.80438 83372 2.75309 84351 0.32066 77330 | 81 46 2.55449 46665 | 60 
0.79245 82474 | 2.71518 75345 0.33068 49323 81 21 2.51191 97554 | 59 
0.78029 84129 2.67666: 21047 0.34060 93073 80 55 2.46934 48443 | 58 
0.76792 15834 2.63757 42081 0.35043 27789 80 28 2.42676 99332 | 57 
0.75534 05043 2.59797 63158 | 0.36014 66018 | 80 oO 2.38419 50221 | 56 
0.74256 78883 2.55792 12198 0.36974 13124 79 31 2.34162 OIIIO | 55 
0.72961 63864 2.51746 19471 0.37920 66740 9G) 29 2.29904 51999 | 54 
0.71649 85603 2.47665 16742 0.38853 16185 78 30 2.25647 02888 | 53 
0.70322 68545 | 2.43554 36438 | 9.39770 41848 | 77 58 2.21389 53777 | 52 
0.68981 35699 2.39419 10827 | 0.40671 14546 | 77 24 2.17132 04666 | 51 
0.67627 08370 | 2.35264 71220 | 0.41553 94843 76 50 2.12874 55554 | 50 
0.66261 O5910 2.31096 47190 0.42417 32345 76 13 2.08617 06443 | 49 
0.64884 45467 | 2.26919 65819 | 0.43259 64967 | 75 35 2.04359 57332 | 48 
0.63498 41750 | 2.22739 50955 | 0.44079 18172 | 74 56 2.00102 08221 | 47 
0.62104 06800 | 2.18561 22515 | 0.44874 04204 | 74 16 1.95844 59110 | 46 
0.60702 49768 | 2.14389 95792 | 0.45642 21286 | 73 33 1.91587 09999 | 45 

A(r) D(r) E(r) Fo r 


SMITHSONIAN TABLES 


302 : ELLIPTIC FUNCTION 
K = 4.0527581695, K’ = 1.5727124350, E = 1.0086479569, E’ — 1.5688837196, 


r Fo co) EK(r) D(r) A(r) 
0 | 0.00000 00000 | 0° oO! 0.00000 00000 I .00000 00000 | 0.00000 00000 
I 0.04503 06463 2). 35 0.03379 31823 1.00076 14948 | 0.01189 42847 
2 0.09006 12927 2 Sa 0.06740 53633 1.00304. 53071 | 0.02379 47903 
3 0.13509 19390 7 43 0.10065 84494 I .00684 97794 | 0.03570 77106 
4 0.18012 25853 10 16 0.13338 00630 1.01217 16668 | 0.04763 91855 
5 0.22515 32316 12 48 0.16540 61602 1.01900 67332 | 0.05959 52742 
6 0.27018 38780 I5 18 0.19658 33739 1.02734 94459 | 0.07158 19286 
9 0.31521 45243 17 46 0.22677 10168 1.03719 30291 | 0.08360 49670 
8 0.36024 51706 20 13 0.25584 26948 1.04852 94558 | 0.09567 00478 
9 0.40527 58170 | 22 37 0.28368 75021 I.06134 94387 | 0.10778 26441 
10 0.45030 64633 24 58 0.31021 07894 1.07564 24197 | 0.11994 80182 
II 0.49533 71096 27 18 0.33533 45137 I.09139 65585 | 0.13217 11972 
I2 | 0.54036 77559 | 29 34 0.35899 71966 | 1.10859 87206 | 0.14445 69485. 
13 0.58539 84023 Si° AF 0.38115 35291 1.12723 44637 | 0.15680 97563 
14 0.63042 90486 32 87 0.40177 36714 1.14728 80243 | 0.16923 37988 
15 0.67545 96949 36 «4 0.42084 23033 1.16874 23039 | 0.18173 29260 
16 0.72049 03413 S81 oS 0.43835 74800 1.19157 88539 | 0.19431 06384 
17 0.76552 09876 40, 3 0.45432 93515 1.21577 78616 | 0.20697 OO661 
18 0.81055 16339 427 5 0.46877 87966 1.24131 81358 | 0.21971 39498 
19 0.85558 22802 43 58 0.48173 60209 1.26817 70925 | 0.23254 46217 
20 | 0.90061 29266 | 45 53 0.49323 91602 I.29633 07415 | 0.24546 39877 
21 | 0.94564 35729 | 47 35 0.50333 29227 | 1.32575 36734 | 0.25847 35115 
22 0.99067 42192 49 18 0.51206 72988 1.35641 90478 | 0.27157 41984 
23 1.03570 48656 50 57 0.51949 63591 1.38829 85826 | 0.28476 65811 
24 1.08073 55119 52 33 0.52567 71528 1.42136 25446 | 0.29805 07071 
25 1.12576 61582 54 6 0.53066 87177 1.45557 97413 | 0.31142 61261 
26 1.17079 68045 55 36 0.53453 12033 I.4909I 75157 | 0.32489 18800 
27 1.21582 74509 sy Rae 0.53732 51072 1.52734 17416 | 0.33844 64932 
28 1.26085 80972 58 25 0.53911 06227 1.56481 68225 | 0.35208 79650 
29 | 1.30588 87435 | 59 45 0.53994 70893 | 1.60330 56919 | 0.36581 37630 
30 1.35091 93898 6 49 0.53989 25408 1.64276 98172 | 0.37962 08180 
31 1.39595 00362 62 16 0.53900 33421 1.68316 92055 | 0.39350 55205 
32 1.44098 06825 63 28 0.53733 39051 1.72446 24133 | 0.40746 37182 
Tt 1.48601 13288 64 36 0.53493 64751 1.76660 65590 | 0.42149 O7I6I 
34 1.53104 19752 65 42 0.53186 09786 1.80955 73388 | 0.43558 12766 
35 | 1.57607 26215 | 66 45 0.52815 49246 | 1.85326 90463 | 0.44972 96226 
36 1.62110 32678 | 67 46 0.52386 33506 1.89769 45959 | 0.46392 94409 
37 1.66613 39141 68 44 0.51902 88062 1.94278 55494 | 0.47817 38881 
38 I. 71116 45605 69 40 0.51369 13678 1.98849 21476 | 0.49245 55978 
39 1.75619 52068 FO 33 0.50788 86793 2.03476 33449 | 0.50676 66888 
40 1.80122 58531 7 ae 3 0.50165 60117 2.08154 68491 | 0.52109 87757 
4I 1.84625 64995 7a. 34 0.49502 63387 2.12878 91642 | 0.53544 29804 
42 1.89128 71458 ye ee 0.48803 04242 2.17643 56384 | 0.54978 99455 
43 1.93631 77921 73° 47 0.48069 69176 2.22443 05163 | 0.56412 98491 | 
44 1.98134 84385 74 31 0.47305 24550 2.27271 69945 | 0.57845 24208 
45 2.02637 90848 75 i2 0.46512 17631 2.32123 72832 | 0.59274 69597 
90-r Fy py G(r) C(r) B(r) 


SMITHSONIAN TABLES 


TABLE 6 = 86° 303 
q = 0.295488385558687, O0 = 0.4242361430, HK = 1.6043008048 


Bir) C(r) G(r) 7 Fy 90-r 
I .00000 O0000C 3.78623 65254 0.00000 00000 go° oO’ 4.05275 81695 | 90 
0.99974 76964 | 3.78529 99318 | 0.01098 79345 89 49 4.00772 75232 | 89 
0.99899 11477 3.78249 16163 0.02197 49829 89 38 3.96269 68769 | 88 
0.99773 14382 3.77781 59714 0.03296 02520 89 28 3.91766 62306 | 87 
0.99597 03726 | 3.77128 03065 0.04394 28343 89 17 3.87263 55842 | 86 
0.99371 04703 3.76289 48312 0.05492 18007 Sy. 6 3.82760 49379 | 85 
0.99095 49588 | 3.75267 26317 0.06589 61931 88 54 3.78257 42916 | 84 
0.98770 77652 3.74062 96405 | 0.07686 50165 88 43 3-73754 36452 | 83 
0.98397 35058 3.72678 46000 | 0.08782 72314 88 32 3.69251 29989 | 82 
0.97975 74732 3.71115 QOIgI 0.09878 17452 88 20 3.64748 23526 | 81 
0.97506 56227 3.69377 71248 0.10972 74034 88 8 3.60245 17063 | 80 
0.96990 45558 3.67466 58061 0.12066 29807 87 56 3.55742 10599 | 79 
0.96428 15032 | 3.65385 45535 | 0.13158 71709 | 87 44 3-51239 04136 | 78 
0.95820 43054 | 3.63137 53926 | 0.14249 85767 | 87 32 3-46735 97673 | 77 
0.95168 13914 | 3.60726 28114 | 0.15339 56986 87 19 3.42232 91209 | 76 
0.94472 17573 | 3.58155 36840 | 0.16427 69227 | 87 5 3-37729 84746 | 75 
0.93733 49419 | 3.55428 71880 | 0.17514 05085 86 52 3-33226 78283 | 74 
0.92953 I0017 3.52550 47184 0.18598 45746 86 38 3.28723 71820 | 73 
0.92132 04850 3.49524 97967 0.19680 70842 86 24 3.24220 65356 | 72 
0.91271 44039 3.46356 79762 0.20760 58292 86 9 3.19717 58893 | 71 
0.90372 42062 3.43050 67437 0.21837 84126 85 54 3.15214 52430 | 70 
0.89436 17453 3.39611 54178 0.22912 22300 | 85 38 3.10711 45967 | 69 
0.88463 92502 3.36044 50445 0.23983 44495 85 22 3.06208 39503 | 68 
0.87456 92937 3.32354 82896 | 0.25051 19896] 85 5 3.01705 33040 | 67 
0.86416 47610 | 3.28547 93300 | 0.26115 14957 | 84 48 2.97202 26577 | 66 
0.85343 88167 3.24629 37417 0.27174 93142 84 30 2.92699 20113 | 65 
0.84240 48716 3.20604 83874 | 0.28230 14649 ya © | 2.88196 13650 | 64 
0.83107 65499 3.16480 13024 | 0.29280 36106 | 83 52 2.83693 07187 | 63 
0.81946 76545 3.12261 15798 0.30325 10250 83 32 2.79190 00724 | 62 
0.80759 21336 3.07953 92551 0.31363 85568 83. ¥% 2.74686 94260 | 61 
0.79546 40466 | 3.03564 51912 0.32396 05923 82 49 2.70183 87797 | 60 
0.78309 75297 2.99099 09630 0.33421 10135 82 26 2.65680 81334 | 59 
0.77050 67624 | 2.94563 87432 | 0.34438 31544 | 82 3 2.61177 74870 | 58 
0.75770 59335 | 2.89965 11884 | 0.35446 97527 | 81 39 | 2.56674 68497 | 57 
0.74470 92077 2.85309 13269 0.36446 28984 81 13 2.52171 61944 | 56 
0.73153 06927 2.80602 24483 0.37435 39786 80 47 2.47668 55480 | 55 
0.71818 44065 2.75850 79940 | 0.38413 36176 80 19 2.43165 49017 | 54 
0.70468 42455 2.71061 14508 0.39379 16142 79 50 2.38662 42554 | 53 
0.69104 39537 2.66239 62465 0. 40331 68729 79 20 2.34159 36091 | 52 
0.67727 70914 2.61392 56481 0.41269 73321 78 49 2.29656 29627 | 51 
0.66339 70061 2.56526 26633 0.42191 98869 76537 2.25153 23164 | 50 
0.64941 68038 :| 2.51646 99446 | 0.43097 03076 | 77 43 2.20650 16701 | 49 
0.63534 93209 | 2.46760 96971 | 0.43983 31542 | 77 8 2.16147 10238 | 48 
0.62120 70978 | 2.41874 35896 | 0.44849 16855 96°31 2.11644 03774 | 47 
0.60700 23531 2.36993 26700 | 0.45692 77651 75 (52 2.07140 97311 | 46 
0.59274 69597 | 2.32123 72832 | 0.46512 17631 | 75 12 2.02637 90848 | 45 

A(r) D(r) E(r) ¢ Fo zk 


SMITHSONIAN TABLES 


304 ELLIPTIC FUNCTION 
K = 4.3386539760, K’ = 1.5718736105, E = 1.0052585872, E’ = 1.5697201504, 


r Fe @ E(r) Dir) A(r) 
O | 0.00000 00000 Oo" 0.00000 00000 I .00000 00000 | 0.00000 00000 
I 0.04820 72664 2 0 0.03700 05198 1.00089 26934 | 0.01102 97158 
2 0.09641 45328 5. 31 0.07377 86246 I .00357 O1695 | 0.02206 73089 
3 0.14462 17992 8 15 O.I1IOII 59944 1.00803 O614I | 0.03312 06260 
4 0.19282 90656 I0 59 0.14580 23384 1.01427 09982 | 0.04419 74541 
5 0.24103 63320 Ne a 0.18063 90239 I .02228 70707 | 0.05530 54893 
6 0.28924 35984 16 21 0.21444 22668 I .03207 33471 | 0.06645 23081 
7 | 0.33745 08648 | 18 59 0.24704 57854 | 1.04362 30963 | 0.07764 53371 
8 0.38565 81312 ar 34 0.27830 28485 1.05692 83239 | 0.08889 18239 
9 0.43386 53976 oe A'7 0.30808 76822 1.07197 97531 | 0.10019 88085 
ie) 0.48207 26640 26 37 0.33629 62369 1.08876 68032 | 0.III57 30946 
II 0.53027 99304 40) - 63 0.36284 63422 1.10727 75652 | 0.12302 12218 
12 0.57848 71968 xh pee 0.38767 73064 1.12749 87762 | 0.13454 94383 
13 0.62669 44632 33 46 0.41074. 90335 1.14941 57909 | 0.14616 36738 
14 0.67490 17296 30" a2 0.43204. 07437 1.17301 25520 | 0.15786 95139 
15 0.72310 89960 | 38 14 0.45154 93887 1.19827 15591 | 0.16967 21746 
16 0.77131 62624 | 40 23 0.46928 78534 1.22517 38362 | 0.18157 64776 
17 0.81952 35288 Ags 27 0.48528 30289 1.25369 88987 | 0.19358 68272 
18 0.86773 07952 44 28 0.49957 38349 1.28382 47193 | 0.20570 71870 
19 0.91593 80616 46 24 0.51220 92565 1.31552 76945 | 0.21794 10587 
20 0.96414 53280 48 16 0.52324 64512 1.34878 26100 | 0.23029 14612 
21 1.01235 25944 5. 1s 0.53274 89656 1.38356 26077 | 0.24276 OQIII 
22 1.06055 98608 51 50 0.54078 50933 1.41983 91529 | 0.25535 14044 
23 £s10970 71272 5a. 20 0.54742 63924 1.45758 20021 | 0.26806 43994 
24 | 1.15697 43936 | 55 7 0.55274 63730 | 1.49675 91734 | 0.28090 08008 
25 1.20518 16600 56 40 0.55681 93566 I .53733 69175 | 0.29386 09452 
26 | 1.25338 89264 | 58 I0 0.55971 95044 | 1.57927 96919 | 0.30694 45879 
27 1.30159 61928 59 36 0.56152 00057 1.62255 01370 | 0.32015 08913 
28 1.34980 34592 60 58 0.56229 24153 1.66710 90551 | 0.33347 84147 
29 1.39801 07256 62 +37 0.56210 61265 1.71291 53925 | 0.34692 51057 
30 1.44621 79920 | 63 33 0.56102 79658 1.75992 62260 | 0.36048 82928 
31 1.49442 52584 64 46 0.55912 18929 1.80809 67519 | 0.37416 46804 
32 | 1.54263 25248 | 65 55 0.55644 87947 | 1.85738 02804 | 0.38795 03444 
33 1.59083 97912 i Me 0.55306 63561 1.90772 82336 | 0.40184 07305 
34 1.63904 70676 | 68 6 0.54902 89975 1.95909 01488 | 0.41583 06538 
35 1.68725 43240 i! eee A 0.54438 78661 2.01141 36867 | 0.42991 42995 
36 1.73546 15904 | 70 5 0.53919 08711 2.06464 46451 | 0.44408 52267 
37 1.78366 88568 71 I 0.53348 27539 2.11872 69773 | 0.45833 63730 
38 £53187, 01232171 $4 0.52730 51847 | 2.17360 28173 | 0.47266 00609 
39 1.88008 33896 | 72 45 0.52069 68791 2.22921 25107 | 0.48704 80065 
40 1.92829 06560 73 34 0.51369 37297 2.28549 46508 | 0.50149 13298 
41 1.97649 79224 | 74 20 0.50632 89466 | 2.34238 61220 | 0.51598 05665 
42 2.02470 51888 75 5 0.49863 32034 2.39982 21493 | 0.53050 56822 
43 | 2.07291 24552 | 75 47 | 0.49063 47860 | 2.45773 63538 | 0.54505 60878 
44 | 2.12111 97216 76 58 0.48235 97411 2.51606 08149 | 0.55962 06569 
45 | 2.16932 69880 | 77 7 0.47383 20219 | 2.57472 61393 | 0.57418 77451 
90-r Fy yp G(r) C(r) B(r) 


SMITHSONIAN TABLES 


TABLE, 6 = 87° 305 
q = 0.320400337134867, ©0 = 0.3802048484, HK = 1.6608093153 

B(r) C(r) G(r) Fy 90-r 
I.00000 00000 | 4.37119 23556 0.00000 00000 | g0° 0’ 4.33865 39760 | go 
0.99973 08085 4.37002 95871 0.01103 73956 89 51 4.29044 67096 | 89 
0.99892 36540 | 4.36654 32014 | 0.02207 41777 | 89 43 4.24223 94432 | 88 
0.99757 97949 | 4-36073 89539 | 0.03310 97273 | 89 34 4.19403 21768 | 87 
0.99570 13248 | 4.35262 64203 | 0.04414 34137 | 89 25 4.14582 49104 | 86 
0.99329 11666 4.34221 89731 0.05517 45893 89 16 4.09761 76440 | 85 
0.99035 30638 | 4.32953 37471 | 0.06620 25830] 89 7 4.04941 03776 | 84 
0.98689 15704 4.31459 15972 0.07722 66944 88 58 4.00120 31112 | 83 
0.98291 20378 4.29741 70454 0.08824 61873 88 49 3.95299 58448 | 82 
0.97842 05999 4.27803 82196 0.09926 02826 88 39 3.90478 85784 | 81 
0.97342 41557 4.25648 67836 0.11026 81515 88 30 3.85658 13120 | 80 
0.96793 03503 4.23279 78580 0.12126 89076 88 20 3.80837 40456 | 79 
0.96194 75529 4.20700 99336 0.13226 15989 88 10 3.76016 67792 | 78 
0.95548 48341 | 4.17916 47765 | 0.14324 51989 | 88 0 3-71195 95128 | 77 
0.94855 19406 | 4.14930 73254 | 0.15421 85972 87 49 3.66375 22464 | 76 
0.94115 92676 4.11748 55826 0.16518 05896 87 38 3-61554 49800 | 75 
0.93331 78308 | 4.08375 04971 | 0.17612 98666 | 87 27 3-56733 77136 | 74 
0.92503 92359 4.04815 58427 0.18706 50017 87 16 3.51913 04472 | 73 
0.91633 56463 4.01075 80891 0.19798 44386 5 ae 3.47092 31808 | 72 
0.90721 97509 3.97161 62682 0.20888 64763 86 51 3.42271 59144 | 71 
0.89770 47288 3.93079 18356 0.21976 92546 86 38 3.37450 86480 | 70 
0.88780 42140 3.88834 85274 0.23063 07363 86 25 3.32630 13816 | 69 
0.87753 22590 3.84435 22135 0.24146 86896 86 II 3.27809 41152 | 68 
0.86690 32971 3.79887 07472 0.25228 06673 85 57 3.22988 68488 | 67 
0.85593 21039 3.75197 38123 0.26306 39853 85 42 3.18167 95824 | 66 
0.84463 37589 | 3.70373 27678 0.27381 56982 85 27 3-13347 23160 | 65 
0.83302 36055 3.65422 04910 0.28453 25731 85 II 3.08526 50496 | 64 
0.82111 72113 3.60351 12193 0.29521 10610 84 54 3.03705 77832 | 63 
0.80893 03281 3.55168 03915 0.30584 72655 84 37 2.98885 05168 | 62 
0.79647 88516 3.49880 44891 0.31643 69081 84 19 2.94064 32504 | 61 
0.78377 87810 | 3.44496 08773 | 0.32697 52911 eee 2.89243 59840 | 60 
0.77084 61787 3.39022 76481 0.33745 72566 83 40 2.84422 87176 | 59 
0.75769 71307 | 3.33468 34641 | 0.34787 71421 | 83 19 2.79602 14512 | 58 
0.74434 77069 | 3.27840 74042 | 0.35822 87319 | 82 57 2.74781 41848 | 57 
0.73081 39218 3.22147 88118 0.36850 52042 82 35 2.69960 69184 | 56 
0.71711 16962 3.16397 71463 0.37869 90740 i eo | 2.65139 96520 | 55 
0.70325 68193 3.10598 18371 0.38880 21304 81 47 2.60319 23856 | 54 
0.68926 49116 3.04757 21420 0.39880 53693 ) ee 2.55498 51192 | 53 
0.67515 13887 2.98882 70090 0.40869 89202 80 54 2.50677 78528 | 52 
0.66093 14267 2.92982 49435 0.41847 19672 80 26 2.45857 05864 | 51 
0.64661 99275 2.87064 38790 0.42811 26638 79 56 2.41036 33200 | 50 
0.63223 14865 2.81136 10542 0.43760 80415 79 25 2.36215 60536 | 49 
0.61778 03606 2.75205 28945 0.44694 39III 78 53 2.31394 87872 | 48 
0.60328 04384 | 2.69279 48995 0.45610 47583 78 19 2.26574 15208 | 47 
0.58874 52110 2.63366 15364 0.46507 36311 77 44 2.21753 42544 | 46 
0.57418 77451 | 2.57472 61393 | 0.47383 20219 | 77 7 2.16932 69880 | 45 

A(r) D(r) E(r) Fé r 


SMITHSONIAN TABLES 


306 : ELLIPTIC FUNCTION 
K = 4.7427172653, K’ = 1.5712749524, E = 1.0025840855, E’ = 1.5703179199, 


r Fo p E(r) D(r) A(r) 
0 | 0.00000 00000 meee 0.00000 00000 I .00000 00000 | 0.00000 00000 
I 0.05269 68585 ee 0.04150 83698 1.00109 49202 | 0.00984 61866 
2 0.10539 37170 ee | 0.08272 60369 1.00437 91719 | 0.01970 23988 
3 0.15809 05755 a 0.12336 86879 1.00985 12249 | 0.02957 86287 
4 0.21078 74340 II 59 0.16316 44916 1.01750 85180 | 0.03948 48012 
5 0.26348 42925 14 56 0.20185 96235 1.02734 74434 | 0.04943 07415 
6 0.31618 II510 17 49 0.23922 29917 1.03936 33238 | 0.05942 61408 
7 0.36887 80095 20 40 0.27504 99964 1.05355 03843 | 0.06948 05245 
8 0.42157 48680 a2 28 0.30916 52198 1.06990 17180 | 0.07960 32187 
9 0.47427 17265 26 13 0.34142 40166 1.08840 92458 | 0.08980 33181 
10 0.52696 85850 28 53 0.37171 30376 1.10906 36709 | 0.10008 96542 
Il 0.57966 54435 31 30 0.39994 97772 1.13185 44282 | 0.11047 07636 
12 0.63236 23020 Ra hee 0.42608 12751 1.15676 96284 | 0.12095 48573 
13 0.68505 91605 ai. 40 0.45008 21300 1.18379 59985 | 0.13154 97896 
14 0.73775 60190 387-53 0.47195 19964 1.21291 88175 | 0.14226 30292 
15 0.79045 28775 Ata: 32 0.49171 27333 1.24412 18489 | 0.15310 16293 
16 0.84314 97360 43 26 0.50940 53625 1.27738 72698 | 0.16407 21997 
be 0.89584 65946 45 35 0.52508 69758 1.31269 55975 | 0.17518 08788 
18 0.94854 34531 47 40 0.53882 77072 1.35002 56142 | 0.18643 33074 
19 1.00124 03116 49 40 0.55070 78595 1.38935 42896 | 0.19783 46027 
20 1.05393 71701 51 34 0.56081 52531 1.43065 67027 | 0.20938 93338 
21 1.10663 40286 eed. 0.56924 28378 1.47390 59633 | 0.22110 14976 
22 1.15933 08871 55 Il 0.57608 65921 1.51907 31337 | 0.23297 44971 
23 1.21202 77456 56 52 0.58144 37172 1.56612 71505 | 0.24501 I1L193 
24 1.26472 46041 58 29 0.58541 11188 1.61503 47485 | 0.25721 35159 
25 1.31742 14626 60° 22 0.58808 41618 1.66576 03865 | 0.26958 31846 
26 1.37011 83211 OL. 31 0.58955 56773 1.71826 61750 | 0.28212 09517 
27 1.42281 51796 62 55 0.58991 51945 1.77251 18082 | 0.29482 69565 
28 1.47551 20381 64 16 0.58924 83721 1.82845 44989 | 0.30770 06377 
29 1.52820 88966 | 65 33 0.58763 66017 1.88604 89185 | 0.32074 07202 
30 1.58090 57551 66 46 0.58515 67551 1.94524 71416 | 0.33394 52050 
31 1.63360 26136 67 56 0.58188 10541 2.00599 85969 | 0.34731 13599 
32 1.68629 94721 OO 5 0.57787 70364 | 2.06825 00238 | 0.36083 57125 
33 1.73899 63306 719: 0.57320 76019 2.13194 54360 | 0.37451 40449 
34 1.79169 31891 habe 0.56793 I1188 2.19702 60925 | 0.38834 13902 
35 1.84439 00476 | 72 4 0.56210 15757 2.26343 04764 | 0.40231 20314 
36 1.89708 69061 72 59 0.55576 87678 2.33109 42822 | 0.41641 95021 
37 | 1.94978 37646 | 73 51 0.54897 85058 | 2.39995 04116 | 0.43065 65890 
38 2.00248 06231 74. 48 0.54177 28388 2.46992 89791 | 0.44501 53371 
39 2.05517 74816 75 28 0.53419 02851 2:54095 73266 | 0.45948 70563 
40 2.10787 43401 "6. 12 0.52626 60647 2.61296 00482 | 0.47406 23311 
41 2.16057 11986 76 55 0.51803 23296 | 2.68585 90255 : 0.48873 10316 
42 | 2.21326 80571 | 77 35 0.50951 83887 | 2.75957 34731 | 0.50348 23272 
43 2.26596 49156 78 14 0.50075 09241 2.83401 99954 | 0.51830 47025 
44 2.31866 17741 78 50 0.49175 41985 2.QO9QII 26530 | 0.53318 59750 
45 2.37135 86326 79 25 0.48255 02516 | 2.98476 30422 | 0.54811 33155 
90-r Fy y G(r) C(r) B(r) 


SMITHSONIAN TABLES 


TABLE 0 = 88° 


30 
q = 0.353165648296037, © 0 = 0.3246110213, HK = 1.7370861537 
B(r) C(r) G(r) Fy 90.-r 
I.00000 00000 | 5.35291 58734 | 0.00000 00000 | go0° o 4.74271 72653 | 90 
0.99970 65254 5.35135 39870 O.O1IO7 55804 89 54 4.69002 04068 | 89 
0.99882 66090 5.34667 11120 0.02215 08037 89 47 4.63732 35483 | 88 
0.99736 17711 | 5.33887 55928 | 0.03322 53090 | 89 41 4.58462 66898 | 87 
0.99531 45401 | 5.32798 13106 | 0.04429 87274 | 89 35 4-53192 98313 | 86 
0.99268 84456 | 5.31400 76445 | 0.05537 06778 | 89 28 4.47923 29728 | 85 
0.98948 80069 5.29697 94165 0.06644 07630 | 89 21 4.42653 61143 | 84 
0.98571 87199 5.27692 68222 0.07750 85650 89 15 4.37383 92558 | 83 
0.98138 70401 5.25388 53459 0.08857 36405 89 «8 4.32114 23973 | 82 
0.97650 03636 | 5.22789 56618 | 0.09963 55161 89 I 4.26844 55388 | 81 
0.97106 70046 5.19900 35203 0.11069 36828 88 54 4.21574 86803 | 80 
0.96509 61704 5.16725 96214 0.12174 75905 88 46 4.16305 18218 | 79 
0.95859 79343 5 -13271 94744 | 0.13279 66420 | 88 39 4.11035 49633 | 78 
0.95158 32050 5.09544 32457 0.14384 01862 88 31 4.05765 81048 | 77 
0.94406 36948 | 5.05549 55939 | 0.15487 75112 | 88 23 4.00496 12463 | 76 
0.93605 18846 5.01294 54947 | 0.16590 78361 88 15 3.95226 43878 | 75 
0.92756 09875 4.96786 60538 0.17693 03026 88 6 3.89956 75293 | 74 | 
0.91860 49094 | 4.92033 43119 | 0.18794 39654 | 87 58 3.84687 06707 | 73 
0.90919 82095 4.87043 10392 0.19894 77822 87 48 3.79417 38122 | 72 
0.89935 60570 4.81824 05226 0.20994 O6015 87 39 3.74147 69537 | 71 
0.88909 41880 4.76385 03454 | 0.22092 I1507 87 29 3.68878 00952 | 70 
0.87842 88604 4.70735 11607 0.23188 80216 87 18 3.63608 32367°| 69 
0.86737 68071 4.64883 64589 0.24283 96552 a7 38 3.58338 63782 | 68 
0.85595 51894 | 4.58840 23314 | 0.25377 43247 | 86 56 3.53068 95197 | 67 
0.84418 15481 4.52614 72300 | 0.26469 O1166 86 45 3.47799 26612 | 66 
0.83207 37552 4.46217 17234 | 0.27558 49098 86 32 3.42529 58027 | 65 
0.81964 99644 4.39657 82526 0.28645 63526 86 19 3.37259 89442 | 64 
0.80692 85610 | 4.32947 08849 | 0.29730 18370 | 86 6 3.31990 20857 | 63 
0.79392 81128 4.26095 50677 0.30811 847II 85 52 3.26720 52272 | 62 
0.78066 73195 4.19113 73836 | 0.31890 30470 85 37 3.21450 83687 | 61 | 
0.76716 49636 | 4.12012 53075 0.32965 20072 Ree 8 3.16181 15102 | 60 
0.75343 98604 4.04802 69653 0.34036 14062 1 3.10911 46517 | 59 
0.73951 08099 3.97495 08972 0.35102 68681 84 48 3.05641 77932 | 58 
0.72539 65478 | 3.90100 58247 | 0.36164 35409 | 84 29 3 -00372 09347 | 57 
O.71III 56987 3.82630 04227 0.37220 60448 84 10 2.95102 40762 | 56 
0.69668 67291 3.75094 30973 | 0.38270 84160 | 83 51 2.89832 72177 | 55 
0.68212 79026 3.67504 17706 0.39314 40446 83 30 2.84563 03592 | 54 
0.66745 72351 | 3.59870 36716 | 0.40350 56060 | 83 8 2.79293 35007 | 53 
0.65269 24519 3.52203 51359 0.41378 49862 82 44 2.74023 66422 | 52 
0.63785 09470 | 3.44514 14133 | 0.42397 31992 | 82 20 2.68753 97837 | 51 
0.62294 97425 3.36812 64840 | 0.43406 02965 81 55 2.63484 29252 | 50 
0.60800 54504 | 3.29109 28843 | 0.44403 52686 | 81 28 2.58214 60667 | 49 
0.59303 42368 3.21414 15421 0.45388 59368 80 59 2.52944 92081 | 48 
0.57805 17864 | 3.13737 16225 | 0.46359 88357 | 80 29 2.47675 23496 | 47 
0.56307 32704 | 3.06088 03834 | 0.47315 90851 79 «58 2.42405 54911 | 46 
0.54811 33155 2.98476 30422 0.48255 02516 96 = 25 2.37135 86326 | 45 
A(r) D(r) E(r) Fd r 


SMITHSONIAN TABLES 


K = 5.4349098296, K’ = 1.5709159581, 


, 


ELLIPTIC FUNCTION | 
E = 1.0007515777, E’ = 1.5706767091, — 


45 
90-r 


Fo p E(r) D(r) A(r) 
0.00000 00000 OD 0.00000 00000 I .00000 00000 | 0.00000 00000 
0.06038 78870 Xe 0.04919 51488 1.00148 76066 | 0.00797 98676 
0.12077 57740 6 54 0.09795 31901 1.00595 04088 | 0.01597 27570 
0.18116 36610 10 19 0.14584 95983 1.01338 83449 | 0.02399 16544 
0.24155 15480 13 42 0.19248 42494 1.02380 12862 | 0.03204 94760 
0.30193 94350 el 0.23749 17959 1.03718 89963 | 0.04015 90322 
0.36232 73220 20 I9 0.28055 00559 1.05355 10766 | 0.04833 29925 
0.42271 52090 O34 22 0.32138 60670 1.07288 68948 | 0.05658 38508 
0.48310 30960 26 40 0.35977 96610 1.09519 55002 | 0.06492 38899 
0.54349 09830 | 29 43 0.39556 46136 | 1.12047 55228 | 0.07336 51472 
0.60387 88700 32 40 0.42862 75917 1.14872 50597 | 0.08191 93794 
0.66426 67569 35 32 0.45890 52450 1.17994 15472 | 0.09059 80283 
0.72465 46439 38 «18 0.48637 98590 1.21412 16208 | 0.09941 21860 
0.78504 25309 40 58 0.51107 40138 1.25126 09628 | 0.10837 25614 
0.84543 04179 43 32 0.53304 46717 1.29135 41391 | 0.11748 94454 
0.90581 83049 45 59 0.55237 79723 1.33439 44250 | 0.12677 26784 
0.96620 61919 48 20 | 0.56917 87466 1.38037 36227 | 0.13623 16162 
1.02659 40789 50 35 0.58357 38857 1.42928 18693 | 0.14587 50978 
1.08698 19659 52 44 0.59569 82320 1.48110 74384 | 0.15571 14129 
1.14736 98529 | 54 47 0.60569 45851 | 1.53583 65353 | 0.16574 82707 
1.20775 77399 | 56 43 0.61370 89715 | 1.59345 30865 | 0.17599 27682 
1.26814 56269 co. 35 0.61988 74725 1.65393 85266 | 0.18645 13603 
1.32853 35139 60 20 0.62437 36797 1.71727 15815 | 0.19712 98307 
1.38892 14009 625 7°0 0.62730 67243 1.78342 80514 | 0.20803 32624 
1.44930 92879 63 35 0.62881 98144 1.85238 05926 | 0.21916 60113 
1.50969 71749 65 5 0.62903 92100 1.92409 85022 | 0.23053 16788 
1.57008 50619 66 30 0.62808 35657 1.99854 75042 | 0.24213 30872 
1.63047 29489 67 51 0.62606 35735 2.07568 95405 | 0.25397 22556 
1.69086 08359 69 7 0.62308 18462 2.15548 25676 | 0.26605 03772 
1.75124 87229 20: “9 0.61923 29878 2.23788 03597 | 0.27836 77989 
1.81163 66099 75 awe 2" 0.61460 38040 2.32283 23203 | 0.29092 40017 
1.87202 44969 te 0.60927 36149 2.41028 33038 | 0.30371 75832 
1.93241 23839 Y fe ROS 2 0.60331 46378 2.50017 34479 | 0.31674 62424 
I.99280 02709 74 29 0.59679 24144 2.59243 80185 | 0.33000 67656 
2.05318 81579 7% a3 0.58976 62623 2.68700 72681 | 0.34349 50157 
2.11357 60449 76.14 0.58228 97341 2.78380 63098 | 0.35720 59222 
2.17396 39318 YS ee 0.57441 10737 2.88275 50068 | 0.37113 34754 
2.23435 18188 77. +48 0.56617 36598 2.98376 78796 | 0.38527 07211 
2.29473 97058 73.3 0.55761 64315 3.08675 40315 | 0.39960 97596 
2.35512 75928 79 3% 0.54877 42910 3.19161 70942 | 0.41414 17461 
2.41551 54798 | 79 49 0.53967 84809 | 3.29825 51932 | 0.42885 68946 
2.47590 33668 80 25 0.53035 69362 3.40656 09346 | 0.44374 44843 
2.53629 12538 80 58 0.52083 46089 3.51642 14148 | 0.45879 28694 
2.59667 91408 8I 30 0.51113 37664 3.62771 82525 | 0.47398 94906 
2.65706 70278 32° 10 0.50127 42646 3.74032 76441 | 0.48932 08915 
2.71745 49148 82 28 0.49127 37968 3.85412 04436 | 0.50477 27366 

Fy v G(r) C(r) B(r) 


SMITHSONIAN TABLES 


ee oe re ee 


ee — hhh, 


TABLE @ = 89° 309 
q = 0.403309306338378, O00 = 0.2457332317, HK = 1.8599580878 ‘ 

B(r) C(r) G(r) Vy Fy 90-r 
I.00000 00000 | 7.56958 97180 | 0.00000 00000 | 90° 0’ 5.43490 98296 | 90 
0.99966 43156 | 7.56705 29325 | 0.01110 10463 | 89 56 5-37452 19426 | 89 
0.99865 79343 7 -55944 77064 | 0.02220 19579 89 53 5-31413 40556 | 88 
0.99698 28696 | 7.54678 94142 | 0.03330 25985 | 89 49 5.25374 61686 | 87 
0.99464 24694 | 7.52910 36233 | 0.04440 28272 | 89 45 5-19335 82816 | 86 
0.99164 14052 7.50642 60102 0.05550 24979 89 42 5.13297 03946 | 85 
0.98798 56557 7.47880 22428 0.06660 14556 89 38 5.07258 25077 | 84 
0.98368 24869 7.44628 78301 0.07769 95354 89 34 5.01219 46207 | 83 
0.97874 04272 | 7.40894 79407 | 0.08879 65593 | 89 30 4.95180 67337 | 82 
0.97316 92390 7.360685 71893 0.09989 23340 89 26 4.89141 88467 | 81 
0.96697 98856 7.32009 93943 0.11098 66481 89 22 4.83103 09597 | 80 
0.96018 44944 7.26876 73054 0.12207 92686 89 17 4.77064 30727 | 79 
0.95279 63165 7.21296 23044 0.13316 99380 89 13 4.71025 51857 | 78 
0.94482 96828 | 7.15279 40797 | 0.14425 83704 | 89 8 4.64986 72987 | 77 
0.93629 99559 | 7.08838 02759 | 0.15534 42469 | 89 3 4.58947 94117 | 76 
0.92722 34802 7.01984 61207 0.16642 72118 88 58 4.52909 15247 | 75 
0.91761 75278 6.94732 40301 0.17750 68667 88 53 4.46870 36377 | 74 
0.90750 02426 6.87095 31948 0.18858 27648 88 47 4.40831 57507 | 73 
0.89689 05812 6.79087 91481 0.19965 44048 88 4I 4.34792 78637 | 72 
0.88580 82522 6.70725 33191 0.21072 12232 88 35 4.28753 99767 | 71 
0.87427 36532 6.62023 25717 0.22178 25863 88 29 4.22715 20897 | 70 
0.86230 78063 6.52997 87323 0.23283 77807 Sa 22 4.16676 42027 | 69 
0.84993 22921 6.43665 81080 0.24388 60035 88 15 4.10637 63157 | 68 
0.83716 91826 6.34044 09975 0.25492 63501 S83... 7 4.04598 84287 | 67 
0.82404 09732 6.24150 11966 0.26595 78012 87 59 3.98560 05417 | 66 
0.81057 O5141 6.14001 55012 0.27697 92084 87 5I1 3.92521 26547 | 65 
0.79678 09414 6.03616 32083 0.28798 92768 87 42 3.86482 47677 | 64 
0.78269 56083 5.93012 56192 0.29898 65471 = fae 3.80443 68807 | 63 
0.76833 80165 | 5.82208 55452 | 0.30996 93739 | 87 23 3.74404 89937 | 62 
0.75373 17477 5.71222 68183 0.32093 59022 87 12 3.68366 11067 | 61 
0.73890 03962 5.60073 38100 0.33188 40408 O7s 4 3.62327 32197 | 60 
0.72386 75024 5.48779 09576 0.34281 14317 86 50 3.56288 53328 | 59 
0.70865 64877 | 5.37358 23026 | 0.35371 54168 | 86 37 3-50249 74458 | 58 
0.69329 05904 | 5.25829 10413 | 0.36459 29992 | 86 24 3.44210 95588 | 57 
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